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Abstract

In this paper, we consider the sequence of positive linear operators Lg;f
depending on three non-negative parameters; an integer r and two reals «
and [ such that o < 3, constructed by Stancu. We consider a Kantorovich-
type generalization of Stancu’s operators and investigate their convergence
properties in LP-norm. Finally, we observe variation detracting property
for Stancu operator and its Kantorovich modification. Moreover, we show
that the Stancu operator satisfies an inequality that we call as variation p-
detracting, when the attached function is of bounded p-variation in the sense
of Riesz.
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1 Introduction

In [17], Stancu constructed the following Bernstein type positive linear oper-
ators

L38 (Fia) = wnpr (@) (fj j‘;) Czeln), 1)
k=0

for f € C[0,1], where 7 is a non-negative integer parameter, n € N such that
n > 2r, o and § are real parameters satisfying 0 < o < 8 and

(L =) pn—rk () 0<k<r
wn,k,'r(qj) = (1 - l‘) Pn—rk (37) + TPn—rk—r (x) ;T < k<n-—r s (2)
TPn—rk—r ($) 5 n—r<k<n
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in which p,,  denote the Bernstein’s fundamental polynomials given by

(Daf(1—a)"% 0<k<n
pn,k(x) = {

,z€[0,1], neN (3)
0; k<Qork>n

It is clear that Lg’% = L%q = B, where B,, denote the classical Bernstein

operators [4]. Moreover, Lg:g = Lglﬂ = B2 where BY” are the Bernstein-
Stancu operators [16]. For some interesting works related to Bernstein-Stancu
operators, we refer to [15], [8], [13] and references therein. As Stancu noticed

in his paper [17], It is pertinent to mention here that the operators L?L’g were

constructed by Brass [7]. Gonska [10] referred to LY as Brass-Stancu operators.

Note that by the definition of fundamental functions (2), Stancu’s operators
(1) can be expressed as

138 (fi2) = ;)pk @ [a=as (B55) var (FE20)]

and satisfy

+ 5 n+p

It is well-known that since Bernstein polynomial are not suitable for approx-
imation of discontinuous functions (see [12, Section 1.9]), Kantorovich [11] re-
placed the point evaluation functionals with the integral means over small intervals
around the knots in the statement of the Bernstein polynomials and constructed
what are called as Kantorovich polynomials K, : L' [0,1] — C[0, 1] given by

r (0 = £ (55 ) ma s = £ (155

Kn<f;x>=2pn,k<m><n+1>/f(t)dt, rel01, neN.  (5)
k=0 &

Lorentz [12] proved LP-approximation of functions f € LP [0, 1] by Kantorovich
polynomials, where L? [0,1], 1 < p < oo, denotes the space of real-valued mea-
surable and pth power Lebesgue integrable over [0, 1] with norm

1/p

1
1£1, = / f (@) da
0

Let us denote the class of all absolutely continuous functions on [a,b] by
AC(a,b]. As is known, every absolutely continuous function is an indefinite in-
tegral of its own derivative. Hence, for f € AC|0,1], which means that f (z) =

xX
F(0)+ [ f'(t)dt with f" € L'[0,1], Bernstein and Kantorovich operators satisfy
0

(Bnt1 (f;2)) = Kn (f';7) (6)
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(see, e.g., [3]).
In [2], Barbosu modified Bernstein-Stancu operators By # in the sense of Kan-
torovich as

k+a+1
n n+pB+1
KB (f0) = 3 pug () (n+ B+ 1) / Fydt, zel01], neN,  (7)
k=0 k+a
n+pB+1

for f € L']0,1], where 0 < a < 3. Here, the author obtained uniform approx-
imation of f € C[0,1] by the sequence of the operators Ko’ (f) on [0,1] and
gave some estimates for the rate of convergence. Cetin et al. [9] constructed and
studied the following operators what are called as Stancu-Kantorovich operators
by the authors:

k+a+1
n n+p+1
KB (fr0) = 3 wnpr(@) (0 + B+ 1) / £ () dt (8)
k=0 k+a
n+pB+1

for f € L'[0,1], = € [0,1] and n € N. Let e, (t) := t*, t € [0,1], v = 0,1,2.
Below, we reproduce the first three moments of Kﬁf from their work:

K (o) = 1,
nw n 20 + 1
n+B8+1 2(n+pB+1)
2 —1 1—
Ko en) = ot ot (10 T ) 2]
n
n(2a+1)zr  3a®+2a+1
(n+B8+1)° 3n+p+1)

The case for Ky was studied in [6].
Unlike the relation between Bernstein and Kantorovich polynomials given by
(6), it doesn’t hold that

K3l (en;z) =

(£80, (F5)) = K2 ()

for Stancu operators and their Kantorovich variant Kf{f for f € AC'[0,1]. How-
ever, for our purposes, in this study we consider an alternative Kantorovich-type
generalization of the Stancu operators.

The paper is organized as follows:

In section 2; we consider a Kantorovich-type generalization K %Tﬁ of the Stancu
operators, see (9), and observe LP-approximation properties of these operators.

In section 3, We explore variation detracting property of the Stancu operator
L%jf and for the Stancu-Kantorovich operator Kﬁ}’rﬁ given by (8). Moreover, by
using Riesz’ definition of function of bounded p-variation, we obtain an estimate,
what we call as p-variation detracting property, for the Stancu operator.
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2 Kantorovich-type generalization of Stancu opera-
tors

As in the case of Kantorovich operators [12, p.30], by taking into account of

the indefinite integral F' (x f f (@) dt of f € L'[0,1] in (4) and differentiating

Lf‘lfljr (F; x) with respect to z, we get the following operators

(Ln+1 - (7 5”))/

kta+l ktr+a+1l
ntp+1 ntB+1
= zhhrk Jn+1—=7r)| (1—2x) /‘f )dt +x / f(t
kt+a k+r+ao
ntB+1 n+p+1
k+r+a
n+177. n+B+1
+ Y prp1rk () / f(t)dt
k=0 k+a
n+pB+1
= K3 (fiw) 9)

for x € [0,1], 0 < a < B, r € NU{0} and n € N such that n > 2r. The
operators K ;’f (f;x) can be regarded as a Kantorovich-type generalization of the

Stancu operators, which involve the Stancu-Kantorovich operators Kg,@ given by
(8). Indeed, by (2), one has

mrt

1-r "

n+ 1— n+

K%Zf(f;x):m m fix Z Pr1-rk ( / f(t)dt. (10
n{f,g‘il

Thus, for f € ACI0,1] it holds that

( ol (frz ))/ZK%:E (f;z) (11)

for the Stancu operators (4) and their Kantorovich-type generalization (9).

The operators K B are positive and linear and their construction is useful for
the approximation of derlvatlves by the Stancu operators as well as for investi-
gation of their variation detracting property. In particular, for the special case
K 29, we refer to [18] for approximation of derivatives and to [6] for variation
detracting results, respectively.

It is easy to see that

76_ 75_ 7/3_ bl
Koo =KW =Ky _Knl = K37,

where K, # are the Kantorovich modification of the Bernstein-Stancu operators
given by [2]. It is obvious that when r = 0 the second sum in (9) disappears and
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Kg’g = Kg(l] = K,,, where K,, are the well-known Kantorovich operators (5). Note
that since 111 the cases r = 0 and r = 1; L,” reduces to the Bernstein-Stancu

operator By [16], and similarly, K f{f reduces to K37 given by (7), we can take
r € N in the sequel without lose of generality.

2.1 [P-Approximation properties

In this part, as in Kantorovich operators K,, (see [1]) we show that for every
f e LP0,1], each K¢ a’ﬁ is a bounded operator, mapping L? [0, 1] into itself. Here,
we follow the similar arguments used in [6] for K 27?“ But, we obtain a finer upper
bound for the norm of the operator K gf .

Theorem 1. If f € LP[0,1], 1 <p < o0, 0<a <, r €N is a fized integer
and n € N s such that n > 2r, then we have

Js<:

where HK%?H denotes the operator norm of Kf{f

Proof. Tt is clear that K 2,@ (f;z), given by (9), can be written as

K7 (fi)
ktatl ktr+lta
. ntB+1 ntB+1
= (1-— )Y ps @+ 1) | (1-2) f)dt+a f(t)dt
n+1 ’
k=0 kta ktria
WAt ntBL
53
n+l1—r "
r n+1
+7’L—|—1 an+1 rk( < r ) / f(t)dt
k=0 k+a
n+p+1

Here, noting that ¢ (t) = [t|’, 1 < p < oo, t € [0,1], is convex, applying
Jensen’s inequality, since

/f <:U2—:n1p1/|f ) dt,
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where z1,x2 € [0, 1], we find

p
’Kavﬁ 71,-)‘
” n—r
< — _ 1)P
< (1) G0
k+a+1 k+r+l14a p
ntB+1 ntB+1
(1 - ) / F)dt+x / F(t)dt
k+a k+r+a
n+p+1 n+pB+1
k+7[‘_3+a p
n4l—r e
r n+1
S e (S [ s
k=0 k4o
n+p+1
n+1 \P!
< 1-—
= 7’L+ szn rk <n+5+1>
k+a+1 k4+r+1+a
n+p+1 n+p+1
<lu-o) [ iroracs [ e
k+a k+r+a
n+p+1 n+pB+1
st
n+l—r -1 "
n+1 \’
t)|P dt.
£ @ (i) [ o)
ni;il

P
Since ﬂ +1 < 1, it readily follows that (n_’i'EL) < n—?-—g—ls-l for p > 1. There-
—1
fore, we can take (niE}rl) < 1 in the last formula and obtain that
‘Ka’ﬂ )‘p
k+a+1 k+r+l4+a
S ntBA+1 ntB+1
< =N Y pen@) |(-a) [ F@Pdss [ rora
k=0 k+a k+r+a
n+p+1 n+pB+1
k+r4+o
n+l—r n+B+1
£ peala) [ 17 @F (12)
k=0 k+a

n+p+1
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Integrating (12) over [0, 1], using the well-known beta integral, we get

1

[ o] o

0
ktatl ktrfita
o ntB+1 PESCES]
1
mz (n—r—k+1) / |f @)F dt + (k+1) / |f ()P dt
k=0 _kta k+r+ao
n+A+1 ntB+1
k+r+a
1 n4l—p "HEFL
— t)|P dt
L e 2D DI M I20]
k=0 k+ao
n+p+1
== ZIl+IQ. (13)
Since n — r > r, for I;, we have
k+a+1
1 r—1 n—r n+5+1
L = —— —r—k+1 £)|P dt
! n_r+2< +Z)<n r—k+n) [ 170
k=0 k=r ko
n+p+1
k+r+l+a
1 n—2r n—r n+pB+1
1o k+1 t)|P dt.
+n_r+2(2+ > ><+> JEC]
k=0 k=n—2r+1 btrita
n+p+1

Replacing k& with k£ — r in the last two sums in [;, we find

r—1 n—r n
1
k=0 k=r k=n—r+1
k+a+1
n+pg+1
< / (P dt. (14)

k+a
n+p+1
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On the other hand, for I, one has

k+r+a
1 ntl—p "HAFL
L = — t)|P dt
— > | e
k=0 k+o
n+pB+1
k+a+1 k+a+2 k+a+r
n+1 r n+B+1 n+B+1 n+B+1
1
= —F +- |f ()| dt
n—r+2
k 0 k+a k+a+1 k+a+r—1
n+B+1 n+pB+1 n+pB+1
kta+l+i
n+l—rr—1 7TAFL
= t)|P dt
— > [ ol

k=0 =0 1 %44

n+pB+1
ktatldi
r—1n+l—p 7O+
_ n—r—l—QZZ / F (0P dt. (15)
=0 k=0 .,
nt At

Now, in the last line of (15); replacing k with k£ — ¢ and changing the order of
the summations, it readily follows that

k+a+1
r—1n—r+l4q "B

I, = f@®Pdt
= — > Y [ ww
=0 k=i ko
n+B+1
kta+t1
r—1 k n—rr—1 n+i+l
L (ESES s S ) [ e
k=01i=0 k=r i=0 k=n—r+1li=k—n+r—1 ko
n+B+1
r—1
= 7n_r+2 > (k+1) +Zr+ Z (n—k+1)
k=0 k=r k=n—r+1
k+a+1
n+p+1
X |f ()]P dt. (16)
k+a

n+pB+1
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Substituting (14) and (16) into (13), we arrive at

k+a+1
L » r—1 n—r n nth+1
[lz e < (450 3 ) [ wora
0 k=0 k=r k=n—-r+1 ko
n+pB+1
k+a+1
n n+pB+1
-y / @) de
k=0 k+a
n+pB+1
n+a+1
ntB+1 1
— /If(t)l”dté/lf(t)l”dt-
AT 0

Consequently, passing to LP-norm, we obtain HK %f ( f)Hp < |f Hp for every
f € LP[0,1], which completes the proof. O

Remark 1. Taking into account of (8), the first three moments of the operators
Kﬁf can be obtained from (10) by direct substitution. Using density of C[0, 1] in
L?[0,1], and the well-known Lusin theorem, we obtain lim,_, HK%E (f)— pr =
0 for f € L?[0,1] and for a fized r € N.

3 Variation detracting property

Let, as usual, Vjo1)[f] denote the total variation of the function of f . Also,
let T'V[0,1] denote the class of all functions of bounded variation on [0, 1] with
seminorm || f ||y 017 := Vjo,1[f]- As is well-known, Lorentz [12] proved that each
Bernstein operator satisfies the inequality

Vio) [Bn (f)] < Vo [f] for f € TV[0,1],

which is called as variation detracting property. Oksiizer et al. [13] obtained that

Bernstein-Stancu operator BY” = Lz’g = Lgf is also variation detracting.

In this section, we show that each Stancu operator L%f and its Kantorovich
modification Kffrﬂ given by (8) are variation detracting as well.

Theorem 2. If f € TV[0,1], r € N is fized and 0 < a < 3, then

Vio,1] [Lﬁf (f)} < Vio,qy [f]
for every n € N such that n > 2r.

Proof. Suppose that r € N is fixed and f € TV]0,1]. Then, since L,O{j,@(f;a:) is
/
continuous on [0, 1] and (Lf{j?(f; iL')) is bounded on (0, 1), we have L%f(f;:r) is
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absolutely continuous on [0, 1]. Differentiating (4), we get
(pa(rim)
B "= k+1+a k+a
- om0 Yoo (555%) -/ (5]
k+r+1+a k+r+a
”[f( nt B >_f< nt B >H
— k+r+a k+ o
+,€Z:0p”""”“(x) [f( n+t B >_f<n+6>]' ()

Since the total variation of an absolutely continuous function is the integral
of the absolute value of its derivative, one has

1
Wm] /‘Lmﬁ
0

Making use of (17) in the last formula, using beta integral, we find

1 " k+1+a k+a
V[Ol][ ’ﬁ(f)}ﬁm kz::o [(”Tk)‘f(w>f<n+ﬁ)‘

+%+4wf<k+r+l+a>_f<k+r+a>H

d:c.

+ 8 n+p
UL (ktatitl k4 o+
n—r+1k20; ( n+p >_f< n+p )‘ (18)

Proceeding as in the evaluation of the summations in (14) and (16) in the
proof of Theorem 1, if we decompose the first and second sums in (18) into three
sums, we arrive at

V[m][ ’6(f)}
- (k+1+a>_f<k+aN
P n+p n+ 0
U (k+1+a k+a
f( P >_f<n+ﬁﬂ

f<niﬂ)‘fmﬁ+23

.ﬂU—f(Zigﬂ
< Vo /] (19)

for 0 < a < . According to the special choices of a and 3, we encounter with
the following cases for the particular partition of [0, 1] in (19):

IN

IN

+
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(7) For the case a = 5 = 0, the terms ‘f (ﬁ) —f (O)‘ and ‘f (1) —f (%)‘
disappear (see [6]).
(i7) In the case 0 = a < 3, the term ‘f (ﬁ) —f (O)’ disappears.

(731) In the case o > 0 and « = 3, the term ’f (1)—f <%>’ disappears.

This completes the proof.

Next result shows that each Stancu-Kantorovich operator Kﬁ‘rﬁ given by (8)
is also variation detracting. Note that the same result for Ky was given in [5].

Theorem 3. If f € TV[0,1], r € N is fixzed and 0 < a < 3, then

Vo [Kaf ()] < Vo 1] (20)
for every n € N such that n > 2r.

Proof. Suppose that 7 € N be fixed and f € TV|0,1]. Then, we have K3 (f) €
AC[0,1]. As in [3, Proposition 3.3], we set

k+1+a
n+p+1 1 Etoat
a+u
FoB .= 1 t)dt = — | d 0<k<n.
wp =+ B+1) / f @) /f<n—|—6+1> u, 0<k<n
k4o 0
n+p+1

By the definition of Stancu’s fundamental polynomials (2), Kﬁrﬁ (f;x) can be
expressed as

)

n—r
K (F30) = Y puopi (@) [(1 = 2) Bl + P, |
k=0
Therefore, proceeding as in (17), we have

(Kaf(rim)
n—r—1

=(n=1) 3 ok @ {1 —0) [Fefy - B + 2 [P — B}
k=0

n—r
+ an—r,k: (:E) [Fierr - st} : (21)
k=0
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Reasoning as in the proof of Theorem 2, from (21), we find

Vo1 [Ka’ﬁ (f)]

1
/ ‘ KanB ,
0

n—r—1

1 B B B
S’I’L*’I“+1 Z {(n—r—k) Fnk+1_F7?k‘+ k+1) nk+r+1 F’r?,k—i—r}
k=0
n—rr—1
7/3 7/8
n—r—i—lzz Fr?kJrlJrl FTCL!kJrz (22)
k=0 =0

Now, again, proceeding as in the formulas for (14) and (16) in the proof of
Theorem 1, from (22), one has

n—1
7/3
V[Oll[ }<Z nk—&-l_Fr(:,k :
k=0
Now, it remains only to show that Z n}cﬁ+1 gkg‘ < Vi) [f], which is

k=0
obtained by using similar argument to the proof of in [3, Proposition 3.3]. Indeed,

setting uaﬁ =0, uk’ﬂ = ’:Li%iﬁ”, 0 <k < n,and u,}; := 1, and noting that

n+1
{ k’ﬁ } ) is a particular partition of [0, 1], it readily follows that

i‘F§l§+1_F ’ﬁ‘ </Z‘f uk;+1 ( (lj’ﬁﬂd“
k=0
/ > |7 (42) - 7 (7)o

SV[O,l] [f]

which verifies (20), and completes the proof. O

4 p-Variation detracting

In [14], Riesz introduced the concept of bounded p-variation (1 < p < oo) for
a function f : [a,b] — R as

n—1 P
V[S 1] [f] := sup {Z (@) = f (x_kl)’ Az tioo € Pla, b]} < 0

k=0 (xk+1 - xk)p
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where P[a,b] denotes the set of all possible partitions {xy};_, of [a,b] such that

a=x9g<1x < -+ < xpy =0b. Let us denote the class of functions of bounded
p-variation on [a, b] by T'V,[a,b]. In the case 1 < p < oo, Riesz proved that
f € TV,la,b| < f € ACla,b] and f" € LPa,b] (23)
and that
Ve glf1= 1715 (24)

In this part, we show that the Stancu operator is p-variation detracting,
namely we have

Theorem 4. If f € TV,[0,1], 1 <p < oo, r € N is fized and 0 < a < 3, then

Vi [ (D] < Vi lf]
for every n € N such that n > 2r.

Proof. Suppose that f € TV,[0,1]. Then, we have f € AC[a,b] and f' €
LP[a,b] by (23). Hence, we immediately have LY (f;x) € AC[0,1] and

(Lef (1)) = K29, (F50) € 2700,1

by (11) and Theorem 1. Thus, from (23), we have L% (f) € TV,[0,1]. In view
of (17) and (24), we get

14 oc « B /
Wm] /‘L’ )
Now, as in Theorem 1, from Jensen’s inequality, we get

()|
n—1-—r

< (1—%) kZ:O Pn—1—rk (z) 0P

u—x)P(k:i;a>—f<:igﬂ
sl () - (5]
S B () o ()]

P! {(n_r)nkglorpnq_r,k (z) [(1 — ) ‘f <W> -1 <Zi;> p

+$‘f<k:—|—r+1+a> _f<k+r+a> p]
} (26)

’ dzx. (25)

X

p

IA

n+p n+ g

kE+i+1+a k+i+a
f( n+f >_f< n+5>

—1ln—r

r—1
+D_ D Park (@)
i=0 k=0
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.

where, by means of the fact that > % = 1, we have used Jensen’s inequality
i=0

for the last sum. Now, taking into account the fact that n?~! < (n+ 8)P~" for

p > 1and 8 > 0, and integrating (26) over [0, 1], using beta integral, from (25)
we reach to

Vi [ ()
(n+ 8" "R k414 a k4ol
n-r+l { Z [”_T_ ’f< n+ B )_f<n+ﬁ>

r p
b (M) ()
)

k+1+ 1+« k+i+ o
f< n+p >_f< n+ﬁ)

Again, reasoning exactly as in the evaluation for the summations in (14) and
(16) in Theorem 1, we conclude

r—1n—r

2.0

1=0 k=0

[o ) [La’ﬁ f )] =

S b (550 s ()]
. B)pl{‘f( >—f(0)f’a1p

z_% <k+1+a>_f<m>p+‘f(1)—f<?zig>p(ﬂ_a)l_p}
< Vi lfl,

which completes the proof.
O

We note here that in the submission version of the paper, the formula (26)
was evaluated by multiplying-dividing the term (n+ ) P. The anonymous referee
provided a supplementary remark in his/her report that we adopted and used in
the current version, which made the formula simpler.

Acknowledgement The author would like to thank the anonymous reviewer
for his/her helpful comments that improved the quality of the manuscript.
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