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A GENERAL FIXED POINT THEOREM FOR A PAIR OF
MAPPINGS SATISFYING A MIXED IMPLICIT RELATION
IN S - METRIC SPACES
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Abstract

The purpose of this paper is to extend the notion of mixed implicit relation
by [19] to S - metric spaces and to prove a general fixed point theorem for a
pair of mappings in S - metric spaces, generalizing some results by [3], [10],
[15] and other papers.
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1 Introduction

Let X be a nonempty set and f,g : X — X. A point x € X such that
fr = gxr = w is said to be a point of coincidence of f and g and w is called a
point of coincidence of f and g. By C(f,g) we denote the set of all coincidence
points of f and g.

Jungck [8] introduced the notion of weakly compatible mappings.

Definition 1 ([8]). Let X be a nonempty set. Two mappings f,g : X — X are
said to be weakly compatible if fgx = gfx for all z € C(f,g).

Theorem 1 ([8]). Let f and g be weakly compatible self mappings of a nonempty
set X. If f and g have a unique point of coincidence w, then w is the unique
common fixed point of f and g.
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In [2], Alber and Guerre - Delabriere introduced the notion of weakly contrac-
tive mappings in Hilbert spaces as a generalization of contractive mappings and
established a fixed point theorem.

In [23], Rhoades extend this idea in Banach spaces and proved existence of
fixed point of weakly contractive mappings. In [4], Choudhury introduced the
concept of weakly C' - contractive mappings in metric spaces.

Definition 2 ([4]). A mapping T : X — X , where (X,d) is a complete metric
space, is said to be weakly C - contractive if for all x,y € X,

A(Te, Ty) < 3 (e, Ty) +d (9, )] — 6 (d (&, Ty)  d (3, T)),

where ¢ : [0,00)% + [0,00) is a continuous function such that ¢ (x,y) = 0 if and
only if t =y =0.

A generalization of metric space, named D - metric spaces, is introduced in
[5], [6].

Mustafa and Sims [13], [14] proved that most of the claims concerning the
fundamental topological structures from D - metric spaces are incorrect and in-
troduced an appropriate notion of metric space, named G - metric space. In
fact, Mustafa, Sims and other authors studied many fixed point results for self
mappings in G - metric spaces.

In [12], Mustafa initiated the study of fixed points for weakly compatible
mappings in G - metric spaces. Recently, in [24], the authors introduced a gener-
alization of GG - metric spaces, named S - metric spaces.

Recently, in [7], the authors proved that the notion of S - metric space is not
a generalization of GG - metric or vice versa. Hence, the notion of G - metric space
and S - metric space are independent.

Other results in the study of fixed points in S - metric spaces are obtained in
[15], [20], [21] and in other papers. Quite recently, some results for fixed points
for four mappings in S - metric spaces are obtained in [10] and [25].

Some results for weakly compatible mappings in .S - metric spaces are obtained
in [10] and [26].

Several fixed point theorems and common fixed point theorems in metric
spaces have been unified in [16], [17] and other papers considering a general con-
dition by an implicit function.

The method is used in the study of fixed points in metric spaces, symmetric
spaces, quasi - metric spaces, b - metric spaces, ultra - metric spaces, convex metric
spaces, Hilbert spaces, probabilistic metric spaces, intuitionistic metric spaces,
partial metric spaces, weak partial metric spaces, dislocated metric spaces, for
single - valued mappings, hybrid pairs of mappings and multi-valued mappings.
With this method, the proof of existence of fixed points is more simple.

The notion of mixed implicit relation in metric spaces is recently published in
[19].
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2 Preliminaries

Definition 3 ([24]). Let X be a nonempty set. An S - metric on X is a function
S : X3 Ry such that for all x,y,z,a € X :

(S1) : S(z,y,2) =0 if and only if x =y = 2z,

(S2) : S(z,y,2) < S(x,z,a) + S(y,y,a) + S (2, 2,a).

The pair (X, S) is called a S - metric space.

Example 1. Let X =R and S (z,y,z) = |v — z| + |y — 2z|. Then, (X,S) isa S -
metric space and S (z,y, z) is said to be the usual S - metric on R.

Lemma 1 ([24]). If S is a S - metric on a nonempty set X, then
S(z,z,y) =S (y,y,z) forallx,y € X.

Definition 4 ([23], [24]). Let (X,S) be a S - metric space. Forr >0 andz € X,
we define the open ball Bg (x,r) with center x and radius r:

Bs(z,r)={ye X : S (z,z,y) <r}.

The topology induced by the S - metric on X is the topology generated by
the base of all open balls in X.

Definition 5 ([23], [24]). a) A sequence {x,} in (X,S) converges to x € X,
denoted limy, o0 T, = x 0T Ty — x, if S (Tp, Tpn,x) = 0 as n — 0.

b) A sequence {x,} in (X,S) is a Cauchy sequence if S(xpn,Tn,Tm) — 0 as
n,m — o0.

¢) The space (X, S) is complete if every Cauchy sequence in (X, S) is a conver-
gent sequence.

Lemma 2 ([23], [24]). Let (X,S) be a S - metric space. If x,, — = and yn, — vy,
then S (xn, Tn, yn) — S (z,x,y).

Lemma 3 ([24]). Let (X, S) be a S - metric space and {x,} a convergent sequence.
Then lim,, o0 Tpn 1S unique.

Definition 6 ([9]). An altering distance is a function v : [0,00) + [0,00) such
that:
(1) : 1 is continuous and nondecreasing,

(2): (t) =0 if and only if t = 0.

We denote by U the set of all altering distances and by ® the set of all con-
tinuous functions ¢ : [0, 00) — [0, 00) with ¢ (¢) = 0 if and only if ¢ = 0.
The notion of ¢ - weak contraction in S - metric spaces is defined in [11].

Definition 7 ([11]). A self mapping T of an S - metric space is said to be ¢ -
weak contractive if S (Tz, Tz, Ty) =S (x,z,y) — ¢ (S (z,z,y)).

Theorem 2 ([11]). If T is a ¢ - weak contractive on a S - metric space, then T
has a unique fized point.
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Quite recently, a generalization of this theorem is proved in [3].

Definition 8 ([3]). Let (X,S) be a S - metric space and f : X — X such that

T/J(S(f%f%fz)) §¢(M($7yaz)) —qﬁ(M(x,y,z)),
where

T 2z — max S(x7$7y)7S(x7x7fx)7s(y7y7fy)7S(Z7Z7z)7}
M@y, 2) =ma { aS (fo, fx, fy) + (1 —a) S (fy, fy, f2)  f°

for all z,y,z € X, a € (0,1), p € ¥, ¢ € &. Then f is called a (a,,d) -
generalized weak contractive map.

Theorem 3 ([3]). Let (X,S) be a complete S - metric space and f be a (o, 1, @)
- generalized weak contractive map. Then f has a unique fixed point u and f is
continuous at u.

Remark 1. 1) Ify — x and z — vy, then

= axd S @ay) S, fr), S (v, y, fy),
M2y = ma { oS (fr. . fx) + (1 — ) S (fy, fy.9) } '

2) By our opinion, the proof of continuity in Theorem 3 is not correct because
S (T, Tny f2n) 18 not S (Tn, Tn, Tpt1)-

The following lemma is used in the proof of Theorem 3.

Lemma 4 ([3, Lemma 1.26]). Let (X,S) be a S - metric space and {x,} be a
sequence in X such that limy, o0 S(Tn, Tn, Tpy1) = 0. If {z,} is not a Cauchy se-
quence, then there ezists an e > 0 and two sequences {my} and {ny} of positive in-
tegers with ng > my, > k such that S (T, Tmy, Tny) > €, S (Tmyp—1, Tmp—1, Tny,) <
€ and

(1) limy o0 S (Tmy,, Tmys Tny) = €,

(2) lmy, o0 S (Tmy—1, Tmp—1,Tn,) = €,

(3) limy o0 S (Tmys Tmy, Tnp—1) = €,

(4) limy, 0 S(

xmk—la xmk—la xnk—l) =E£.
The following theorem is proved in [10].

Theorem 4. Let (X, S) be a S - metric space and f,g: X — X be two mappings
such that f is g - weak contractive map. Assume that:
1) [(X)Cg(X),
2) g(X) is a complete subspace of (X,S),
3) f and g are weakly compatible.
Then f and g have a unique common fized point.
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3 Mixed implicit relations

Let Fprx be the set of all lower semi - continuous functions F' : Ri — R such
that:
(F1): F is nonincreasing in variable tg,
(Fy): Forallu>0,v>0, F(u,v,v,u,0,2u + v) < 0 implies u < v,
(F3): F(t0,0,t,t) >0, Vt > 0.
In the following examples property (F}) is obviously.

Example 2. F (ty,...,tg) = t1 — kmax {to, t3,t4, 5,1}, where k € [0, %)

(Fy): Letwu>0,v>0and F (u,v,v,u,0,2u + v) = u—kmax {u,v,2u+ v} <0.
If u > v, then u (1 — 3k) <0, a contradiction. Hence u < v.
(F3): F(t,t,0,0,t,t)=t(1—k) >0, Vt > 0.

b+t
Example 3. F (t1,...,t5) = t; — kmax {tg,tg,t4, 5;6} where k € [0,1).

(Fy): Letwu>0,v>0and F (u,v,v,u,0,2u+v) =u— k:max{u,v,%%} <0.
If u> v, then u (1 — k) <0, a contradiction. Hence u < v.
(F3): F(t,t,0,0,t,8) =t (1 —k) >0, V¢t > 0.

Example 4. F (t1,...,tg) = t3 — t1 (aty + bts + cty) — ctsts, where a,b,c > 0,
a+b+c<landa—+d<1.

(Fp): Let u>0,v>0and F (u,v,v,u,0,2u+v) = u? — u(av + bv + cu) < 0.
If u > v, then u? [l — (a + b+ ¢)] <0, a contradiction. Hence u < v.
(F3):  F(t,t,0,0,t,t) =t2[1 — (a+d)] > 0, V¢t > 0.

Example 5. F (t1,...,tg) = t% — atyty — btsty — ctstg, where a,b,c >0, a+b < 1
and a+c < 1.

(F) : Let u > 0,v > 0 and F (u,v,v,u,0,2u+v) = v?> — auv — buv < 0. If
u > v, then u?[1 — (a + b)] < 0, a contradiction. Hence u < v.
(F3): F(t,t,0,0,t,t) =t2[1 — (a+¢)] >0, Vt > 0.

Example 6. I (tl, cory tﬁ) = t:f—at1t2t3—bt2t3t4—0t3t4t5—dt4t5t6, where a, b, C, d 2
0 anda+b<1.

(F) : Let u> 0,0 >0 and F (u,v,v,u,0,2u+v) = u® — auv? — buv? < 0. If
u > v, then u?[1 — (a + b)] < 0, a contradiction. Hence u < v.
(F3): F(t,t,0,0,t,t)=t3>>0, Vt > 0.

Example 7. F (t1,...,tg) = t1 — ate — bts — cty — dt5 — etg, where a,b,c,d,e > 0,
a+b+c+3e<landa+d+e<1.

(Fy): Letwu>0,v>0andF (u,v,v,u,0,2u+v) = u—av—bv—cu—e (2u + v) <
0. If u > v,then u[1 — (a + b+ ¢+ 3e)] <0, a contradiction. Hence u < v.
(F3): F(t,t,0,0,t,t)=t[l—(a+b+c+3e)] >0, Vt >0.

Let Sprx be the set of all continuous functions G : Ri — R such that
G (s1, $2, 83, 84, 85) = 0 if and only if s = s9 = ... = s5 = 0.
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Example 8. G (si,...,s5) = max {s1, 2, ..., S5 }.

Example 9. G (s, ...,85) = max{51,82,83,

84-;}-85 } .

Example 10

— 84+8
81, ..., 85) = max {31, 82, 83, %}

Example 11

= max {51, —52'553, —‘94;‘95 }

. G

. G(s1,..,85
Example 12. G (s1,...,85) = 7 + 83 + 53 + 57 + s2.

.G

Example 13

— _8 52 53 S4 S5
S1,--,85) = 1+s2 + 1+4s3 + 1+s4 + 1+s5 + 1+s1°

_ +s3+s4+
Example 14. G (s1,...,55) = 51 + 215875405
Example 15. G (s1,...,85) = 81 + S2 + S3 + S4 + S5.
Example 16. G (s1,...,85) = as; + bsa + s3 + s4 + s5, where a,b >0, a,b < 1.

Definition 9. A function ¢ (t1,...,ts) = F (t1,...,ts) + G (t1,...,t5), where F €
Frux and G € Gyrx is called a mixed implicit function.

4 Main results

Theorem 5. Let (X,S) be a S - metric space and f,g : X — X two self mappings
such that for all x,y € X

F( S(fx, fx, fy),S (92,92, 9y) . S (gz, gz, fx), >+
S (9y, 9y, fy),S (9y, 9y, fr), S (gz, g, fy)
( S (g, 97, 9y), S (9, 9z, fx), <0
S (9y, 99, fy) .S (9y, 9y, fx),S (g2, 9z, fy) ) ~

for some F' € Fyrx and some G € Gyrx .

If f(X) Cg(X) and g (X) is a complete subspace of X, then f and g have a
point of coincidence.

Moreover, if f and g are weakly compatible, then f and g have a unique com-
mon fixed point.

Proof. Let xg be an arbitrary point of X. Since f (X) C g (X), there exists x1 € X
such that fzp = gx;. Continuing this process, we define the sequence {z,} in
X such that fz, = gx,y1. If there exists n € N such that fx, = fz,41, then
frn = gxpye1 = frne1 = z and z is a point of coincidence of f and g. Suppose
that fz, # fxn41, for all € X. Hence, g, # gxny1. By (1) for x = x,,—1 and
Yy = T, we obtain

7 (S (fon—1, fEn_1, f2n), S (9%n—1,9%n-1,92n), S (gTn—1, gTn—1, fTn-1) ) N
S (9Zn, 9Tn, [2n), S (9%n, 9Tn, frn_1),5 (9Tn_1,9%n_1, f2n)
G ( S (9Tn—1,9%n-1,9%n), S (9Zn—1, 9Tn—1, [Tn-1) ) <0
S(9Tn, 9Tn, frn) S (9Tn, 9Tn, fXn-1),5 (9Zn-1,9%n—1, fn) | = 7
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F( S (92, 9%ns 9Tnt1) » S (9Tn—1, 9%n-1,9%n) , S (9Tn-1, 9Tn—1,9%n) , >+
S (gxna gTn, ngn-H) ) 07 S (gxn—la 9Tn—1, gxn-i,-l)
S (Qfﬁnflv 9Tn—1, gmn) ) S (g'rnfla 9Tn—1, gwn) )
G <0.
S (gl’mgl’n?gl’n—kl) 707 S (gxn_l,gl'n_l,gxn—i-l)
(2)

By Lemma 1 and (S2) we obtain

S (gxn,l, 9Tn—1, g$n+1) =S (9$n+1, 9Tn+1, gl‘nfl)
<28 (gxn-I—ly 9Tn41, gxn) +S5 (gxn—lagxn—lygxn) (3)
=25 (gﬂfm gTn, gmn-‘rl) +S5 (glin—la gTn—1, gmn) .

By (2) we obtain

F < S (gxn7gxnyg$n+1) 7S (gxn—la gTn—1, gxn) ) S (gxn—la gTn—1, gxn) ; > +
S (gxn) 9Tn, ganrl) ,0,25 (gxna 9Tn, gwnJrl) +S5 (gxnfla gTn—1, gmn)
S(9Tn-1,9Tn—1,9%n) , S (9Tn-1, gTn—1, gTn) ,
G <0.
S (gxmgxmgxn-i-l) ) 07 S (gxn—hgxn—lagxn-i-l)
(4)

Since

S (g‘rn*la 9Tn—1, gmn) ) S (gmn,l, 9Tn—1, gxn) )
G > 0,
S (gl’mgwn?gfcn—kl) 707 S (gxn—l,gl'n—lygxn—i-l)

then

S (gﬂfm gTn, gxn-‘rl) 5 S (gxn—l; 9Tn—1, gﬂj‘n) ) S (gajn—h gTn—1, gwn) )
F <0,
S (9%n, 9Tn, gTn11) , 0,28 (920, 90, 9Tn11) + S (9Tn-1, gTn-1, 9Tn)

which implies by (F») that
S(gxnagxnagxrﬂrl) < S(gxnflagxnflagxn) :

Hence, the sequence {S (g9, g=n, gTn+1)} is a nonincreasing positive sequence,
which implies that S (gxn, 9Tn, gTn4+1) is convergent to a limit 7 > 0. Suppose
that r > 0. Then by (4) and (3) we obtain

F(r,r,r,r,0,3r) <O0.
By (F») we obtain that r < r, a contradiction. Hence

r= lim S(92n, g2n, gTni1) = 0.
n—oo

We prove that {gz,} is a Cauchy sequence in X. Suppose that {gz,} is
not a Cauchy sequence. By Lemma 4, there exists € > 0 and the sequences

{mi},{ur} and S (gxmk,gwmk,gxnuk) > e and S (g2Zm, 1, 9Tmy 1> 9Tm,,) < €
satisfying conditions (1) — (4).
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By (1) for z =z, —1 and y = z, —1 we obtain

S (fxmk*:l? fﬂjmkfl, fxukfl) ;S (gxmk*la 9Tmy -1, gmuk*]-) ,
F o S(9%mp—15 9Tmy—15 fTmy—1) S (9%Tuy—15 9Ty —1, fTu—1), | +
S (gxuk—lagxuk—l, fxmk—l) ,S (gxmk—lugﬁmk—lv fxuk—l)
S (gxmk—l?gxmk—17gxuk—1) 7S (gxmk—ngmk—l? fxmk—l) s
G| S(9Tup—1,9%u—1, fru,—1), S (9ZTup—1, 9Tur—1, fTm—1), | <0,
S (gxmkflagwmkfb fl‘ukfl)

S (g$mk79xmk79xuk) S (QJUmk—lngka—l,gwuk—l) ,
F S (gacm,rl, gxmk*ngmk) 7S (gwukflagxukfla gxuk) ) +
S (gTup—15 9Tuy—159Tmy,) s S (9Tmy—15 9Tmy—15 9Tuy,) (5)
S (9%Tmy—15 9%my—15 9%ny—1) s S (9Tmy—1, 9Tmy—1, GTmy,) »
G S (9%up—15 9%up—1, 9%uy ) + S (9Tup—15 9Tup—1, 9Tmy, ) <0.
S (gxmkfla gl‘mkq, gxuk)

By Lemma 1,
S (9Tup—15 9Tup—1, 9Tmy,) = S (9Tmy s GTmy s GTu—1) -
Letting n tend to infinity in (5), we obtain by Lemma 4
F (g,¢,0,0,e,¢e) + G (,0,0,¢,¢e) < 0.

Since G (¢,0,0,¢,e) > 0, then F (g,£,0,0,¢,¢) < 0, a contradiction of (F3).

Hence, {gz,} is a Cauchy sequence in g (X). Since g (X) is complete, there
exists ¢ such that lim, , gz, = t € g(X). Hence, there exists p = g (t). We
prove that fp = gp. By (1) for z = 2,1 and y = p we obtain

F < S (fxn717 f-%nfb fp) 7S (gxnfngnfla gp) 7S (gl‘nfla 9Tn—1, fxnfl) s ) +
S (gp, gp, fp) S (90, 9P, fon-1) S (9Tn—1, 9Tn—1, D)
< S(g:‘cn*lagl‘nflagp) 7S(g$n71agl'nflvfxnfl) ) ) <0
S (gp, gp, fp), S (gp, gp, frn-1), S (9Tn-1,9Tn-1,fp) ) =

Letting n tend to infinity we obtain

F (S (9p,9p, fp),0,0,S (9p, gp, fP),0,S (gp, 9p, fP)) +
G (0,0, (gp, gp, fp),0,S (9p, gp, fp)) < 0.

Since G (0,0, (gp, gp, fp) , 0, S (gp, gp, fp)) > 0, then

F (S (g9p,9p, fp),0,0,S (9p, gp, fP),0,S (gp, gp, fp)) < O.

By (F2), S (g9p,9p, fp) < 0, a contradiction. Hence, gp = fp =t and t is a
point of coincidence of f and g.
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We prove that t is the unique point of coincidence for f and g. Suppose that
there exists z = fw = gw. By (1) for x = p and y = w we obtain

( S(fp, fp, fw),S (gp, gp. gw) . S (gp, gp, p) , >

S (gw, gw, fw), S (gw, gw, fp), S (gp, gp, fw)

o < S (9p, 9p: gw) , S (9p, 9P, fP) , ) <0
S (gw, gw, fw), S (gw, gw, fp), S (gp, gp, fw) ) ~

By Lemma 1 we obtain
F(S(t7t7z)7S(t7t7z)7O7O’S(t7t7z)75(t7t7z))+
G (S(t t,2),0,0,S(t,t,z),S(t,t z)) <O0.
Hence
F(S(tt,z),S(tt 2),0,0,S(tt,z),S(t,t z)) <0,

a contradiction of (F3) if S (¢,¢,z) > 0. Hence S (¢,t,2) = 0 which implies z = ¢
and t is the unique point of coincidence of f and g.

Moreover, if f and g are weakly compatible, then by Theorem 1, f and g have
a unique common fixed point. ]

ts + tg

If d}(t) =1, F(t17""t6) = t; — max {t27t37t47
max {51, %, %}, by Theorem 5 we obtain

Corollary 1. Let (X,S) be a S - metric space and f,g : (X,5) — (X,S) such
that for all x,y € X

S(fz, fz, fy)

} and G (s1,...,85) =

S (gy, 9y, fx) + S (gz, gz,
—maX{S(gx,gm,gy)7S(gm,gx,fw),S(gy,gy,fy), (gygyf)g (92,9 fy)}

S(gx, gz, fx) + S (9y, 9y, fy) S (9y, 9y, fx) + S (92, gz, fy) }
2 ’ 3

+ max {5 (92,92, 9y),

<0.
(6)
If f(X) C g(X) and g(X) is a complete subspace of X, then f and g have a
point of coincidence.
Moreover, if f and g are weakly compatible, then f and g have a unique com-
mon fixed point.

Example 17. Let X = R and S (z,y,2) = |z — x| + |z — y|. Then, by Example
1, (X, S) is a complete S - metric space. Let

fr=1, gr =2z — 1.

Then f(X) = {1} and g(X) = R. Hence, f(X) C g(X) and g(X) is a
complete subspace of X. If fx = gx, then C(f,g) = {1} and fgl = gf1 = 1.
Hence, f and g are weakly compatible.

On the other hand, S (fz, fx, fy) = 0. Therefore, for all x,y € X, (6) is
trivially.

By Corollary 1, f and g have a unique common fized point x = 1.
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Remark 2. Combining Examples 2-7 with Fxamples §8-16, by Theorem 5 we ob-
tain new particular results.

Acknowledgement. The authors thank the reviewer for the comments made,
which improved the initial form of the paper.
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