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GENERALIZATION OF GAUSSIAN MERSENNE NUMBERS
AND THEIR NEW FAMILIES

Munesh KUMARI' 2 Kalika PRASAD"?* Jagmohan TANTTI 3

Abstract

In this article, we present the generalized Gaussian Mersenne numbers
with arbitrary initial values and discuss two particular cases, namely, Gaus-
sian Mersenne and Gaussian Mersenne-Lucas numbers. We present their
various algebraic properties such as Binet’s formula, negatively subscripted
elements, Catalans’s, Cassini’s, and d’Ocagne’s identities, partial sum, bino-
mial sum, generating and exponential generating functions, etc. In addition,
we study a new generalized sequence arising from the explicit expression made
with the characteristic roots and refer to them as the k-generalized Gaussian
Mersenne numbers. We present various identities of them and show their
connections with the generalized Gaussian Mersenne numbers.
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1 Introduction

In 1963, Horadam [8] introduced the concept of the complex Fibonacci num-
bers defined as

Cn=F,+1F,+1, where F), is the nth Fibonacci number.

Later, in 1977 Berzsenyi [1] defined the complex Fibonacci numbers by a different
approach and named it the Gaussian Fibonacci numbers. Horadam [7] also defined
the Gaussian Fibonacci numbers using a recurrence relation analogous to the
Fibonacci numbers. Further, the concept of Gaussian numbers is extended to
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other number sequences like Lucas, Pell, Leonardo, etc., their generalizations and
polynomial version, one can refer to [9, 14, 13, 15, 16, 20, 21].

In this paper, we deal with the generalization of the Mersenne numbers which
is given by 2™ — 1 and have many interesting properties. Recently, Catarino
et al. [2] gave the homogeneous recurrence relation for the Mersenne numbers
and studied their algebraic properties. One of the generalizations of Mersenne
numbers is introduced by Soykan [18] and Kumari et al. [10] with arbitrary initial
values. Dasdemir [4] also studied the generalized form of these numbers and their
application in quaternion. Uysal et al. [19] studied the octonions with Mersenne
numbers and obtained various interesting properties of them. Kumari et al. [11]
shown the application of Mersenne numbers in r-circulant matrices. Frontczak et
al. [6] shown some connections between Mersenne and generalized Fibonacci (i.e.,
Horadam) numbers.

The generalized Mersenne sequence {W,, },>¢ is given by the recurrence rela-
tion

Whyo = 3Wyp1 —2W,, Wy =cy, Wi=ci, (1)

and the terms of this sequence are known as the generalized Mersenne numbers.
As a special case of generalized Mersenne sequence, setting co =0, ¢; =11in (1)
gives the classical Mersenne sequence { My, }n>0 and for cp = 2, ¢; = 3, it gives the
Mersenne-Lucas sequence { Hy, }»>0. The characteristic equation corresponding to
the above recurrence relation is

M -3\ +2=0. (2)

Eqn. (2) has two roots, A\; = 2 and Ay = 1 and they satisfy A\; + Ay = 3,
A2 = 2 and A\ — Ay = 1. Thus, the Binet’s formula for the generalized Mersenne
numbers is given by

Wy, = (W1 — Wy)2" — (W — 2Wp).

Some recent developments on Mersenne numbers and their applications, can
be seen in [3, 4, 5, 12, 17].

Motivated by these works on Mersenne numbers, we generalize the Gaussian
Mersenne numbers with arbitrary initial values and give a new family of the gen-
eralized Gaussian Mersenne numbers. We obtain their algebraic properties, some
well-known identities like explicit formula, Catalan identity, d’Ocagne identity,
summation formulas, generating functions etc.

2 Generalized Gaussian Mersenne numbers

Here, we introduce the generalized Gaussian Mersenne sequence {GW,, },>0
and present their some algebraic properties, well known identities and relations
with Gaussian Mersenne and Gaussian Mersenne-Lucas numbers.
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Definition 1. The generalized Gaussian Mersenne sequence {GW,, },>¢ is defined
by

GWiyo = 3GWpy1 — 2GW,,,  with GWy =a+i((3a—b)/2), GW = b+ ai,
where a and b are arbitrary complex (real) numbers not all being zero.

In terms of generalized Mersenne numbers, the generalized Gaussian Mersenne
numbers can be written as

GWnJrZ = Wn+2 + iWnJrl-

For a = 0,b =1 and a = 2,b = 3, Definition 1 yields the Gaussian Mersenne
sequence {GM,},>0 and the Gaussian Mersenne-Lucas sequence {GHp, }n>0, re-
spectively, i.e.

GMpio = 3GMpi1 —2GM,, GMy= ; GM; =1,
3
and GHn+2 = 3GHn+1 — QGHn, GHy = <2 + i2> , GHy =3+ 2i.

The first few generalized Gaussian Mersenne, Gaussian Mersenne and Gaus-
sian Mersenne-Lucas numbers are:

n GW, GM, GH,

0 a+i((3a—10)/2) —i/2 2+i3
1 b+ ai 1 3+ 2
2 (3b — 2a) + ib 341 5+ 3i
3  (Tb—6a)+1i(3b— 2a) T+3i 9450

4 (15b—14a) +i(7Tb—6a)  15+7i 17+ 9i
5 (31b—30a) +i(15b — 14a) 31+ 15 33+ 17i

Table 1: Generalized Gaussian Mersenne numbers.

Theorem 1. For n > 0, the Binet’s formula for GW,, is given by
GW, = (b—a)2" — (b—2a) +i((b—a)2""' — (b—2a)). (3)

Proof. By the theory of difference equation, nth term of generalized Gaussian
Mersenne sequence can be written as

GWp = cAl +dX\y, where A\ =2 and A\ = 1. 4)
On solving for n = 0 and n = 1, we obtain
GWi — GWyAa GWoA1 — GW;
c NN an Ny (5)

Now, using GWy = a + i((3a — 2b)/2), GW1 = b + ai and Eqn. (5) in Eqn.
(4), we have

GW,, = (b—a)A\} — (b—2a)A\5 +i ((b—a)\} ™" — (b—2a)M\5 7).
This completes the proof. O
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In particular, Binet’s formulae for Gaussian Mersenne and Gaussian Mersenne-
Lucas numbers are, respectively, given by

GM, = (2"-1)+i@2" ' —=1) and GH,=(2"+1)+i(2" " +1). (6)
Theorem 2. Forn > 0, the following identities are provided.
1. GWyi1 + GW,, = 2"13(b— a)(2 + i) — 2(b — 2a)(1 +1).
2. GWyy1 — GW, = 27 1(b — a)(2 + 1).
3. GWiyi1 =2GW,, + (b—2a)(1 —i).

Proof. 1. Using the Binet’s formula of the generalized Gaussian Mersenne num-
bers, we have

GWpi1 +GW, = (b—a)2"™ — (b—2a) +i[(b— a)2" — (b — 2a)]
4+ (b—a)2" — (b—2a) +i[(b—a)2"' — (b —2a)]
= 2"3(b —a) — 2(b — 2a) + i[3(b — a)2" " — 2(b — 2a)]
= 2"713(b —a)(2 4 1) — 2(b — 2a)(1 +i).
By a similar argument, the second and third identities can be proved. O

Definition 2. The generalized Gaussian Mersenne numbers with negative sub-
seript {GW_p,}n>1 are defined recursively as

3GW_n+1 — GW—n+2

GWo =a+1i((3a—2b)/2), GW1 =b+ ai, and GW_,, = 5

Fora =0, b =1 and a = 2, b = 3 in Definition 2, we obtain Gaussian
Mersenne and Gaussian Mersenne-Lucas numbers with negative subscript defined,
respectively, as

3GM_p1 — GM_pyo
2 )

3GH 41— GH 42
2 M

GM_, = GMy = —i/2, GM =1,

GH_, = GHy=2+1i(3/2), GHj=3+2i.

The first few terms of the sequences {GW_,}, {GM_,} and {GH_,},>1 are
shown in the following table:
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n GW_, GM_, GH_,

| (6a—20) +i(7a—3b) (=2 -3i) (64 50)

, (14a—6b) £ (15a — 7b) (—64— 7i) (10 4 9)
(30a — 14b) B (31a — 15b) (f148f 15i) (18 ? 17i)
(62a — 30b) % (63a — 31b) (43019 31i) (34 i633i)

32 32 32

Table 2: First few terms of {GW_,}, {GM_,} and {GH_,}.

Theorem 3. For n > 0, the Binet’s formulae for the generalized Gaussian
Mersenne, Gaussian Mersenne and Gaussian Mersenne-Lucas numbers with neg-
ative subscripts are given, respectively, as

b—a)—(b—2a)2" b—a)— (b—2a)2"t!
1. GW._, = <( @) 2(n %) >+z’<( %) 2(n+1 @) )
(2_2n+1)+2(1_2n+1)
2. GM_, = o .
3. GH_, = e .

Proof. Replacing n by —n in Binet’s formulae (3) and (6), we get the required
results. O

Theorem 4 (Catalan’s identity). For n,m > 1, we have

CWymGWyp — GW2 =(b — a)(b — 2a)[(2" — 27T~ 1) 4 (2=t —gn=my)
+ Z-3(2n o 2n+m71 o 2n7m71)_ (7)
Proof. Using Binet’s formula (3), we have
CWsmGWy gy — GW2 =
[(b—a)2"t™ — (b—2a) +i ((b—a)2" ™! — (b—2a))]
[(b—a)2" ™ — (b—2a) +i ((b—a)2" " = (b—2a))]
—[(b—a)2" — (b—2a) +i((b— a)2"t — (b - 2a))]
= (b—a)(b—2a) [(2" — 2" 1) 4 (27— 2v )]
+ 713(271 o 2n+m71 o 2n7m71)'

2

O]

Substituting m = 1 in Catalan’s identity (7) gives the Cassini’s identity for
the generalized Gaussian Mersenne numbers and hence the following theorem.
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Theorem 5 (Cassini’s identity). For n > 1, we have
GWyi1GWyoy — GW2E = (b—a) (b—2a) [(2"* —2""1) —i(2"723)] . (8)
As a special case of the above theorems, we deduce the following corollary.
Corollary 1. For n,m € N, the following identities have been verified.
1. GMyym G My — GMZ = [(27 — 27Fm— L) 4 (2=t gy
4 43(2" — 2ntm=1l _ gn=m=1y
2. GHyyGHy oy — GH2 = —[[(27 — 27Tm—1) 4 (2nmm=l _ gn=my]
4 i3(2m — ontm—l _gn—m=ly)
3. GM,1GM,, 1 — GM? = (2"2 — 2"~1) —j(2"723).
4. GH,1GH, | — GH? = (2"1 — 2"72) 4-4(2"723).
Theorem 6 (D’Ocagne’s identity). For n,m > 1, we have
GWi 1 GWy, — GW,, GWi 41
=(b—a)(b-2a)[(2"" —2m7 1) 432"t — 2™ ).
Proof. The argument is similar to that of Theorem 4. O
Corollary 2. For n,m > 1, we have
1. GMy 1 GM,, — GM,,GM, 1 = (271 —2m~1) £ i3(2n—1 — 2m—1),
2. GHyp1GHy, — GHpGHyyq = (2771 — 271y —43(2n—1 — om—1),

Remark 1. The Catalan’s, Cassini’s and d’Ocagne’s identities for the Gaussian
Mersenne-Lucas numbers are same as the Gaussian Mersenne numbers but with
a negative Sign.

Theorem 7 (Generating function). For the generalized Gaussian Mersenne num-
bers, we have

e a+ (b—3a)z + i(£<2§z+;22)+ <;’b - ;a> z} |

Proof. Let the generating function for the sequence {GW),},>0 be given by
GW(z) = > 22, GW,27. Thus, we have

GW (z) — 32GW (2) + 22°GW (2) = GWy + 2(GW1 — 3GWp)
s GW(2)(1 = 32 +222) = GWy + 2(GW; — 3GW))
GWy(1 —3z) + 2GWy
T (1—3z+222)
a+(b—3a)z+i[(3a—1b)+ (3b— Ia)z]
(1 —3z+222) '

= GW(z)

= GW(z) =
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The following corollary gives the generating functions for Gaussian Mersenne
and Gaussian Mersenne-Lucas numbers.
(3 1

Corollary 3. GM(z) = (1_3Z+222)) and GH(z) =

(2-32)+i(3 - 32)
(1—3z+222)

Theorem 8. The exponential generating function for generalized Gaussian
Mersenne numbers is

E(z) = (b—a)(1+ %)e% — (b—2a)e*(1 +4).
n
Proof. Let E(z) = 7, GWRZ—‘ be the exponential generating function for the
n!
sequence {GWp,}p>0. Then using Binet’s formula (3), the result can be easily

proved. O

Theorem 9. The exponential generating functions for even and odd-indexed se-
quences {GWa,} and {GWay11} are given as

Eaw,, (2) = (b—a)(1 + %) cosh 24/ — (b — 2a)(1 + i) cosh/Z

and  Egw,,., (2) = \}g [(b —a)(1+ %) sinh 2v/Z — (b — 2a)(1 + ) sinh ﬁ].

Proof. The proof follows using the fact that the exponential generating functions
for even and odd-indexed sub-sequences {GWay, }r>0 and {GWay41 }n>0 are given
by

BUDAEND i Ey,, ()= PSS EYD,

EGWQn (Z) =

where E(z) is the exponential generating function of the sequence {GW, }p>0. O

Corollary 4. The exponential generating functions for the Gaussian Mersenne
and Gaussian Mersenne-Lucas numbers are given as follows:

1. Ecu, (2) = (1 + £)e?* — (1 +i)e”.
Egu,(z) = (14 4)e* + (1 +i)e*.
Ecms,, (2) = (14 %) cosh2y/z — (1 +14) cosh /z.
EGw,,(z) = (14 %) cosh2y/z + (1 + i) cosh /.

e e

5. B, (2) = & [(1 + 1)sinh2y/z — (1 + i) sinh \/5} .

6. g, (2) = [(1 + 1)sinh2y/Z + (1 + i) sinh \/2].

The next theorem deals with the finite sum of the generalized Gaussian
Mersenne numbers. Hence, the result for Gaussian Mersenne and Gaussian
Mersenne-Lucas numbers are given in the subsequent corollary.
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Theorem 10. For all positive integers n, the following sum formulas have been
verified.

1Y g GWi = GWyy1 — (n+ 1) GW1 4 (2n + 1) GWA,.
4GWo,, — 3nGW1 + (6n — 1) GWy
3 )

n 4GWopni1 — (3n+ 1) GW7 4+ 6nGW,
8. Y ko GWopy1 = 2n+1 — 3 )G 0,

Proof (1). Using the Binet’s formula GWj, = ¢2¥ 4 d, where ¢ = GW; — GW, and
d =2GWy — GW1, we get

2.3 o GWo =

YNGWp = e 2P4d>d (1)fr=c(@ -1)+d(n+1)
k=0 k=0 k=0
= GWpy1— (n+1)GW1 4+ (2n+ 1) GW,.
Similarly, the second and third identities can be proved. O

Corollary 5. For all positive integer n, the following sum formulas have been

verified.
1.3 0 g GMy = GMypq — (n+1) —i (2%5H).

4G My, — 3n — i (9251)
3 .
AGMspy1 — (3n+ 1) — i3
3 :

4o Son_oGHp = GHppq + (n— 1) +i (2571) .
AGHan + (3n—2) +1i (3n — 3)

3 :
AGHoni1+ (30— 3) 4+ (3n — 2)

3 :

2. > h_gGMyy, =

3 2 ko GMak i1 =

5. 30 GHy, =

6. > h_oGHopi1 =

3 k-Generalized Gaussian Mersenne numbers

In this section, we give a new family of the Gaussian Mersenne numbers in
generalized form, refered as k-generalized Gaussian Mersenne numbers and inves-
tigate their properties.

Definition 3. Let k € N and n € NU {0} then 3! s,r € NU {0} such that
n=sk+r, 0 <r < k. Then the k-generalized Gaussian Mersenne numbers

{GWék)}nzo are defined as

GWR = [(b—a)X; — (b—2a)x3 +i (b— a)A]" = (b—2a)A3 1)]" "
(b= a)AT™ = (b= 2a)A57 + i (b~ a)((b— a)A] — (b—2a)3))]",
where A1 and Ay are the roots of the characteristic Eqn. (2).
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From Eqn. (3) and Definition 3, the relation between k-generalized Gaussian
Mersenne and generalized Gaussian Mersenne numbers is described as

GwWik = gwkra a1, n=sk+r. (9)

If K = 1 then »r = 0 and hence m = n. So, from Eqn. (9), we have
Wil = GW,.
The next remark informs us of some special relations between k-generalized Gaus-
sian Mersenne and generalized Gaussian Mersenne numbers for £ = 2, 3.

Remark 2. For s € N, the following identities are verified.

1. GW? = Gw2, 5 GWSY | = GW2GW,y,.

2. W2, = GW,GWiy1.
o o o 6. GW | =3awiY —20wi? .
8. GWy = 3GWy —2GW,.7 .
4. GW = gw3. 7. GW, = GW,GW2, |

A list of first few k-generalized Gaussian Mersenne numbers is shown in the
following table.

awP k=1 k=2

GWék) a+i(3a-2) (_75612 - ﬁ + §ab) +1i(3a® — ab)

aw k) b+ ai a+z( a—13%)

Gk (3b — 2a) + ib b+ ai

GWS® (b — 6a) +i(3b — 2a) (3b — 2a) + ib

aw®  (15b — 14a) + (b — 6a) (462 + 8a2 — 12ab) + i(6b> — 4ab)

GW*  (31b — 30a) +i(15b — 14a) (1862 + 1242 — 3ab) + i(16b2 + 4a2 — 18ab)

GwH k=3 k=4

GWék) ( 42‘3a3 — fabz aQb) + ( 11619a4 + 16a3b + 16a2b2 — %ab3 —|—3 %b‘l)
1 ga + + Qazb 9 b2) +1 (_§0a4 + 982 a®b — 9a2b? — %)

aw® ( 45a2 S b) (22303 — galﬂ + 2a%b) +

+i(3a? — ab) (%a —|— >4 2a%b - ab2)

awP a+i(2a—1b) (5202 = 5 + Jab) +i(30% — ab)

GWék) b+ ai a—i—z( a— 3b)

aw® (3b — 2a) + ib b+ ai

GwiH (4% + 8a2 — 12ab) (3b — 2a) + ib

+i(6b2 — 4ab)

Table 3: The k-generalized Gaussian Mersenne numbers for k =1, 2, 3, 4.

Theorem 11. For k,s € N, we have the following results,

1. awlh = gwk.
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2. awl)  =3aw) —2aw§) |
k k
3. awl), —awl) = awk,, — awk.

Proof. 1. Let n = sk, then r = 0 and hence from Eqn. (9), we have the desired
result.

2. From Eqn. (9) and Definition 1, we have

3GWS) — 26w ) | =3GWE — 2GWy, 1 GM ™ = QW GWip =GWS) .

3. It can be easily established using the fist identity of Theorem 11.
O

Theorem 12. Let n,m > 0 such that n +m > 1, then we have

aw®

2(n+m—1) GWipm GWipm—2

= (b—a) (b—2a) [(2"72 —2mtmTh) —(3.2m 2]
Proof. From Eqn. (8) and the fist identity of Theorem 11, we have
GW2((27)l+m—1) - GWn+mGWn+m—2 = GW(zn_;'_m_l) - GWn+mGWn+m_2
= (b—a)(b—2a) [(2"T" 2 — 2"t — (32" O

Theorem 13. Let s,k € N, then for fized k, s, the following results hold.

k—1
1. Z <k N 1) nggrm = [2n_13(b —a)(2+1i)—2(b—2a)(1+ i)]k_lGWs.

m=0 m
k—1
2. Y (-p™ (k B 1) Gw® = [n g - b)(2 + i)W,
. m sk+m — St
m=0
k-1 k) (k)
3. Z aw®  _ CWo(CWspiye — CWar)
2 T skegm 20=1(b— a)(2 +1)

(k+2) (k+2) (k+2)
) Zk: mew® GW sy = RGW ooy + (B = DGW 50 e
o 2 M Wkt 2 1(b—a)2+1))?

Proof. 1. From relation (9), we have

k—1 k—1
k—1 (k) § k—1 k—m m
‘ < m ) GWsker = < m > GWS G s+1

m= m=0
k—1 L 1
_ - m k—1-m
— GW, m}_o: ( . >GWS+1GWS

= GW(GW; + GW8+1)k*1 (using Binomial theorem)
= [2"13(b—a)(2+1i) — 2(b— 2a)(1 +4)]* 'GW, (using Theorem 2).
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2. Proceeding as first identity, we write

k—1 E_1 L k—1 E—1
Con () ) ew, = o e (B Dawtrem,
m=0 m=0

k—1 E_1
Nl < . >G T (—GW)Etem
m=0
(=) 1GW(GWey1 — GW,)*"!  (using Binomial theorem)
(=1)F 12" (b — a)(2+ )] 'GW, (using Theorem 2 (2))
2" Y (a —b)(2 + )L GW.

3. From (9), we have Gnglm

k—1
GW. m
_ k s+1

i, = ot S ()
m=0 m=
GW3+1/GWs)k -
GWoi1/GW, — 1
GWFk,, Gng)
GWS+1 GW,

(k) (k)

W ew il -G
- GWoi1 — GW,

(k) (k)

WG, - G

27 1(b — a)(2 + 1)

GWEmGW™ | = GWFHGW,11/GW,)™. So,

k—1

= wa(

= awy(

4. We should note that an:l ma™ ! = (1 —ka* 1 4 (k—1)2%) /(1 — 2)2. Hence,

k
Z mGW = GWElaW, Y m(Gg;;“)m*l
m=1 s

1 — k(GWsy1/GW )L + (k — 1) (GWey1 /GW)F
(1 —GWyi1/GW,)2 )
_ GWETIGWeyy — kGWE | + (k- )GWET /Gw,
(1 — GWs41/GW;)?
_ GWFIGW, 1y — kKGW2GWE | + (k- 1)GW.GWE

- waflGWSﬂ(

(GWy — GWy1)?
(k+2) (k+2) (k+2)
GWs(k+2) —kGW s(k+2)+k + (k- )GW (k+2)+k+1

- @02 ) (using (9)).

O]

Theorem 14. For n,k > 2, then Cassini’s identity for k-generalized Gaussian
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Mersenne numbers s

(k k)
)2 - GWnk)JraGW7(LR+a72

_JGWEEZ (b —a) (b—2a) [(2"2 21 —i(3.2"2)], a=1
o, a# 1.

k
(GWT(Lkl’afl

Proof. Let a =1, then from Eqn. (9) and Theorem 11, we have

k k k

GWlL,GW L, — (GW))”
= (GWFELGW, 1) (GW,_1GWEY) — (GWF)?
= GW2A2[GW, 1 GW,_1 — (GW,)?]

=GW2F2(b—a) (b—2a) [(2"7% —2"7") —i(3.2"7?)] (using Eqn. (8)).

Moreover, if a # 1, then by using Eqn. (9)

k k k
GW?Ek)-i-aGwék)-&-a—Z - (Gwék)-‘ra—l)Z
= (GW " GW ) (GW " PPGW ) — (GW = GWe)?
= G2 R GWa = G
=0. O

Theorem 15. For k,s € N, the following relations between k-generalized Gaus-
sian Mersenne and generalized Gaussian Mersenne numbers are obtained.

k k)
1SRy ® GWs 3kGWs(k) _GW((erl)k
- 2=0(3) sh+i ™ QGWS_l( 3k-1 )

2. Yoo (<2 @Y (TN GWEL = GWGWET -

3. Zfzé(—l)]@)k ! ](kjl)GWs(klj = (-2)" 1GWSGW((S—11))(l~c_1)‘

Proof. 1. By using Eqn. (9), we write

Serawl, = 3 (G yow
§=0 §=0 8
(G-
B GWSk GWS-T—].
<3GWS>_1
FGWE — gwk
= ¢ 5<3 3k*120W3,1H>

(k) (k)
_ W, 3FGW, GW(S+1)k>

2GW5_1 3k_1
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2. Using Eqn. (9) and binomial theorem, we get

k—1
=0

<

_ 1 (k1)
= GW.GW[Y = GW.GW ), .

3. The argument is similar to 2. O

4 Conclusion

In summary, we introduced the generalized Gaussian Mersenne numbers and
investigated their algebraic properties. In addition, we introduced a new family
of k-generalized Gaussian Mersenne numbers in closed form and shown some re-
lations with generalized Gaussian Mersenne numbers. Here, we examined Binet’s
formula, Cassini’s and Catalan’s identity, generating and exponential generating
functions, various partial and binomial sums, etc. of these numbers.
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