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CONVERGENCE OF THIRD ORDER NEWTON-LIKE
METHOD IN RIEMANNIAN MANIFOLDS
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Abstract

In this article, we present semilocal convergence of third order Newton-like
method in Riemannian manifolds. We study convergence analysis with Lip-
schitz continuity condition and by using recurrence relations of the method.
Finally, two numerical examples are given to illustrate the effectiveness of
our results.
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1 Introduction

Many problems in engineering and technology field can be solved through
nonlinear equation

®(z) =0, (1)

where & is a nonlinear operator defined in an open convex subset (2 of a Banach
space B into itself. To determine the roots of (1) has attracted the attention of
mathematicians in the field of pure and applied mathematics. The exact solution
of (1) is difficult to find so that we use iterative methods to solve these equations.
One study the convergence of iterative methods usually based on semilocal and
local convergence analysis. If the convergence analysis which uses information
around a solution and estimates the radius of convergence ball, then it is said to
be local convergence where as if the convergence analysis tells information around
an initial point, then it is said to be semilocal convergence. There are several
articles that can be found in literature which were devoted to study so many
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iterative methods in Banach spaces[3, 4, 5]. The third order Newton-like method
[14] in Banach space to solve (1) is defined as:

Yn = Tpn — 6/(xn)_1®(xn)a (2)
Tni1 = Tn — 2[& (2,) + & (y)] 'S (2,), for each n =0,1,2,...,

where &'(x,,) is first Fréchet derivative in €. Recently, there has been a growing
interest in studying iterative methods in Riemannian manifolds, since there are
many numerical problems in manifolds that arise in many contexts [7, 8]. Some
higher order iterative methods in manifolds have been studied in [6, 2, 1]. In this
article, we extend the third order Newton-like method (2) in Riemannian mani-
folds to find the singular point of a vector field. We study the convergence theorem
under Lipschitz continuity condition on the second order covariant derivative of
a vector field and by using recurrence relations of the method.

The article is divided into six sections as follows: Section 1 is introduction. In
Section 2, we introduce some basic results of differential geometry. In Section 3, we
present recurrence relations for third order Newton-like method in Riemannian
manifolds. In Section 4, we establish existence and uniqueness theorem of our
method. In Section 5, two numerical examples are given. In Section 6, some brief
conclusions are given.

2 Preliminaries

In this section, we introduce some basic results of differential geometry (for
more details see [10, 13, 12]).

Let K be a real n dimensional Riemannian manifold. The tangent space of K
at a is denoted by T,K. The inner product (.,.), on 7,K induces the norm ||.||4.
The tangent bundle of K is denoted by TK and is defined by

TK := {(a,v);a € K and v € T, K} = U T.K.
a€”Z

Let a,t € K, and ¢ : [0,1] — K be a piecewise smooth curve joining a and t.
Then the arc length of o is defined by I(g) = fol llo'(x)||dz, and the Riemannian
distance from a to ¢ is defined by d(a,t) = inf,1(p), where the infimum is taken
over all the piecewise smooth curves ¢ connecting a and ¢t. Let x(K) be the set of
all vector fields of class C* on K and D(K) the ring of real-valued functions of
class C* defined on K. An affine connection V on K is a mapping

Vi x(K) x x(K) = x(K)
(X,8) = Vx§
that satisfies the following properties
(i) Vix1g30 = fVXT + gVsD0.
(i) Vx(§ +0) = VxF + VxT.
(iii) Vx (f3) = fVxT + X(f)3,
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where X, §, U € x(K) and f ,g € D(K). Let § be a vector field of class C'! on
K, the covariant derivative of § is determined by the connection V which defines
on each a € K, a linear application of T,K itself

D3(a) : T,K — T,K
v+ DF(a)(v) = VxF(a),

where X is a vector field satisfies X (a) = v. A parametrized curve p: I CR — K
is a geodesic at po € I, if Vy,y0'(p) = 0 at the point po. If ¢ is a geodesic for
all p € I, then we say p is a geodesic. If [z,y] C I, then p is a geodesic segment
joining o(z) to o(y). A basic property of geodesic is that, ¢/(p) is parallel along
o(p) therefore ||¢/(p)]| is constant. Let U(a, s) and Ula, s] be an open and a closed
geodesic ball with centre a and radius s respectively. By the Hopf-Rinow theorem,
if K is complete metric space, then for any a,t € K there exists a geodesic g called
minimizing geodesic joining a to ¢ with

l(0) = d(a,t).

If v € T,K then there exists a unique minimizing geodesic g such that ¢(0) = a
and ¢'(0) = v. The point p(1) is called the image of v by the exponential map at
a, i.e.

exp, : T,.K = K,

such that exp,(v) = o(1) and o(p) = exp,(pv) for any p € [0,1]. Let o be a
piecewise smooth curve. Then for any x,y € R, the parallel transport along g is
denoted by R, . and given by

R&Ly : Tg(x)K — Tg(y)K

v = V(e(y)),
where V' is the unique vector field along ¢ such that V)V = 0 and V(o(z)) = v.
Let j € N and § be a vector field of class C*. Then the covariant derivative of
order j of § is denoted by D/F and defined as the multilinear map
DIg : CH(TK) x CH(TK) x --- x C*(TK) — C*7J(TK)

j-times

which is given by

DIF(Ay, Ag, ..., Ajo1, A) = VaD 1§ (Ar, A, ..  Ajy)
-1

_ZDj_lg(AlaA2a .- '7VAA'L" v ”Aj_l)’

=1

for all Ay, A, ..., Aj_1 € CK(TK).
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Definition 1. Let K be a Riemannian manifold, Q C K be an open convex set
and § € x(K). Then DF = V(\§ is Lipschitz with constant M > 0, if for any
geodesic ¢ and x,y € R such that o[z, y] C Q, it holds the inequality

1 Rasa DS (0(0) Rary = D3 (0] < M | "1 @) dp.

We will write DF € Lipa (). If K = R"™, then the above definition is same
as usual Lipschitz condition for the operator DF : K — K.

Proposition 1. Let o be a curve in K and § be a C' vector field on K, then the
covariant derivative of § in the direction of o'(t) is defined as

.1
DF(o(t)d'(t) = Vi Sow) = Lim -~ (Rojt4rtS(0(t + 1)) — F(o(t))).
If K =R", then it is same as directional derivative in R™.

Next, we take some theorems from [1] in order to prove our convergence the-
orem.

Theorem 1. Let ¢ be a geodesic in K and § be a C'-vector field on K. Then

Ro08(0(t)) = (0(0)) + /0 Ry00D3(0(6)) (6)d6.

Theorem 2. Let o be a geodesic in K and § be a C?-vector field on K. Then

Rot0DF(o(t))d' (1) ZD%(Q(O))Q’(OH/O Ro0.0D%F(0(6))(2'(9), 2 (9))db.

Theorem 3. Let p be a geodesic in K such that [0,1] C Dom(p) and § be a
C?-vector field on K. Then

Ry108(0(1)) = §(0(0)) + DF(0(0))d'(0)

1
" /0 (1 - 6)R,0.0D°3(2(6))(¢'(8). ¢ (6))do.

3 Recurrence relations for a third order Newton-like
method in Riemannian manifolds

In this section, we will establish the recurrence relations for third order Newton
- like method in Riemannian manifolds. The third order Newton - like method
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(2) in Riemannian manifolds has the form

gn = —D{S’(an)_lg(an),
bn = expy, (9n),

Oén(t) = expan (tgn)7 (3)
hn = —2(D§(an) + Ray1.0DF(bn) Ray0.1) S(an),
An+1 = expan(hn), foreach n =0,1,2,..., J

where D§(a,) = V()§(an). Let ap € Q C K and assume that

) =
1. |DF(ag) || <e, >0,
2. | D(a0) " Flao)ll < ¢, ¢ >0,
3. [|D*F(a)|| € @, foralla € Q, w > 0,
4. |RypaD*F(0(b))R2 ., — D*F(0(a)]| < K [0l (z)|dz, K >0,
where p is a geodesic such that Q[ ,b] C Q.

We take p = wype, ¢ = Kep?, po=1, qo =1, ro = p/2, so =2/(2 — p), and
define for n =0,1,2,...

Pn
Pn+1=—7
1 — ppnsn
_ 2q 3
gn+1 = p'rH-IS 9 (QT — Try, + 6) 12 (1 rn) Sn |
_ DPPn+14n+1
Tptl = — )
2
dn+1
Sptl = .
1—7rp1

In these conditions, for n > 0, we prove the following inequalities:
o [ DF(an) "'l < pue,
DS (an) "' F(an)|l < ane,

—1D§(an)+Rap,1,0DF(bn) Ray 0,
T, = DF(ay) 7 PEr ety D3t

< 7rp,

L4 d(an+1aan) < Sn,

o d(an+1,bn) < (gn + sn)p-
To prove the above inequalities we will need some Lemmas.

Lemma 1. Let § be a C? vector field. Then, for all n > 0, we have

1
o 1.05(bn) = / (1= ) Ree, 1,005 (n(£)) (Reey 0.0 Reuy 0.1 )l
0

where ay, s a family of minimizing geodesics given as above.
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Proof. By Theorem 3 and (3), we have

1
Pa 105(bn) = $(an) + DF(an)gn + / (1~ t) Ray, 10D (0 (1)) (0 (1), o (1)) dt
3(an) + Dg(an)(_DS(an)ilg(an»

1

iy (1= t)Ra, 1,0 D*F (o (t)) (1), ay, (1)) dt

1
- /0 (1= )Ry 00 D% (0n (1)) (0 (1), ol (1) .

Since ay, is a family of minimizing geodesics, then «/, () is parallel and o/, (t) =

1
Ro 1.05(bn) = / (1= ) Ree, 1.0 D25 (n(£)) (Reey 0,05 Reuy 0.1 ) .
0

O]

Lemma 2. Let § be a C? vector field on K and p, be a family of minimizing
geodesics defined by pu,(t) = expy, (tl,), where py(0) = by, pn(1) = any1 and

by = Ra 0.1 | D (n) " §(an) ~2(DF(an) + Ra 1,00 (bn) Ray01) " Flan)] - Then,
for alln > 0, we have

1
R, 108 (ans1) = / (1= )Ry, 0D (i () B2, (s )l
0
1 1

+ 5 R0 / Ray, t0D*F(on () R2, 0.4 (9ns Ra,1,0ln)dt
0
1

4 Rayou / (1~ ) Ray 00 D?F(0n() B2 0 gt

0

1 1
— 3o | Raao D3OV, (om0t
0

where a,, is a family of minimizing geodesics given as above.
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Proof. Since ay,(0) = a,, and ay, (1) = by,. Then, by Theorem 2, we have

1
Ran,l,ODg(bn)ln = i[Ran,l,ODg<bn)Ran,O,l - D%?;(an)]Ran,l,Oln

1
+ §[Ra"’1’OD%(bn)Ran,0,l + D%(an)]Ran,l,Oln
1 1
=3 / Ra, 100§ (an () R2, 0.4(9ns Ran.1,0ln)dt
0
1

+ §[Ran,1,ODS(bn)Ran,0,l + D3 (an)|Ra,, 1,0Ran.0,1

X | DF(an) " (an) ~2(DFan) + Ra, 1,00 (bn) R, 01) ' Flan)|

1

1
=5 | Bato DB R, (s o)
0

+ [ 5[ 10DF(00) Ry 04+ D ()] — DF(an)| DF(an) ()

1
2

1
/ Rony 10028 (00n (1) B2, 04 (gms Rovy 1,000 )t
0

1 1
2/0 Ran,t,0D23(an(t))Rin,O,t(gn7gn)dta

implies that

1
Ran,O,I/ Ran,t,0D2g(an(t))Rin,O,t<gnaRan,l,Oln)dt
0

By using Theorem 3 and Lemma 1, we get
R,un,l,O%(anJrl) = an,l,OS’(anJrl) - S(bn) - D%’(bn)ln + S(bn) + Dg(bn)ln
1
— [ OB 0D SOV s )
0
1 ! 2 2
+ §Ran,0,1 Ra, 10D*S(an(t)) Ry, 0.4(9ns Ry, 1,0ln)dt
0
1
+ Roon [ (1= R, t0D*5(@n 0, 000 9n)i
0
1 ! 2 2
- iRan,O,l Ran,t,OD g(an(t))Ran,O,t(gna gn)dt'
0

O]

Now, we can prove the above inequalities by the principle of mathematical
induction. For n = 0, the first and second inequlities are trivial, but we have to
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prove all inequalities. We start with the third inequality. Since

_1DF(a0) + Rap,1,0D8(bo) Rag,0.1
2

_1DF(a0) — Rap,1,0D5(bo) Rag,0,1
2

Iao - D',S(ao)

= HDg(ao)

1 _

< 5@ DF(ao) Yd(ao, bo)
Epw P

< _ = = = 1

STy TgTosh

which shows that the third inequality is true for n = 0. Now, by Banach’s Lemma
[9],
_1DF(ag) + Ray,1,0DF(bo)Rag.0,1

2

DS (a())
is invertible and

H (DS(ao) + Ray,1,0DF(b0) Rag,0,1 1 2

< = .
“1-p/2 2-p

§ ) DS(ao)

We have

_D QU D b QL
on ) = (R o o D50

H <DS(ao) + Ry, 1,0D8(bo) Ray 0,1
2

) (a0)

IN

)" DS(ao)| 1D5(a0)~'F(a0)]

2
< — =
=9, Sop

and
d(a1,bo) < d(a1,ao) + d(ag, bo)

< T 4= + 0.
=5 ¥ (QO 50)

Therefore all inequalities are true for n = 0. Suppose that all inequalities are
true for n = 0,1,2,...,k and consider a € 2, ry+1 < 1 and pprsy < 1. Then, we
shall prove for n = k + 1. We have

1D (ar) |1 Ra,1,0DF (ars1) Rao1 — DF(ar)|| <pprsi < 1.

By Banach’s Lemma, Rq10DF(ar+1)Ra0,1 is invertible and

|Ra1,0DF (ak+1) ' Raol = DF(ak1) |
< | DF(ar) 1|
~1—||DF(ar) | Ra,1,0DF (ak+1)Ra01 — DF(ar)||
Pk€
1 — pprsk

= Pk+1E,



Convergence of third order Newton-like method in Riemannian manifolds 195

where £ is a minimizing geodesic joining the points a; and axy1 such that Q(0) =
ap and Q(1) = ag41. Also

1
1R (| RonsaDS(en(®) R 0,01 = Oidt(ar. 0

K K 5K
< gd(bk, ar)® + Zd(bk,ak)?’ = Ed(bk, an)®.

1 1
- /0 Reg 10 D*5 (0 (£)R2, o ,dt(gs, gk)) I

IN

1
/0 (Rak’t,0D2S(ozk(t))Rik’O’t - D2g(ak)) (1- t)dtH d(by,, ar,)*

1 1
+ ‘2[) (Ro‘k’t’ODZS(ak(t))RZ(]wO,t _ ng(ak)>dtH d(bk,ak)Q

Hence

1Ry 108 (an4 1) | =[S (ars1)]]

w 5K
<—d(agi1,br)? + Ed(akﬂ, bi)d (b, ar) + ﬁd(blm ax)®

w bK
(qr + s1)*0” + EQk(Qk + sp)p? + EQI?SSDS- (4)

IA
SERSE

We obtain that
IDF(an+1) " F(ars1) || <IT(ars)ll1DF(ar+1) "]
w 2 2, W 9, DK 5 4
< - - g
_pk+15( 5 (q + sk) ¢~ + 5 Qe (qr + sk)p” + 13 Ik )

D D 9q
=Dk41 (*(qzc + s6)%0 + S ai(gr + sK)e + *q;?éso)

2 2 12
=Pi+1 (g(Qq;% + 5% + 3qrsk) + %Qi’) ¥
=pr1 (5 (201 = )5} + sF + 31— ri)s)
+ %(1 — rk)?’si)cp
:pk+18z (g(%z —Trp+6) + %(1 — Tk)38k>(p
=qk+1¥-

Next, as

D3 (ar41) + Ray 1, 1,0DF (kg 1) Ry 1,01
2

Iak+1 - Dg(ak—&-l)_l

1 DF(ap41) — Rayy 11,008 (bkg1) Ray 1,01
_ HDS(GIH-I) 1 ( + ) k41 5 ( + ) k41
1 _
< 5@lIDS(ak+1) Y d(agt1, brr)
_ PPEk+19k+1

= < 1.
9 TEk4+1
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_1D8¥(ak+1)+Ray 1,1,008(br+1)Ray 1,01

5 is invertible

By Banach’s Lemma, DF(aj1)

and
DF(ars1) + Roy1,1,0DF (bkt1) Ray 01\ 1 1
L O p <—
H < 2 ) S(ak+1) - 1- Tk+1
This implies,
DF(ag4+1) + Ray 11,008 (bky1) Ry 0,0\ 1
d(art2, k1) = H( (k1) a 5 Brs1) R, ) S(ak+1)

<

<D$(ak+1) + Rak+1,1,0D3(bk+1)Rak+1,O,1
2
% || D§ (ar41) " S (ars1) |
< dk+1¥
1 =741

) DS(ars)

= Sk4+1¥
and

d(ak+2,br41) < d(agr2, art1) + d(ars1, bpg1)
< Sk 19 + Q1P = (Qer1 + Skr1)ep-

Thus, we conclude that all inequalities are true for n = k + 1. Hence, by
mathematical induction it holds for all n.

4 Convergence analysis

In this section, we will prove convergence and uniqueness of third order Newton
- like method in Riemannian manifolds. Before that, we will prove some Lemmas.

Lemma 3. Let zy = 0.0952980448 ... be the smallest positive root of 1 — 12a +
16a% — 2a® = 0 and we define the functions

3 (1 —12a + 16a® — 2a?)

4 =3 (I—a)? ’
5q
- - 2 e N 2
¢(a,b) = 1 =302 <2a Ta+6+ 3p2b(1 a) a),
2
_ a 2 5¢ N2
B(a,b) = (1= 3a) <2a 7a—i—6—|——3p2b(1 a) a),

%o(a) = ‘B(a, 1).

Then, c(a) is decreasing in [0, z0], €(a,b) and B(a,b) are increasing in the
variable a in [0, 9] for b > 1, €(a,b) and B(a,b) are decreasing in the variable b,
Bo(a), and Bj(a) are increasing in [0, z).

Proof. 1t is easy to prove and hence omitted. O
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Lemma 4. The following recurrence relations are true for the sequences {p,} and
{rn}.

n

27
Pn+1 H( +1—37“k 5
k=0
r2(2r2 —Tr, +6) ( 5q (1 —1ry)2r, >
(1 —3r,)2 3p%pn (2r2 —Tr, +6)/°

Tn+1 =

Proof. The proof follows by the use of definitions of the sequences {p,}, {gn},
{rn} and {s,}. O

Lemma 5. Let 0 < p < 2z and 0 < q < 4¢(). Then, the sequences {pn} and {r,}
are increasing and decreasing respectively. We also have r, < 1, pp > 1, pppsy <
1 VneN.

Proof. See [11]. O
Lemma 6. Under the assumptions of Lemma 5, we define o = ra/r1, then
Tyl < 042%17'0 VeN
and the sequence {r,} converges to 0. Also > 27 jry, < 00.
Proof. See [11]. O

Lemma 7. The sequence {p,} is bounded above, that is, there exist a constant
M such that p, < M, Vn € N.

Proof. See [11]. O

Lemma 8. The sequence {sn} is a Cauchy sequence, as s, < %soaQn. Also
>0 o Sn < 00
n=0 °n '

Proof. See [11]. O
Now, we can prove our main convergence theorem.

Theorem 4. Let K be a complete Riemannian manifold, 2 C K be an open conver
set and § € x(K) satisfies the conditions (1) — (3) with 0 < p < 2z and 0 < g <
4c(E). Then, the method given by (3) converges to a singular point a* of the vector
field § with ay,, b, and a* belonging to Ulag, r¢] and a* is the unique singular point
of § in Ulag, (2/we) —rep) NQ, where =7 Sp.

Proof. If 0 < p < 22z¢p. Then, by Lemma 8, {s,,} is a Cauchy sequence . Now, if
p = 22¢,q = c¢(p/2) = c¢(z09) = 0. Then, we have r,, = rg = p/2, for n > 0. Also

21, n
1 — ) (1 ) PP P 17
il " ( 1—3r, ! 1—3rg "
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where p =1+ 12”) > 1 and

21y, 21y 1 S0
Sn = g = =

pon(1—1)  ppn(l—10)  p(1—79) p*

this shows that {s,} is Cauchy sequence. Thus, the sequence {s,} is Cauchy in
both the cases and therefore {a,} is a convergent sequence. If a* is the limit of
{an}, then we will prove that F(a*) = 0. From (4), we have

<2 an+ 5000+ Zanlan + 5067 + 2 i
9 dn n) ¥ 2Qn dn n 12 qn®
1

5¢q
&2
5 ( (27" Trn +6) + 12(1 Tn) sn)go,

1B (ans1)]l <

as {rn} and {s,} — 0, when n — oco. Therefore F(a*) = 0. Also

d(apt1,00) < d(ant1,an) + d(an, an—1) + -+ d(ai,ap)

IN

Skp S TP,

i

this shows that a,, € Ulag, r¢] and similarly we can prove that b, € Ulag, r¢]. Now
taking limit n — oo, we get a* € Ulag, r¢]. Next, we will prove the singularity
is unique. Let z* be another singularity of § in U(ao, (2/we) — ry) and ¥ be
a minimizing geodesic joining the points a* and z* such that ¥(0) = a* and
Y¥(1) = z*. Then, we have

t

|Ro.10DF(0(t) Roos — DF(a")]| < w / 19 (0) | ds

=wtd(a*, 2*) < wt(d(ao, a*) + d(ao, z*))
Hence
ID§(a") | / | Ros0DF(0(t)) Ro gt — DF(a") |t
1
§M€/ wt(d(ao,a*) —|—d(a0,z*)>dt
0
<M5w (r n 2 , )
2 v we v)

For M = 1, the operator fol Ry +0DF(V(t)) Ry o+dt is invertible. Therefore by
Banach’s Lemma, we have

1
0= Rﬁ}l’og(z*) - S’(CL*) = /0 R197t’0DS(19(t))R19’0,t(ﬁl(O))dt.

Therefore ¥'(0) = 0. As 0 = [|[9/(0)|| = d(a*, 2z*), we get a* = z*. Hence the
proof is complete. O
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5 Numerical examples

In this section, two numerical examples are given to illustrate the effectiveness
of our results.

Example 1. Let us consider the vector field Z from R3 to R® given by

a —az
Z@)=Z|ay| = [ a1 — a3 (5)
as ajagas

with the Frobenius norm and let § = Z|g2. Then, it can be easily verified that
Z|g2(a) € T,8? Y ac S

From [6], D§(a) in the basis

—as 0
Ba = 0 ) —as
ai a2

of T,S?% is given by

D§(a) = (—5301»1@ —;301,2@) |

—aca1(a) —a-caa(a)

where

%MF%@mW—i%%m@@—%@mw—iwﬁwW@
m=1 m=1

fori,j =12, fia, = g{{;, and [§(a)lg, = (— fi(a)/as, —fg(a)/ag)T. Therefore

- —ayaz(a? +1) —1—aj(a3 +a3—1)
DM”‘Q_@—ﬁeaw@—ﬁ —aaz(ag +a3-3) )

Next, by using the method of Lagrange’s multipliers, we get
w = sup{DF(a1,a2,a3) : a? + a3+ a3 =5} =11
is a Lipschitz constant of DF. Initially for ag = (2,—0.0013091,1)7, we get

| DF(ao) || = 1.00779 = ¢,
1DF(a0) ™' F(ao)|| = 0.0013193 = o,
p = 0.0146253508 < 2z.

Therefore we must choose q such that 0 < q < 4¢(p/2). Hence the equation (5)
has a unique singularity a* in U(ao, (2/we) — re) N Q.
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Example 2. Consider the integral equation

1 Lo
Fla)(u) = =1+ a(u) + 4a(u)/0 " Ua(v)dv, a(u) C K= CJ0,1] (6)
and we define the norm ||a|| = mazo<u<i|a(w)|. Initially for ap = ap(u) = 1, we
get

| DF(ag) || = 1.17718382 = ¢,
| DF(ao) 1§ (ao)|| = 0.08859191 = ¢,
D% (a)|| = 0.150514997 = <,
p = 0.015697053 < 2z.

Therefore we must choose q such that 0 < q < 4¢(p/2). Hence the equation (6)
has a unique singularity a* in U(ag, (2/we) — re) N Q.

6 Conclusions

In this article, we have extended the third order Newton-like method from
Banach space to Riemannian manifolds to find the singularity of a vector field. We
have presented the convergence theorem under Lipschitz continuity condition on
the second order covariant derivative of a vector field and by using the recurrence
relations of the method. Finally, two numerical examples are given to illustrate
the effectiveness of our results.
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