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EXPONENTIAL DECAY FOR THERMOELASTICITY WITH
TWO POROUS STRUCTURES
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Abstract

The paper is about the spatial behaviour of an elastic continuum with two
porous structures in the one-dimensional case. The equilibrium of the con-
tinuum is studied without the presence of an external body force or extrinsic
equilibrated body forces.
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1 Introduction

The field equations for the equilibrium of an elastic continuum with two porous
structures and the heat conduction model of Green-Naghdi type III are [3]

tz =0,

hiz+g1 =0, (1)
hoz + g2 =0,

gz = 0.

The two porous structures are the macro-porosity and the micro-porosity,
which are represented by the cracks or fissures in the skeleton of the elastic con-
tinuum [3].

The theory of elastic solids with voids was proposed by Nunziato and Cowin
[3], who considered that the continuum has an elastic skeleton or matrix material
and some interstices represented by the voids of the material. This theory was
developed by writing the bulk density as the product of two fields, the matrix
material density field and the volume fraction field [2]. This theory was also used
in [4], [5].
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Geological materials such as rocks and soils are possible applications of this
theory. Others are ceramics, pressed powders and other manufactured materials.
The constitutive equations are [3]

t = pug + 161 + Y22,

hi = bi1¢1,z + b12¢2.2 + M1y,
ha = bi2¢1,z + b22¢p2 & + M2y,
g1 = —7uz — 1161 — 1292,
g2 = —Youz — §1201 — §2202,

q = ky + mid1z + mada .

The field equations in the equilibrium case for the one-dimensional problem
are [3]
0 = pge + NP1,z + V2022,
0 = b1101,32 + b1202, 20 + M1Vz — E1101 — 1202 — Y1 U,
0 = b1201 42 + b22¢2 20 + MYz — E1201 — 2202 — Y2Uy,
0 =m10122 + M2P2 20 + Kz

3)

In the equations above, t is the stress, h; are the equilibrated stresses, g; are
the equilibrated body forces, ¢ is the heat flux, u is the displacement, ¢; are the
volume fractions, 1 is the thermal displacement.

The thermal displacement is a new independent variable which was introduced
by Green and Naghdi for the type IT and III theories of heat conduction [3].

We suppose that the matrices M; and My are positive definite, where [3]

bi1 b my 220 s NS )
My = bz b mo|,Ma=1|m &1 &2 - (4)
my mg k Y2 €12 &2

The boundary conditions are
u(0) =u(L) =0,
¢1,x(0) = d’l,x(L) = ¢2,x(0) = ¢27$(L) =0, (5)
%(0) = %(L) =0.
2 Spatial behaviour

We study the spatial behaviour as in [2].
We define

M(z) = t(z)u(x) + hi(x)d1(z) + ho(2)P2(x) + q(x)d(z), = €[0,L]. (6)

This function will be used in studying the spatial behaviour of the solution.
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Then
M(x) = (puy + 101 + Y202)u+
+ (b11¢1,2 + b2z +m1tPy)P1+ )
+ (b12¢1,2 + baada . + Mmathy)Pa+

+ (kwx + mlfz)l,x + m2¢2,m)w-

M(x) = pugu + 1910 + y2dou + b11¢1 201 + b12go cd1+
+ m1Yed1 + biad1 2P + baoa w2 + Mat)pPo+ (8)
+ k) + m1¢1,x¢ + m2¢2,:pﬂ)-

In order to obtain the result about the spatial behaviour, we first need to
calculate M'(z) by a direct differentiation, followed by the replacement of the
equilibrium equations and the constitutive equations. The function M’(x) will be
written as the sum of two functions wy and ws in order to separate the evaluation
of these terms.

Lemma 1. We have

M'(z) = w1 + w2, (9)
where
W1 = pUgly + Y1P1Uz + Y202z + MUz 01 + 110101+ (10)
+ §120201 + Youpd2 + S120192 + 229202,
wy = 011012010 + 12022012 + M1VeP1 2 + b1201 2 P22+ (1)
+ 02202 22,2 + M2Ved2z + kthythy + m1dy 20e + Moo 2z,
Proof. We obtain
M'(z) = tpu + tuy + h1z01 + h1g1,z + hagdo + hodo o+ (12)

+ @ + qp = tuy — g1 + h1¢1,x — go2 + h2¢2,x + q¥s.
Then
M'(z) = (pug + 1101 + V202)us — (—y1us — E1101 — E1202) 1+

+ (011012 + bi2d2,z + Mite) b1, — (—Y2us — E1201 — E2002) Do+ (13)
+ (b12¢1,2 + b22g2 o + Mathy) P2 o + (kY + mid1 z + Mo 2) s

M'(z) = pugus + 191Uz + Y2d2us + Y1Uz 1 + E110101 + E1202¢1+
+ 01101201, + b1202,201 2 + M1V P12 + Youz 2 + E120102 + Loodadpa+  (14)
+ 01201 ,292,5 + 02202 2 P2 1 + MYy P2 1 + ktppthy + My P12 Y0 + M2 215,

O
We suppose that there exist o,,,, cpr such that
om (U + &7 + 03) < wi < onr(ug + 6F + 63). (15)
Let
F(,x) = pixa + 1 (2x1 + Yixe) +y2(¥sx1 + Yixs)+ (16)

+ &11haxe + 23 xs + S12(Yaxs + P3x2),
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Vb = {1, 2, ¥3},x = {Xx1, x2, x3}. Then

F¥, x) =F(x.¥) (17)
and o
T, ) = ux(pug +y101 + Y202) + d1(y1ue + 1161 + 1202)+
+ G2 (Yous + E1201 + Eo2d2) = w1, U = {uy, 1, b2}

For the result about the spatial behaviour, we need to bound some terms from
the measure M (x) by using the result from below.

(18)

Lemma 2. We have
2+ g% + gg < opwy. (19)

Proof. We use the constitutive equations

24+ g1 + g5 = t(pug + 1101 +Y202) — g1 (MU + E1161 + E12¢9) —

s (20)
— g2(ug + &1201 + Ea2¢2) = F(T, )

for T' = {t7 —9g1, _92}> 772} = {umv ¢17 ¢2}
From the Schwarz inequality and by the relations (18) and (15), we obtain

2+ gt + g5 < |5 D)|" [FET. 1))
(21)

O]

Below we give the result of spatial behaviour, which will be followed by a
discussion that presents the case of exponential decay for thermoelasticity with
two porous structures.

Theorem 1. There exists o such that
o2 M(z)| < M'(z), 2 € [0, L. (22)

Proof. By using the Cauchy - Schwarz inequality and the geometric-arithmetic
mean inequality we obtain

1 1 1 1 1
|M(z)] < = |e1t® + —u® + e2h? + — % + e3h3 + — b3 + €4 + —p? (23)
2 €1 €9 €3 €4

h3 = (b11¢1.0 + biadhox + mathe)(bi1d1 x + bragax + mihy)
= b3101001.0 + b11b1201202,0 + b11m161 200
+ b1ob11¢2,201 2 + blad2,0 2.5 + bramide sy
+ mib11Yed1 e + Mibiateda p + M,

(24)
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h3 = (b1ag1x + baaho x + mathy ) (b1ad1 x + baaga x + mathy) =
= 3901 2012 + D12b22d1 2P x + bramad pibe+
+ baob1262, 2 D1 2 + D392 2 B2, + baamado 2 ut
+ mabiote b + Mabotieda w + M3ty
¢ = (ke +m11z +mado ) (kb +mid1 . +mads ) =
= kpte + kmi1te @1 + kmat)edo o+
+ M1k 2 0s + Mid1 o1z + Mimody 2h2 o+
+ makdo p 1y + Mamide pd1 2 + M3P2 22 4

O (D7 5+ B30+ 02) < BT < oy (B7 4 + 05, + U2)
oo (BF o+ 50 +102) < By < o3 (B] 4 + D5, + U2)
op ($14 + 05, +1U2) < ¢ < o3y (d1, + 05, + V2)
2 1
AN iur > VA uwt < )\—uxux
1

Ity > VA P < ;wwx

1
M < =
’ (:L')’ =5 E10p Wy + 51)\1

Uglly + €203 (07, + 03, + Y2)+
1 1
+ 6—2& +e308 (01, + b5, +07) + %¢%+
1
+€40’?\/l(¢%x + ¢%,x + 1?:%) + 7@03:
€42

1 1 1

61)\1 g9 €3
oy = max{oyy, o3/}
4

4 4 3 om
E20 ) = E30 ) = €40y 54253?
M
3 1 9o 1 1
640’]\4—7A 54—0_3)\ Eq =
4N2 M2 0—%4)\2

93
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£9 1 0%4

)\71 - )\10';1\4 )\2

g1 =

1 Ay 1
|M(z)| < 5 |Eromw + le\“/—;—wﬁ-
o8 Om
o3, 1 o3, 1
oy M wy + M _ wey | =
2 30m A2 Om

1 1 X 4 3
— = 7 max slaM—l—U—M TQ,Ni i
) om \| 0% 30Mm | A2

o?|M(z)] < M'(z),z € [0, L]

We consider three cases for the inequality (22).
I M(0)>0
M'(z) >0 M(z)>0vz >0 M(L)>0

M'(z) > o*>M(x)

M(0)e”™* < M(z) < M(L)e™" F=2) 2 € [0, L]

IT M(0) = 0
i) M(L) =0
M(z)=M'(z) =0
u=¢1=¢2=19=0in B
i) M(L) >0
& =1inf{z € [0,L] : M(xz) >0} >0
M(#)e”" @0 < M(z) < M(L)e™” %) g € [#, L]
M(z) = M'(z) =0,z € [0, 7]
TIT M(0) < 0

i) M(L) <0 M(x) <0,z €0, L]

2

—M(L)e” =) < _M(z) < =M (0)e 7%,z € [0, L]

ii) M (L) > 0 similar to the cases above
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3 Conclusion

We studied the model of thermoelasticity with two porous structures from [3]
in the one-dimensional case with the governing equations in equilibrium following
[2]. The result of spatial behaviour was followed by a discussion that presents
the exponential decay. Similar results were presented in [1]. The novelty of the
model is given by the introduction of the thermal displacement, a new independent
variable that appears in the Green and Naghdi type II and III theories of heat
conduction.
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