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AN ALTERNATIVE PROOF OF THE CATALAN
CONJECTURE

Chang LIU ! and Preda MIHAILESCU*?2

Abstract

The original proof [5] of Catalan’s conjecture uses real binomial power
series expansions and annihilation of real class groups, based on a Theorem
of Thaine. In this paper we provide a simplified approach to this proof, which
uses Stickelberger annihilation of the minus part of the class group, and thus
does not require the Theorem of Thaine. The approach is based on proving
the existence of a character connecting Galois exponents of roots of unity.
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1 Introduction
Catalan’s equation is
X"-yY"=1, X, YeNymmn2>2, (1)

and it was proved to have no solutions except for (X,Y,m,n) = (3,2,2,3), [5].
We recommend the reader interested in more historical details about the progress
towards the proof of this fact, to read the books like [9], [1] or [8] written on the
subject.

The purpose of the present paper is to provide a new proof of the above fact,
based on a simplification brought to the arguments in [5]. First, we shall consider
integer solutions X,Y € Z, and due to early results — see [8] — we may assume
that m,n > 3 in (1). It will thus suffice to show that the equation

aP —y?=1;  with primes p,q > 3 and integers z,y € Z\ {0,+1} (2)
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has no solutions. Allowing integers solutions has the advantage that if (z,y;p, q)
is a solution to (2), then so is (—y, —x, ¢, p): if there is a solution to the pair (p, q)
of exponents, there is one also for the exponents in switched order, (¢q,p). This
remark allows us to impose the condition ¢ > p, without restriction of generality.

The work of Cassels [2] allows one to assume that if there are solutions to (2),
then the following necessary conditions hold, among others:

P —1

z—1
We shall show that (3) has no solutions with x € Z \ {0,£1}, and odd primes
p,q > 3. With this, we prove:

=pz? x—1=pI" 1 y=pbz. (3)

Theorem 1. The equation (3) has non non-trivial solutions with ¢ > p > 3.

By the above, this implies the truth of the Catalan Conjecture, thus offering
a new proof of the same.

1.1 Notations and overview of the approach

Let K = Q[¢,] = Q[¢] = Q[X]/(®p(X)) be the p—th cyclotomic extension
with, ®,(X) = ))(f:l , the p—th cyclotomic polynomial and {, a root thereof.
Denote by G = Gal(K/Q) the Galois group of K/Q and let the automorphisms
0. € G: (¢~ (° force P:={1,2,3,...,p— 1}. We write, in multiplicative
notation, a” = o(a) for all @ € K and 0 € G. We let 3 € G be the complex
conjugation and A = (1 — ¢) which is an algebraic integer generating the unique
ramified prime ideal above p in K. Denote by p, = {z € C | 2 = 1} the group
of n—th root of unity.

The fractional and principal ideals of K are F(K), P(K), respectively and the
class group is C(K) = F/P. The Stickelberger Ideal I C Z[G] annihilates the class
group. Assuming x, z is a non trivial solution to (3), we show that the G-orbit
of a := % € ZI[(] is built of mutually coprime algebraic integers and the ideal
2 = (v, z) has order dividing ¢. By applying some 6 € I to 2l we obtain identities

of the type )
/Ay = (=25)

with 8 € Z[(] being an integral element that depends on z and 6. If Gy € K][[T]
is the formal binomial series Go(T') = (1 4 ¢T)%9, it is absolutely convergent for
|T| < 1, in particular at T = —1/z. Fixing some primitive g—th root of unity
¢ € C, there is thus a Galois exponent k(0) € Z/(q - Z), such that

B/B =€"Gon(~1/2).
The key result of this paper is the following

Proposition 1. Notations being like above, for each 0 € I, either k(cf) =0 for
all o € G, or else there is a character x = xg : G — F such that

k(o0) = x(o) - k(0), Vo eGq. (4)



New proof of Catalan’s conjecture 163

Using this result, we may produce some simple § € [ such that x(cf) = 0
for all 0 € G. Some simple, non vanishing linear combinations of conjugates of
B(0) can be defined, which have vanishing leading terms in their power series
developments. This leads to the strong upper bound on |z| < 2, that confirm the
Theorem 1.

2 Cyclotomy, classical and elementary facts.

We assume in the sequel that (z, z) is a solution to equation (3), for the prime
exponents p < q. We note the following relation between x and z:

Lemma 1. Let (z,y,p, q) be a solution to equation (2) withp < q, a(p—1) = q—1
where a > 1 is a positive real number and z is defined as in equation (3). Then
|| > |2]*.

Proof. Consider equation (3),

xp

-1
1|:|$p—1+$p—2+...+1| <pxp—1’

pz?t < pla|? =
x J—

therefore, 27| < |z|. O

2.1 Characteristic numbers and characteristic ideals

Lemma 2. Let a = % and A = («, z): the characteristic number and ideal,

respectively.

1. Then a € Z[¢];a = 1 mod 2.
2. The conjugates of the characteristic number are mutually coprime:

(oc(a),04(a)) = (1), forl<e<d<p-1

3. The conjugates of the characteristic ideal I are mutually coprime and

A9 = (a), and Ng,pR) = (2). (5)

Proof. For point 1: since p = Hf;ll(l — (Y and p|(z—1), 1=z —1+1-=),
soa=1+ %_é = 1 mod \? is integral and verifies the claimed congruence.

For point 2, let I(c,d) = (oc(a),04(0)) = (f:gz, f:gi). We note that for any
1-¢k
1-¢7

field K — e.g. [10], Proposition 8.1. Therefore, f:gz . }:g; = f:g; € I(e,d). Then
CC

1_}4: € I(c,d). The ideal I(c,d) thus contains a unit and it must be I = (1).
For point 3, 27 = .. p oc(c) by equation (3), so a[29, and 2?/a = [[ e p 5, 20,, Te(@)-
Hence, by point 2, we know («, 27/a) = (1). For the characteristic ideal, this im-

plies:

A? = (af, allz a7 a (27/a)) = (a) - (a?h .27 2 a) = (a),

integers k and j not divisible by p, the number

is a cyclotomic unit of the
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hence 2?7 = («) which means that the characteristic ideal is either principal or
has order ¢. N(2) = [[.cp(a”,2) = (N(a),z,2%,...,2P~!) by point 2. Since
N(«a) = 2%, we get the relation N () = (z). O

2.2 The Stickelberger’s ideal

As mentioned above, the Stickelberger ideal is a subideal of the group ring Z[G]
with the property of annihilating the class group. It is defined as the intersection
of a fractional, principal ideal, with Z[G], as follows:

Definition 1. The Stickelberger element is defined by

1221 1
9==-Y co.' € -7Z|G 6
pczl , [G] (6)

and Stickelberger’s ideal is defined as
I = 9Z|G) N Z[G]. (7)

We note that N = Ng g € I and I C (1 —)Z[G] @ (N). There exists a base for
I~ = (1—3)I made of (p —1)/2 elements, called Fueter elements, e.g. [6], which
are

-1
Y =914 0p — Opt1) = Z neo, t € Zso[G), for n € {1,2,...,p2 8)
cESy

o e (12223

and ne+np_e =1, (9)

Fromnc+np—c = 1 and n. > 0, we note n. =0 orn, =1, and (147)-1, = NK/Q,
which means for every ideal B C Z[¢], PATD¥n = N(B).

We define IT := VZ[G] N Z+[G]. Combining the property of Stickelberger’s
ideal and the property of Fueter elements, we note that for every ideal B C Z[(]
and each @ € IT, the ideal B° C Z[(] is generated by some v € Z[(], which satisfies
v-7 =N(EB)%, for an integer ¢y € Z, which we call the relative weight of 6. Note
that the relative weight of each Fueter element is 1. Furthermore, we denote by
the absolute weight of 0 = > . p« nco; t € Z[G] the sum w(f) =Y, |nc|.

We define the Fermat quotient map ¢ : Z[G] — T, such that ¢ = ¢*0).
Ezxplicitly,

¢ (Z ncac_1> = Z ne/c € Fp. (10)

ceP* ceP*

We identify the value ¢(8) € F,, with its natural lift to N, under the least non-
negative remainder representation of F,. The Fermat ideal is Ip = I N Ker (¢):
this is the module of all Stickelberger elements @ such that ¢? = 1.
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We note the following useful property of the action of I on A:

Lemma 3. Let M, := (1 — ¢)*, for some p € I, then M, = W) . (¢)*W)/2,
where Q(7) € K is the quadratic subfield of K and 72 = p - (%).3 Moreover,
M7~ 1= 4¢lo-1)¢ “)/2€u2 for o € G.

Proof. Since NK/@ 1—¢) = p, then M,,- M,, = (1—¢)*(*+9) = ps(W) . Furthermore,
M,/M, (—7) = (—¢)* and from the definition of the Fermat quotient map

(1) (1)
¢, ¢ = ¢?® _ then it is equal to <_71>g 8 ¢oW) | 50 Mg = psl) . (%)g ! W),

Hence, M, = n¢) . ¢¢(1)/2 The last statement follows from o.(7) = (9> m. O

2.2.1 The fy-map

Stickelberger’s theorem implies that for 8 € I, there is a principal ideal
a(d) = A%, and the principal ideal arising from the action of the elements from
Stickelberger ideal is generated by Jacobi numbers, which are products of Jacobi
sums|6]. The product of Jacobi numbers by their complex conjugates are rational
integers, which are equal to the norm of 2 raised to the relative weight of 0 , i.e
ZICh/A = |2,

Iwasawa proved in [4] that every Jacobi number J verifies

J =1mod (1-¢)?% (11)

Let By € J(0) be the Jacobi number that generates the ideal. By the identity
(%) = AP = P9, we obtain

o? =n- B, (12)

where 7 is a unit in Z[¢]. Multiplying their complex conjugates on both sides of
equation (12) and since

o+ — N (@)% = 29 = ﬁg(lﬂ)

we get -7 = 1. It follows from Kronecker’s Unit Theorem, that n € pugp.
Combined with the congruence in Point 1. of Lemma 2 and (11), we obtain that
in fact n = 1. Hence of = = 4. We herewith define the maps Sy : I — Z[(] and
v : I — K as follows. For § € I, we let 3y(6) be the unique Jacobi number

defined above by the identity o = 8. Then vo(6) := ((39))7 for 6 € I.

2.3 Formal binomial power series

This section basically follows the original paper proving the Catalan conjecture
in Part 4.1 [5] except the subscripts are slightly different. Therefore, some proofs
will be omitted in this context.

3Here (;) denotes the Legendre symbol modulo p.
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2.3.1 Definition

The identity o = 5(0)9 leads to a binomial series expansion which converges
absolutely. In this section we consider this series in detail.

For jp =3 cp-neo, ' € Z[G], we let G (T), G y1—,)(T) € K[[T]] be the formal
binomial power series

Gu(T) = (1+ ¢TI = H (1+ al/C(C)T)"C/q
cepP*
_ nc/q nl| . n
= T [+ X (" eor | =1+ Setwr, a3
ceP* n>1 n>1

and the coefficients ¢, (u) arise from the multiplication and rearrangement of the
terms in the product in (13). In particular, denoting 7, := q-c1 = Y p 17V,
we obtain

Gu(T) =1+ 0T/ + Y eal)T™ (14)

2.3.2 Coefficients

We investigate some properties of these coefficients on base of the coefficients
in binomial series. Note that ((1+ CT)“/‘I)J = (1 4 ¢T)"/4, by definition, as
formal power series. In addition, the common domain of convergence in C is
D = {|T] < 1} C C, so the evaluations of the two power series are equal in this
domain.

Lemma 4. The coefficients ¢, (pn) € Z[(,1/q] are g-integers, which means a, :=
cn - g8 € Z[C] for some k. More precisely, k > E(n) = n + vy(n!). In particular,
E(n) =n+uvg(n!) <n- L.

It is an easy consequence of the following statement.

Lemma 5. Let b,(u) = nlg™ - an, al, be same as previous definition, C(u) =
Y ccp NeCC. Then, for alln > 0 and p € Z[G], there is a v € Z,(v,q) = 1 such
that b, = val,, and

by (1) = C(p)" mod gZ[(]. (15)
Proof. It can be found in the proof of the Catalan Conjecture [5]. O

Now, we investigate upper bounds for the coefficients. A power series f(T') =
Yoo a,T* with complex coefficients is dominated by the series g(T') = Y oreo A T*
with non-negative real coefficients if |ax| < Ay holds for £ = 0,1, .. .; if this is the
case, we write g > f. The relation of dominance is preserved by addition and
multiplication of power series.
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Let 7 be a real number and s a complex number satisfying |s| < 1. Then for
the binomial series we have

(14 sT)" = i <]:) sk

k=0
_ oyl - 1\k =\ e
(1-17) kzzo< 1) ( i )T.

The coefficients of the latter series are positive and ‘ (;) ‘ < ‘ (7);‘) . Combining

with [(| = 1, it follows that G, (T) < (1 - T)~"4 where h is the absolute
weight of u(1 — 7). Combining with the previous result, we obtain the following
bounds:

Lemma 6. Let a/, = ¢¥*™a,, where a, is the coefficients of G—p(T) and
E(n) =n+vg(n!), h is the absolute weight of (1 — 3), K = [h/q] Then

lan| < (_1>k(—’;/q> _ (h’+:lz— 1)7

p— , —
’au < qE(n)(_l)k< h/Q) < <h ‘l—:; 1>qE(n),

n
Finally, we consider the convergence of these binomial power series.
Lemma 7. The series G, (t) are absolutely convergent in C when |t| < 1.

Proof. Tt follows that G ,(t) is dominated by (1 — T)~"/4. For every non-negative
integer m, we define the m -th partial sum by

Gu)|m =1+ Zan(,u)t”.
n=1

Using the common remainder estimates for Taylor series, the remainder |R, 1]

is given by |Gu(t) — GLu(t)|m| < (};i:rql) : % as a consequence of Lemma

6 . ]
3 Proof of Proposition 1 and the main result

We have seen that n = 1 in (12), so

50(6)" = of = (f:g)g- (16)

Dividing by the complex conjugate, we get

— x 0 — q
0l®) = (1287 ) -0 =0"D = (Goop(-1/a) - (<C7Y)". - am)
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Likewise, for o € G \ {01}, in view of Lemma 3,

(48 - (oo

) <Ge(1_0)(_1/x). <<_pl> NOE §¢(9)/2q> ("—1)>q‘

We fix £ € C, a primitive g—th root of unity, and give the formal definition of
the Galois exponent map k : I — 7Z/(qZ) used in the formulation of Proposition
1:

70(0) = Gogyy(=1/x) - €O (=) - ¢~#O/) (19)

We denote for simplicity, the 2p—th root of unity above by v(8) = (—1).¢—¢0)/q,
In order to investigate the behavior of (6) under the action of G, we introduce
the module

B = {b(0) = (10(0),Go(1—p(=1/z) - v(0)) : B l}.

The set B is endowed with an action of Z[G] as follows: z € Z acts on b via

(70(0), v(0) - Go1—p) (=1/2))" = (0(8)*, (v(8) - Goa—p(—1/z))7),

while 0 € G acts naturally on the first components of b(#). It acts on v(6) -
Gg(1—;(—1/z) by acting on the coefficients of the power series and acting naturally
on the root of unity. Extending these actions by multiplicativity turns B into a
Z|G]-module. We denote the components of elements of B by b(0) = (b1(0), b2(9)).
The relation to the k-map is obvious, being given by

() _ 01(0)
<= b2(0) (20)

This induces an equivalence relation on B given by
b ~ b ~ bl/bg = bll/blz

The equivalence classes of ~j are represented by the ¢ powers of £&. We now prove
the Proposition 1:

Proof. Fix some 6 € I and let k = x(0) € Z/(q - Z). We investigate the relations
between elements of the orbit K (6) = {k(0f) : 0 € G}. Let 0 € G be a generator
of the group. Since j = oP=1/2 acts continuously on complex power series, we
have k(30) = —k.

Assume first that k # 0; then k(00) = ¢ - k for some ¢ € Z which is uniquely
defined modulo ¢. In the module B we then have o (b(0)) ~j b(6)¢. We let o act
on the above congruence and find

2

b(0%(0)) = o*(b(6)) ~i 7 (b°(0)) ~k o (b(6))° ~5, b(O) .
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By recursion, we deduce that for e € P* we have b(c¢6)) = b(#)*". Since 0?1 =1,
it follows that ¢?~! = 1 mod q. We may thus define a character

(&

xo:G—=Fyg  x(0°) =c.

Note that x(7) = —1, so x is an odd character. We had to assume that k& # 0
and deduce, by means of the character y, that then x is non vanishing on all
the orbit K (6). Conversely, if x vanishes for some element in G6, then the orbit
K (0) = {0}. This completes the proof of the Proposition. O

Remark 1. One verifies now that the implicit g—th root of unity in (18) is

G—aypv((1—0)0)

In particular, k' (0,0) vanishes if either k(6) = 0 of xg(o) = 1.

£r'(0.0) _ Bo((1 —0)b) £((1=x0(@)x(0))/2.

Suppose that xy : G — F; is injective; then necessarily (p — 1)|(¢ — 1), since
the map F); — F is an embedding. Conversely, if (p — 1) { (¢ — 1), there is some
o # o1 € Ker (xp), such that yg(c) = 1. In this case, we choose ¢ to be a Fueter
element and let o # o1 € Ker (xy). Then 6 = 9+ j01) has by construction weight
2 and vanishing Galois exponent k. We can compute fy(0) = So((1 + j0)9) as
follows:

Bo((L+30)8) = Bo(¥)Bo(sotp) = Bo(v)Bo(a¥) = Bo(¥)Bo(a¥)) - gggzz;
L. Do)
Bolow)

We now define 8(0) = v((1 — 0)8/2)5o(6), which verifies |5(0)| = |8o(8)| = z°©.
It follows from the choice of ¢ that

BO) =z-Gya-o)- (21)

Let Gy1—g) = 1— Z—i + Ry, where Ry is the remainder -, a,(—1/x)". From

Lemma 6, |az| < (—1)2(_2/‘1) with h the absolute weight of (1 — o) which is less
than or equal to p — 1. Since we assumed p < ¢, we get |az| < 1. By the same
calculation, |a,| < 1 for n > 2. Hence, |Ro| < Y, 5 |1/2"| < 2/2* by Lemma 7.

On the other hand, writing ¢ = > p neos !t and oy = >eepmeos !, and
ny = ay () = S, neCe, we find

My =Y neo '(¢) and 7oy = meo, ().

ceP ceP

Since ¢) = Y oeep np—co, ' and by the property of Fueter elements, n.+mn,_. = 1 for
every ¢ € P, it follows that 0y +7y = > .cp o 1(¢) = —1. Similarly, 7,9 + 1,1 =

> eep 0o t(¢) = —1. Hence, a} +a} =g +7g = Ny — Moy + Ty — Toyy = 0. Denote
§:=B(0) + B(0) — 22 = 2 (R + Ro) < z(4/2?).
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Since the right hand side is Galois invariant, it follows that for all ¢ € G we have

o (8)] < |2](4/2?). (22)

2
Note that 6 = <\/B(9) - \/6(9)> ; consequently, if § = 0, it follows that 5(6) =

B(6), which means (8(6)) = (8o(0)) and thus (o) = (a??), in contradiction with
the fact that the conjugates of a are pairwise coprime, as shown in Lemma 2. We
thus proved that 6 # 0. Since d is an algebraic integer and Lemma 1, we conclude
from (22) and |2| < ||

1< Ngg(d) < (4lz/z2)P"1 = |z <2 (23)

Since z is totally split in Z[(], we have |z| > |z| > 2p + 1 > 11, and reached thus
a contradiction. The Catalan conjecture follows for all but possibly some cases
when (p— 1)|(q — 1).

If (p—1)|(¢ — 1) — so in particular ¢ > 2p — 1, we assume that x,, is injective
for all Fueter elements ¢y € I; otherwise we can use the argument above and
complete the proof. We have thus to assume that x, is injective for all Fueter
elements; we shall have in this case to extend the range of elements in I to take
into consideration, for obtaining a combination with vanishing Galois exponent.

Lemma 8. There are at least two elements 01,05 € I with relative weight 2 such
that k(61) = Kk(62) .

Proof. There are at most ¢ — 1 possible values for x(0), since x(0) € F; for every
6 € I. On the other hand, the second author proves in [7] that ¢ < (p—1)2. Thus,
showing that Iy = {t € IT : ¢(t) = 2} has cardinality Ny := |Io| > (p —1)? > ¢
will imply the claim.

Consider the elements

J = {(a,b) = (04 +0p — 0ayp) : a,b€Fy;abla+b) #0mod p} C I.

These have all relative weight 1 and [J| = (§) — (p— 1) = (pgl); here, the first
term stands for the combinations of 2 elements of IF‘; with possible repetitions,
while the correction terms removes the combinations in which a + b = 0 mod p.
Note that ¥(p — a,p — b) = j¢(a,b). The number of sums of two elements in J
in which one element can be repeated, but the sum is different from the norm, is
obtained in a similar way and it equals

Ny — (Igl) . (\J!2— 1) _ <(p—1)2(p—2) _1> , <(p—1)2(p—2) _2>_

We have proved that 8 € Iy can be chosen in Ny > ¢ ways, so by the pigeon
hole principle, there are 6; € Iy;i = 1,2 with x(01) = k(62). By the above, setting
0 = 61 + y0> we have

(@) =4 and k(0)=0.
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Note that the constants involved even show that there is a variety of possible
choices for #, but we shall not need this fact. Moreover, if the positive element
6 has a norm as term, say § = N 4 ¢, then x(0) = x(6’), from the definition of
Kk, so this case reduced to the one of ' of relative weight 2. This completes the
proof. O

We choose thus a combination 6" = 6 + 702, with ¢(6;) = 2;4 = 1,2 and such
that x(#') = 0. Like in the previous case, we have

2 16(91)
B(02)
2

Also be analogy to the previous case, and noticing that this time |3(6)| = 2%, we

define
5= (B(0') + B(O') — 22%) = (W - \/%>

and the argument used before implies that in this case too, § # 0, while |J| < %2.
While z occurs this time at a power, we can use the assumption (p — 1)[(¢ — 1)
and let ¢ — 1 = a(p — 1) with @ > 2. From the defining equation (3), we have

5(9/) =z =% G91792(—1/$)

2
)

P 1
3:71)| < |z[P, hence |z]? < |z]7P < |x|.

q_
2 ‘p((]}

By inserting this bound for |z| in the one for ¢ and taking norms, we find in this
case too:

1< Ngg(d) < (422/22)P71 = |z <4

We reach the same contradiction as in the case (p — 1) { (¢ — 1). This completes
the proof.

Remark 2. The character revealed in Proposition 1 can be used for the investi-
gation of the Nagell-Ljunggren equation

P —1

r—1

0 ifx#1modp and
1 for x =1 mod p.

=p°2? x,ye€Z\{0,£1}; e= { (24)

The proof above readily settles the case ¢ > p and e = 1, while the case e = 0 is
similar. We shall treat in subsequent papers the cases ¢ = p and q < p.

References

[1] Y. Bilu, Y., Bugeaud, Y. and Mignotte, M.,: The Problem of Catalan,
Springer, 2014.

[2] Cassels, J. W. S., On the equation a® — b¥ = 1, II, Proc. Cambridge Society
56 (1960), 97-103.



172

Chang Liu and Preda Mihailescu

Fueter, R., Kummer’s Kriterien zum letzten Theorem wvon Fermat, Mathe-
matische Annalen 85 (1922), 11-20.

Iwasawa, K., A note on Jacobi sums, AMS Proceedings of Symposia in Pure
Mathematics 15 (1975), 447-459.

Mihailescu, P., Primary cyclotomic units and a proof of Catalan’s conjecture,
J. Reine Angew. Math. (Journal fiir die Reine und Angewandte Mathematik)
572 (2004), 167-195.

Mihailescu, P., Class number conditions for the diagonal case of the equation
of Nagell and Ljunggren, In Festschrift to the 70-th Birthday of Wolfgang
Schmidt, Eds. Schlickewei et. al, Springer 2008, 243-274.

Mihailescu, P., New bounds and conditions for the equation of Nagell-
Ljunggren, Journal of Number Theory, 124 (207), no. 2, 380-395.

Ribenboim, P., Catalan’s conjecture, Séminaire de Philosophie et
Mathématiques 6 (1994), 1-11.

Schoof, R., Catalan’s Conjecture, Universitext, Springer, 2008.

Washington, L., Introduction to cyclotomic fields, 2*? edition, Graduate Texts
in Mathematics, Springer, 1997.



