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WARPED PRODUCT POINTWISE PR- SEMI-SLANT
IMMERSIONS IN PARA-KÄHLER MANIFOLDS
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Abstract

This study investigates the geometry of warped product pointwise PR-

semi-slant immersions M in para-Kähler manifolds M
2m

that naturally en-
globes the warped product PR and semi-slant immersions. We first de-
rive non-existence of warped product Mλ ×f MT , and then by presenting
a numerical example examine the presence of warped product M such that

M = MT ×fMλ in M
2m

. Finally, we derive some characterizations for point-
wise PR-semi-slant submanifolds to be locally warped product MT ×f Mλ

in terms of shape operator and endomorphisms. The mixed totally geodesic
case is also discussed.
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1 Introduction

The geometry of the warped bundle in different spaces has always been a
topic of great interest in differential geometry. In particular, the warped prod-
uct of (pseudo)-Riemannian manifolds has a long and fascinating history and is
currently extensively studied because of its numerous application to mathematics
and physics especially in, harmonic map, Ricci soliton, general relativity theory
and black holes. For examples warped product C ×f S1 called the surface of rev-
olution is influential in the construction of different models in some relativistic
theories and warped product Sm−1

+ ×f S1 involved open upper hemisphere and
circle for some warping function f on Sm−1

+ play an important role in the research
of harmonic maps, Ricci solitons and Einstein manifolds [5, 22, 14, 1, 17, 15].
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Bishop-O’Neill [6] originated the geometry of warped product manifolds carry-
ing non-positive curvature as, consider two pseudo-Riemannian manifolds B and
F . The warped product B ×f F of B and F is the manifold B × F endowed with
pseudo-Riemannian structure such that ∥X∥2 = ∥π∗(X)∥2 + (f ◦ π)2∥σ∗(X)∥2 ∀
tangent vector X ∈ X(B×f F ) where π and σ denotes the natural projections on
B×F to B and F , respectively. Hence in B×f F , B is labeled the base manifold
while F is named the fiber and f a positive C∞ wraping function on B. How-
ever, the theory gained popularity after Chen started investigating the Cauchy-
Riemann warped structure in even-dimensional manifold endowed Riemann metric
i.e., Kählerian N and proved that the proper warped product Cauchy-Riemann
submanifolds in the form N⊥ ×f NT didn’t exist [7]. Thereafter, Sahin [18] ex-
tended the geometry of Cauchy-Riemann warped product to semi-slant warped
products and presented nonexistence theorems for such warped products in Kähler
manifold. Later on, Sahin [19] continued by introducing a new generalised class
called warped product pointwise semi-slant submanifolds in Kählerian manifolds.
These geometric setups may not be often found appropriate in physics, specifically
in the relativity theory where the metric isn’t naturally positive definite. Mean-
while, Chen-Munteanu [10] started the geometry of PR submanifold along with its
warped aspects in para-Kähler manifolds and presented some analogies and differ-
ences between Kähler and para-Kähler manifolds. Analogous to this, Srivastava-
Sharma [24] continued the study for paracosymplectic manifolds. Thenceforth,
many differential geometer’s studied (pseudo)-Riemannian warped geometry as
pointwise slant, semi (pseudo) slant submanifolds with several viewpoints in dif-
ferent ambients (cf. [25, 4, 3, 26, 20, 21, 11, 23, 16]). Motivation to present
research is due to considerably two reasons, one its numerous applications. Sec-
ond, to extend the study for M that naturally contains slant, pointwise slant, PR

and semi-slant submanifolds in para-Kähler manifolds M
2m

.

The following is a brief description of the manuscript. In Sect. 2, we review few
fundamentals of the para-Kähler manifolds and submanifolds. Sect. 3, contains
the definition of pointwise PR-semi-slant submanifolds, some important results,
and relations of integrability and totally geodesic foliation. In Sect. 4, we first
prove the nonexistence of warped immersion as pointwise PR-semi-slant of the
type Mλ×f MT and then give a numerical illustration for the existence of warped

product immersion MT ×f Mλ → M
2m

. Finally, we obtain some conditions that
are both necessary and sufficient in terms of shape operator and canonical struc-
tures t, n for pointwise PR-semi-slant submanifolds to be locally warped products

in M
2m

.

2 Preliminaries

An almost paracomplex structure on a 2m dimentional manifold M
2m

is P

such that

P2 = id, (2.1)
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where P is an endomorphism and id the identity map with±1 eigenbundles X±(M)

of dimension m. For this, the combination (M
2m

,P) is referred to be an almost

para-complex manifold. An almost para-Hermitian manifold (M
2m

,P, g) is a man-
ifold associated with an almost paracomplex structure P and a pseudo-Riemannian
metric g satisfying

g(PX,PY ) = −g(X,Y ). (2.2)

Then from above equatons, we can easily obtain

g(PX,Y ) + g(X,PY ) = 0 ∀X,Y ∈ X(M
2m

), (2.3)

where X(M
2m

) being Lie algebra of vector fields on M
2m

.

Definition 2.1. An almost para-Hermitian manifoldM
2m

is called a para-Kähler
manifold [8] if P is parallel with respect to ∇, i.e.,

(∇XP)Y = 0, ∀X,Y ∈ X(M
2m

). (2.4)

Here, ∇ represents the Levi-Civita connection on M
2m

w.r.t. g.

2.1 Geometry of submanifolds

Let M be a differentiable manifold immersed in a 2m-dimensional para-Kähler

manifold M
2m

. We use the notation g for the induced metric tensor on M such
that g = g|M of constant signature and rank [12]. Thus, ∀ p ∈ M , tangent space
Xp(M) is a non-degenerated subspace of Xp(M) with Xp(M) = Xp(M)⊕Xp(M)⊥,
where Xp(M)⊥ indicates the normal space of M . If X(M⊥) indicates a normal
bundle to M and X(M) the tangent bundle to M , then the Gauss-Weingarten
formulae are thus defined by

∇XY = ∇XY + h(X,Y ), (2.5)

∇Xζ = −AζX +∇⊥
Xζ, (2.6)

for any X,Y ∈ X(M) and ζ ∈ X(M⊥), where ∇ (resp., ∇⊥) is the induced tangent
(resp., normal) connection on X(M) (resp., X(M⊥)), Aζ at ζ is the Weingarten
map and the second fundamental form h, is given by

g(AζX,Y ) = g(h(X,Y ), ζ). (2.7)

A submanifoldM is totally geodesic (resp., umbilical) if its h = 0 (resp., h(X,Y ) =
g(X,Y )H), where H indicates the mean curvature vector. If H = 0 then sub-
manifold M is called minimal. If we write, for all ξ ∈ X(M) and ζ ∈ X(M⊥)
that

Pξ = tξ + nξ, (2.8)

Pζ = t′ζ + n′ζ, (2.9)
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where tξ (t′ζ ) and nξ (n′ζ) are tangential (normal) components of Pξ (Pζ), then
using Eqs. (2.1), (2.2) and (2.8), it is observe that

g(X, tY ) = −g(tX, Y ) ∀X,Y ∈ X(M). (2.10)

Now by the consequence of (2.4), (2.8) and (2.9), we obtain

(∇Xt)Y = AnY X + t′h(X,Y ), (2.11)

(∇Xn)Y = n′h(X,Y )− h(X, tY ), (2.12)

∀ X,Y ∈ X(M).

3 Pointwise PR-semi-slant submanifolds

Chen-Garay [9] introduced the concept of pointwise slant submanifolds for
Hermittian manifolds. Motivated to this Sharma [20, 21] continued the study by
defining pointwise slant submanifolds in para-Hermitian manifolds as;

Definition 3.1. Let ϕ be an immersion ϕ : M → M
2m

into an almost para-
Hermitian manifold and Dλ be the non-degenerate distribution on M . Then Dλ

is said to be pointwise slant distribution on M , accordingly M pointwise slant
submanifold, if there exists a real valued function λ such that

t2 = λid, g(tX, Y ) = −g(X, tY )

∀ non-null tangent vectors X,Y ∈ Dλ at each point p ∈ M . Here, λ is called slant
function, independent the choice of X,Y ∈ M .

Now analogous to [19, 21], we define pointwise PR-semi-slant submanifolds M

in M
2m

;

Definition 3.2. Let M → M
2m

be an immersion of non-degenerate submanifold

M in a para-Hermitian manifold M
2m

. Then M is a pointwise PR-semi-slant
submanifold if it admits a pair of orthogonal distributions i.e., totally holomorphic
DT and pointwise slant Dλ with slant function λ satisfying X(M) = DT ⊕Dλ such
that P(DT ) ⊆ DT .

Let us denote by d1 and d2 the dimension of DT and Dλ, respectively then we

deduce that pointwise PR-semi-slant submanifold M of M
2m

is

• pointwise slant (resp., pointwise semi-slant) submanfold, if d1 = 0 and Dλ

(resp., the pair DT , Dλ) indicates on M with slant function λ = cos2(θ)
[19].

• PR-semi slant submanifold, if d1.d2 ̸= 0 and slant function λ is globally con-
stant [20, 2], in particular if d1 ̸= 0 and λ = 0 then M is a PR-submanifold
[10].
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Finally, we call M proper, if d1.d2 ̸= 0 and λ is non-constant function, mixed
totally geodesic, if h(DT ,Dλ) vanishes.

Next, we present example to validate proper M of M
2m

.

Example 3.3. Let M
2m

= R8 be a 8-dimensional manifold with the coordinate

system (x1, · · · , x8). Define a structure (P, g) on M
2m

by

Pe1 = e2, Pe2 = e1, · · · , Pe7 = e8,Pe8 = e7. (3.1)

g =
4∑

i=1

(dxi)
2 −

8∑
j=5

(dxj)
2, (3.2)

such that e1 =
∂

∂x1
, · · · , e8 =

∂

∂x8
. Now by direct computations, we achieve

an almost para-Hermitian manifold. For ∇ w.r.t. g, we readily conclude that

the manifold (M
2m

,P, g) is a para-Kähler manifold. Assume the immersion ϕ :

(M, g) → (M
2m

, g) defined by

ϕ(u, v, r, α) = (cos(α), r, sin(α) + v, 2u, v + sin(α), 3u, cos(α), α), (3.3)

where r, α ∈ R/{0}. Then Xp(M) of M is spanned by

Zu = 2e4 + 3e6, Zv = e3 + e5, (3.4)

Zr = e2, Zα = − sin(α)e1 + cos(α)e3 + cos(α)e5 − sin(α)e7 + e8,

where Zu, Zv, Zr, Zα ∈ X(M). Consequently from Eqs. (3.1), we obtain

P(Zu) = 2e3 + 3e5,P(Zv) = e4 + e6, (3.5)

P(Zr) = e1,P(Zα) = − sin(α)e2 + cos(α)e4 + cos(α)e6 − sin(α)e8 + e7.

From Eqs. (3.2), (3.4) and (3.5), we analyze that holomorphic distribution DT =
span{Zu, Zv} and pointwise slant distribution Dλ = span{Zr, Zα} with slant

function λ = sin2(α). Hence we call M a proper M in M
2m

.

Furthermnore, on DT and Dλ if the projections are denoted by PT and Pλ,
respectively. Then ∀ X ∈ X(M) with effect of projections can be represented as
X = PTX + PλX. Now, by applying Eq. (2.8) and P to previous expression,we
derive the following

PX = tPTX + tPλX + nPλX, tPTX ∈ X(D), nPTX = 0,

=⇒ tPλX ∈ X(Dλ), nPλX ∈ X(M⊥),

and tX = tPTX + tPλX, nX = nPλX.

Since, Dλ is pointwise slant distribution, hence from Definition 3.1 and above
expressions, we can deduce that

t2X = λX, (3.6)

for some real-valued non-constant function λ on M .
Now, we present the characterizations for pointwise PR-semi-slant submanifold

M of M
2m

:
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Theorem 3.4. In order for a submanifold of a M
2m

to be a pointwise PR-semi-
slant M , it is necessary and sufficient that ∃ a distribution D on M and a λ such
that for X ∈ X(M), (a) D = {X : (tD)

2X = λX}, (b) nX = 0, if X ⊥ D. where
λ denotes the slant function of M .

Proof. Analogous to Theorem 3.4 of [19], the proof of this thoerem can be achieved
easily.

Straightforward from Theorem 3.4, we draw corollary for future use;

Corollary 3.5. For a pointwise PR-semi-slant submanifold M in M
2m

, we have

g(tX, tY ) = −λ g(X,Y ), (3.7)

g(nX, nY ) = (λ− 1) g(X,Y ), (3.8)

∀ X,Y ∈ X(Dλ).

Next, we derive some important results;

Theorem 3.6. Let M → M
2m

be a proper pointwise PR-semi-slant immersion
in a para-Kähler manifold. In order for a holomorphic distribution DT on M

(i) being integrable, it is necessary and sufficient that h(PY,X) = h(PX,Y ),

(ii) define a totally geodesic foliation, it is necessary and sufficient that
g(AntZX,Y ) = g(AnZX,PY )

∀ X,Y ∈ DT and Z ∈ Dλ.

Proof. From Eqs. (2.1), (2.4) and (2.8), we derive that g([X,Y ], Z) =
= −g(∇Y X, t2Z + ntZ) + g(h(Y,PX), nZ). Using Eq. (3.6) in above equal-
ity, we attain (λ − 1)g([X,Y ], Z) = g(h(PX,Y ), nZ) − g(h(X,PY ), nZ). Hence
(i) achieved. Now, for (ii), we know g(∇XY,Z) = g(∇XY,Z) by virtue of
definition 3.2 and Eq. (2.5). Employing Eqs. (2.1)–(2.7), in above expres-
sion, we recieve that g(∇XY,Z) = g(∇XY, t2Z) + g(AntZX,Y ) − g(AnZX,PY ).
Now, applying Eq. (3.6) in previous equation, we deduce (λ − 1)g(∇XY,Z) =
g(AntZX,Y ) − g(AnZX,PY ). This derived (ii) and thus, finishes the derivation
of the theorem.

Theorem 3.7. Let M → M
2m

be a proper pointwise PR-semi-slant immersion
in a para-Kähler manifold. In order for a pointwise slant distribution Dλ on M ,

(i) being integrable, it is necessary and sufficient thatg(AnWZ −AnZW,PX) =
g(AntZW −AntWZ,X),

(ii) defines a totally geodesic foliation, it is necessary and sufficient that
g(AnWZ,PX) = g(AntWZ,X),

∀ X ∈ DT and Z,W ∈ Dλ.

Proof. The proof is identical to that of Theorem 3.6 and hence omitted.
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4 Warped product pointwise PR-semi-slant immersions

In this part, we establish some characterizations for warped product pointwise

PR-semi-slant immersions in para Kähler manifolds M
2m

.
Firstly, we revive few fundamentals from [6] for further use;
If we denote by ∇ the Levi-Civita connection on B×f F , then for any X,Y ∈

X(B) and Z,W ∈ X(F ), we see that

∇XY ∈ X(TB), ∇XZ = ∇ZX = (
Xf

f
)Z, ∇ZW =

−g(Z,W )

f
∇f, (4.1)

where g(∇f,X) = Xf specifies the gradient ∇f of f .

Remark 4.1. Since lift is of the utmost use in computation on product manifold,
therefore, for simplicity, we will examine on M = B×f F the X ∈ X(B) with the
lift X̃ and Z ∈ X(F ) with the lift Z̃. Moreover, it is indeed worth remembering
that for the warped product B ×f F such that B (resp., F ) is totally geodesic
(resp., umbilical) in M .

Next we say that,

Definition 4.2. A proper pointwise PR-semi-slant submanifoldsM in para Kähler

manifolds M
2m

is called warped product pointwise PR-semi-slant submanifolds if
it is a warped product of the form: MT ×fMλ such that Mλ and MT are pointwise
proper slant and holomorphic integral submanifolds of Dλ and DT on M respec-
tively, and f a non-constant positive smooth function on MT . If the warping
function f is constant then it is called pointwise PR-semi-slant product.

Here we derive the non-existence result as a proposotion;

Proposition 4.3. Let M → M
2m

be an immersion. Then for any X,Y ∈ X(MT )
and Z ∈ X(Mλ) there are no warped product pointwise PR-semi-slant submanifolds

of the form M = Mλ ×f MT in para-Kähler manifolds M
2m

.

Proof. We have from Eqs. (2.1)-(2.9), that g(∇XZ, Y ) = g(∇X(t2Z +ntZ), Y )−
g(∇XnZ,PY ). Applying Eq. (3.6) and g(Y,Z) = 0, we arrive at

g(∇XZ, Y ) = λg(∇XZ, Y )− g(AntZX,Y ) + g(AnZX,PY ). (4.2)

Thus from Eq. (4.2), we conclude that

(λ− 1)g(∇XZ, Y ) = −g(h(X,Y ), ntZ) + g(h(X,PY ), nZ). (4.3)

We get by swapping X and Y in Eq. (4.3) and then subtracting from (4.3), that

g(h(PX,Y ), nZ) = g(h(X,PY ), nZ). (4.4)

Furthermore, from Eqs. (2.1), (2.4), (2.8) and Gauss-Weingarten formulas, we
deduce that

g(AnZX,PY ) = g(∇XZ, Y ) + g(∇XtZ,PY ). (4.5)
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Now, From Eqs. (4.1), (4.4) and (4.5), we observe that tZ(ln f)g(X,PY ) = 0.
Replacing Z by tZ and X by PX in above expression we derive λZ(ln f)g(X,Y ) =
0. Thus f is constant. Since,Mλ is pointwise proper slant submanifold andX,Y, Z
are non-null vector fields. The proof is now complete.

Next, we first present an illustration that signifies the presence of warped

product M of the form M = MT ×f Mλ in M
2m

and then proves some important
lemmas for further use.

Example 4.4. Let M
2m

= R12 be a 12-dimensional manifold with the coordinate

system (x1, · · · , x12). Define a structure (P, g) on M
2m

by

Pe1 = e2, Pe2 = e1, · · · ,Pe11 = e12,Pe12 = e11. (4.6)

g =
6∑

i=1

(dxi)
2 −

12∑
j=7

(dxj)
2, (4.7)

where e1 =
∂

∂x1
, · · · , e12 =

∂

∂x12
. By straightforward computations, we get an

almost para-Hermitian manifold. For ∇ w. r. t. g, We may easily deduce

that the manifold (M
2m

,P, g) is a para-Kähler manifold. Consider the immersion

ϕ : (M, g) → (M
2m

, g) defined by

x1 = u sinh(θ), x2 = v sinh(θ), x3 = u sinh(α), x4 = v sinh(α),

x5 = k1, x6 = k2, x7 = u cosh(θ), x8 = v cosh(θ), (4.8)

x9 = u cosh(α), x10 = v cosh(α), x11 = θ, x12 = α,

where u, v ∈ R − {0} and α, θ ∈ (0, π/2). Then, from direct computations
for tangent and normal bundles of M and Eqs. (3.2) (4.8), we conclude that
holomorphic distribution DT = span{Zu, Zv} and pointwise slant distribution
Dλ = span{Zθ, Zα} with slant function λ = 1

u2+v2−1
. Thus M evolve into a

proper M in M
2m

. Now the induced g on M is deduced as g = −2du2 − 2dv2 +
(u2 + v2 − 1){dα2 + dθ2} = gMT

+f2 gMλ
. Thus, M is a 4-dimensional warped

product M in R12 with wraping function f =
√
u2 + v2 − 1.

Lemma 4.5. If M = MT ×f Mλ be a warped product pointwise PR-semi-slant

submanifolds of a para-Kähler manifold M
2m

, then

(a) g(AnZX,Y ) = 0,

(b) AnZW = AnWZ,

(c) g(AntWX,Z) = −PX(ln f)g(tW,Z) +X(ln f)λg(Z,W ),

(d) g(AnWX,Z) = −PX(ln f)g(W,Z) +X(ln f)g(Z, tW ),

(e) g(AnWPX,Z) = −Xf
f g(W,Z) + PX(ln f)g(Z, tW ),



Warped product pointwise PR-semi-slant immersions 141

for all X,Y ∈ X(MT ) and Z,W ∈ X(Mλ).

Proof. Let M be a submanifold of M
2m

then using Eqs. (2.1), (2.4) and (2.8) we
receive

g(AnZX,Y ) = −g(∇XPY,Z)− g(∇XY, tZ). (4.9)

Formula-(a) can be achieved from the fact that the pair (DT ,Dλ) is orthogonal
and Eqs. (2.10), (4.1) in equation (4.9). Again from Eqs. (2.1), (2.4), (2.8) and
Gauss-Weingarten formulas, we attain that

g(AnZX,W ) = −g(∇XtW,Z) + g(∇XZ, nW )− g(∇XW, tZ). (4.10)

Putting Eq. (4.1) in (4.10), we arrive at

g(AnZX,W ) = −Xf

f
g(tW,Z) + g(∇XZ, nW )− Xf

f
g(W, tZ). (4.11)

Now, using Eq. (2.10) in Eq. (4.11) we prove the Formula-(b). Further, replacing
W by tW in Formula-(b) results in AnZtW = AntWZ, then applying Eqs. (2.5)–

(2.8) as well as the fact M
2m

is para-Kähler in previous expression, we acquire
that

g(AntWX,Z) = −g(∇tW tX,Z)− g(∇tWX, tZ). (4.12)

Formula-(c) can be achieved by using Eqs. (3.7)and (4.1) in Eq. (4.12). Next,
Formula-(d) can be easily derived by replacing W by tW in Formula-(c) and
using Eq. (3.6). Finally by virtue of Eq. (2.1) and replacement of X by PX in
Formula-(d) we get Formula-(e). This proves the lemma.

Lemma 4.6. If M = MT ×f Mλ be a warped product pointwise PR-semi-slant

submanifold of a para-Kähler manifold M
2m

, then

(a) (∇U t)X = PX(ln f)PλU − Xf
f tPλU ,

(b) (∇U t)Z = ∇(ln f)g(tPλU,Z)− P∇(ln f)g(PλU,Z),

for all X ∈ X(MT ), U ∈ X(M) and Z ∈ X(Mλ).

Proof. Employing the projections PT and Pλ of distributions endowed with the
definition of M l .h. s. that is, left hand side of Formula-a, we acquire (∇U t)X =
(∇PTU t)X+(∇PλU t)X.Now using Eq. (2.11) in previous relation, we get (∇U t)X =
AnXPTU + t

′
h(X,PTU) + (∇PλU t)X. Since MT is totally geodesic, therefore first

two terms in r. h. s. of previous equality vanishes. Using Eq. (4.1), we
achieve the r. h. s. of the Formula-a. Again, by using the concept of pro-
jections and Eq. (4.1) in left hand side of Formula-2b, we obtain (∇U t)Z =
PTU(ln f)tZ − PTU(ln f)tZ + (∇PλU t)Z. Now taking inner product with X, we
have g((∇U t)Z,X) = g(∇PλU tZ,X) + g(∇PλUZ, tX). By the property of pseudo-
Riemannian connection and Eq. (4.1), we acquire that g((∇U t)Z,X) =
= −Xf

f g(tZ, PλU) − PX(ln f)g(Z,PλU). Finally, applying property of gradient,
we get the r.h.s. of the Formula-b. Thus proves the lemma.
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Lemma 4.7. If M = MT ×f Mλ be a warped product pointwise PR-semi-slant

submanifold of a para-Kähler manifold M
2m

then

(a) (∇Un)X = −Xf
f nPλU ,

(b) (∇Un)Z = n′h(U,Z)− h(U, tZ),

for all X ∈ X(MT ), U ∈ X(M) and Z ∈ X(Mλ).

Proof. Using the notion of projections for distributions, Eqs. (2.11), (2.12) as well
as the fact MT is totally geodesic, we prove the lemma.

In the sequel, we derive some important characterizations as our main results.

Theorem 4.8. Suppose M
2m

is a para-Kähler manifold and let M → M
2m

be

an immersion of a pointwise PR-semi-slant submanifold M into M
2m

. Then a
necessary and sufficient condition for M to be locally warped product of the form
MT ×f Mλ is that the shape operator of M satisfies

AntWX +AnWPX = (λ− 1)X(µ)W, X ∈ X(D),W ∈ X(Dλ), (4.13)

for some function µ on M such that Z(µ) = 0, Z ∈ X(Dλ).

Proof. Let M be a warped product in M
2m

. Then clearly from Formulas (c) and
(e) of Lemma 4.5, we obtain Eq. (4.13). Placing µ = ln f suggests that Z(µ) = 0
when f is a function on MT . Conversely, consider that M is a pointwise PR-semi-

slant submanifold of M
2m

with Eq. (4.13) satisfied. From Formula (a) of Lemma
4.5, we can say that AnZX ∈ X(Dλ). Then by virtue of inner product with Eq.
(4.13) of Y and Theorem 3.6-(ii), we deduce that the integral manifolds MT of
DT defines a totally geodesic foliation in M . Now using integrablity condition
from Theorem 3.7-(i) and Eq. (2.7), we arrive at

g(AntZX +AnZPX,W ) = g(AntWX +AnWPX,Z) (4.14)

Employing Eqs. (2.1)-(2.6), (2.8), (3.6) in l. h. s. of Eq. (4.14), we obtain that

g(AntZX +AnZPX,W ) = (λ− 1)g(∇WZ,X). (4.15)

Now, taking product of Eq. (4.13) with Z, we find that

g(AntWX +AnWPX,Z) = g((λ− 1)X(µ)W,Z). (4.16)

From Eqs. (4.14), (4.15) and (4.16), we arrive at hλ(Z,W ) = ∇(µ)g(W,Z) where
hλ denote the second fundamental form of Dλ in M and ∇µ the gradient vector
of function µ. Since Z(µ) = 0 ∀ Z ∈ X(Dλ). Therefore, form previous expression
it is not hard to see that the integrable manifold Mλ of Dλ is parallel with non-
vanishing mean curvature. Hence totally umbilical in M . Then from a Theorem
1.2 of [13], we reach to the following conclusion that M is a warped product in

M
2m

. Thus the theorem proof is now complete.
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Theorem 4.9. Let M → M
2m

be an immersion of a pointwise PR-semi-slant

submanifold M into a para-Kähler manifold M
2m

. Then M is locally a warped
product MT ×f Mλ if and only if the endomorphism t of the tangent bundle on M
satisfies

(∇U t)V =PPTV (µ)PλU − PTV (µ)tPλU +∇µg(tPλU,PλV

+ P∇µg(PλU,PλV ), (4.17)

for some function µ on M such that Z(µ) = 0, Z ∈ X(Dλ) and V ∈ X(M).

Proof. Consider a warped productM inM
2m

. Now, we get (∇U t)V = (∇U t)PTV+
(∇U t)PλV by virtue of projections PT and Pλ on distributions DT and Dλ re-
spectively in M . Then, using lemma 4.6, we obtain Eq. (4.17). Since f is a
function on MT , setting µ = ln f implies that Z(µ) = 0. Conversely, assume

that M is a pointwise PR-semi-slant submanifold of M
2m

such that Eq. (4.17)
satisfied. Replace U by X and V by Y into (4.17), we have (∇Xt)Y = 0, for
all X,Y ∈ X(MT ). By taking inner product of above relation with Z and from
equation (2.1), (2.8) and (2.10), we obtain that g(h(X,Y ), nZ) = 0. This shows
that the integral manifold MT of DT is integrable and totally geodesic in M . On
the other hand, interchange U and V with Z and W in Eq. (4.17), we obtain that

(∇Zt)W = P∇µg(Z,W )−∇µg(Z, tW ). (4.18)

By taking product of Eq. (4.18) with X, we recieve

g(hλ(Z, tW ), X) + g(hλ(Z,W ),PX) = −X(µ)g(Z, tW )− PX(µ)g(Z,W ).
(4.19)

Replace W by tW and X by PX into (4.19), we obtain that

λg(hλ(Z,W ),PX) + g(hλ(Z, tW ), X) = −λPX(µ)g(Z,W )−X(µ)g(Z, tW ).
(4.20)

In view of (4.18) and (4.20), we have

g(hλ(Z,W ),PX) = −g(PX,∇µ)g(Z,W ). (4.21)

Again replace X by PX into above expression, we have

g(hλ(Z,W ), X) = −g(X,∇µ)g(Z,W ).

Now using property of gradient in above relation, we derive hλ(Z,W ) =
−∇(µ)g(Z,W ) where hλ denotes the second fundamental form of Dλ in M and
∇µ the gradient vector of function µ. Since Z(µ) = 0 ∀ Z ∈ X(Dλ). Therefore
form previous expression it is not hard to see that the integrable manifold Mλ of
Dλ is parallel with non-vanishing mean curvature. Hence totally umbilical in M .

Then from the Theorem 1.2 of [13], we arrive at M is a warped product in M
2m

.
Thus the theorem proof is now complete.
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Theorem 4.10. Let M → M
2m

be an immersion of a pointwise PR-semi-slant

submanifold M into a para-Kähler manifold M
2m

. Then M is locally a warped
product MT ×f Mλ if and only if the endomorphism n of a normal-bundle on M
satisfies

(∇Un)V =− PTV (µ)nPλU + n′h(U,PλV )− h(U, tPλV ), (4.22)

for some function µ on M such that Z(µ) = 0, Z ∈ X(Dλ) and U, V ∈ X(M).

Proof. This theorem proof can be accomplished by employing Lemma 4.7 and
using the same steps as in the proof of Theorem 4.9.

Finally, we derive the condition for the non-existence of warped productMT×f

Mλ in M
2m

.

Proposition 4.11. A warped product pointwise PR-semi-slant submanifold of the

form M = MT ×f Mλ immersed into a para-Kähler manifold M
2m

is pointwise
PR-semi-slant product if M is mixed totally geodesic ∀ X,Y ∈ X(MT ) and Z,W ∈
X(Mλ).

Proof. Assume that M is a warped product pointwise PR-semi-slant submani-

fold and mixed totally geodesic in M
2m

. Then by the (2.5) and (2.8), we obtain
g(h(X,Z), nW ) = g(∇ZX,PW )− g(∇ZX, tW ) = 0. By using the fact that struc-
ture is para-Kähler and Eq. (4.1), we obtain

PX(ln f)g(Z,W )− Xf

f
g(Z, tW ) = 0. (4.23)

Replace Z by tZ in above expression and applying Eq. (3.7), we have

PX(ln f)g(tZ,W ) + λ
Xf

f
g(Z,W ) = 0. (4.24)

Again, replace X by PX in (4.23), we arrive at

Xf

f
g(Z,W )− PX(ln f)g(Z, tW ) = 0. (4.25)

By the virtue of Eqs. (4.24) and (4.25), we deduce that

(1− λ)
Xf

f
g(Z,W ) = 0. (4.26)

Therefore from Eq. (4.26), we conclude that the warping function f is constant.

Hence contradiction to our assumption that M is a warped product in M
2m

. Thus
proved the proposition.
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