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A NEW CLASS OF HARMONIC FUNCTIONS ASSOCIATED
WITH A (p, q)-RUSCHEWEYH OPERATOR
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Abstract

With the use of post-quantum or (p, q)-calculus, in this paper we define
a new class S0

H(n, p, q, α) of certain harmonic functions f ∈ S0
H associated

with a (p, q)-Ruscheweyh operator Rn
p,q. For functions in this class, we ob-

tain a necessary and sufficient convolution condition. A sufficient coefficient
inequality is given for functions f ∈ S0

H(n, p, q, α). It is proved that this
coefficient inequality is necessary for functions in its subclass TS0

H(n, p, q, α).
Certain properties such as convexity, compactness and results on bounds,
extreme points are also derived for functions in the subclass TS0

H(n, p, q, α).
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1 Introduction

Jackson [9, 10] was the first to give some applications of quantum calculus
known as the q-calculus by introducing the q-analogues of derivative and integral.
Research work in connection with function theory and q-calculus was first intro-
duced by Ismail et al. [8]. Recently, the q-calculus and its generalization called
post-quantum calculus also known as the (p, q)-calculus has been involved in the
theory of analytic and harmonic functions in the work [1, 2, 4, 6, 7, 11, 13, 15,
16, 18] (see also [3]). Some definitions related to the (p, q)-calculus are as follows:

Definition 1. For 0 < q < p ≤ 1, a (p, q)-derivative operator ∂p,q on an analytic
function h is defined by

∂p,qh(z) =

{
h(pz)−h(qz)

(p−q)z (z 6= 0),

h′(0) (z = 0).
(1)
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Note that lim
q→p

∂p,qh(z) = h′(pz).

Definition 2. For 0 < q < p ≤ 1, a (p, q)-number [k]p,q is defined by

[k]p,q =

{
pk−qk
p−q , k ∈ C

pk−1 + pk−2q + · · ·+ pqk−2 + qk−1, k = 2, 3, ....

Definition 3. For any non-negative integer k, a (p, q)-number factorial [k]p,q! is
defined by

[k]p,q! = [1]p,q[2]p,q[3]p,q . . . [k]p,q, k 6= 0 and [0]p,q! = 1.

Definition 4. For k > 0, a (p, q)-gamma function is defined by

Γp,q(k + 1) = [k]p,qΓp,q(k) and Γp,q(1) = 1.

For k ∈ N ∪ {0} ,
Γp,q(k + 1) = [k]p,q!.

Definition 5. For k > 0 and for n ∈ N∪{0} , a (p, q)-shifted factorial ([k]p,q)n is
defined by

([k]p,q)n =
Γp,q(k + n)

Γp,q(k)
=

{
[k]p,q[k + 1]p,q[k + 2]p,q . . . [k + n− 1]p,q, if n ∈ N,
1, if n = 0.

For a function h(z) = zk, k ∈ N = {1, 2, 3, ...}, we have

∂p,q(z
k) = [k]p,q z

k−1,

where [k]p,q is defined by (1).

Let H denote the class of complex-valued functions f = u + iv which are
harmonic in the unit disk D = {z ∈ C : |z| < 1} , where u and v are real-valued
harmonic functions in D. Functions f ∈ H can also be expressed as f = h + g,
where h and g are analytic in D, called the analytic and co-analytic parts of the
function f , respectively. The Jacobian of the function f = h + g is given by
Jf (z) = |h′(z)|2 − |g′(z)|2. According to the Lewy [14], every harmonic function
f = h + g ∈ H is locally univalent and sense preserving in D if and only if
Jf (z) > 0 in D. By requiring harmonic function to be sense-preserving, we retain
some basic properties exhibited by analytic functions, such as the open mapping
property, the argument principal, and zeros being isolated (see for detail [5]). The
class of all univalent, sense preserving harmonic functions f = h + g ∈ H, with
the normalized conditions h(0) = 0 = g(0) and h′(0) = 1 is denoted by SH. If
f = h+ g ∈ SH, then h and g are of the form:

h(z) = z +
∞∑
k=2

akz
k and g(z) =

∞∑
k=1

bkz
k. (2)
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A subclass of functions f = h + g ∈ SH with the condition g′(0) = 0 is denoted
by S0

H. If f = h+ g ∈ S0
H, then h and g are of the form:

h(z) = z +
∞∑
k=2

akz
k and g(z) =

∞∑
k=2

bkz
k. (3)

Further, if g(z) ≡ 0, the class SH reduces to the class A of normalized univalent
functions.

The convolution of two analytic functions f(z) =
∑∞

k=1 akz
k and g(z) =∑∞

k=1 bkz
k is defined by (f ∗ g)(z) =

∑∞
k=1 akbkz

k. The convolution of two har-
monic functions f = h+g and F = H+G is defined by (f ∗F )(z) = g∗G+h ∗H.
A function f ∈ SH is said to be starlike of order α if

<e
{
Df(z)

f(z)

}
> α (0 ≤ α < 1)

and the class of all harmonic functions which are starlike of order α is denoted by
S∗H(α), where Df(z) = zh′(z)−zg′(z). A function f ∈ SH is said to be convex of
order α if Df ∈ S∗H(α) and the class of all harmonic functions which are convex
of order α is denoted by ScH(α). Classes S∗H(α) and ScH(α) were investigated by
Jahangiri [12]. Recently, a q-analogue of the Ruscheweyh operator was introduced
by Kanas and Raducanu [13] (see also [15]). Motivated with this q-analogue of
Ruscheweyh operator, we define a (p, q)-analogue of the Ruscheweyh operator
Rnp,q : A→ A of order n (n > −1) by

Rnp,qh(z) = h(z) ∗ φ(p, q, n+ 1; z), (4)

where

φ(p, q, n+ 1; z) = z +

∞∑
k=2

([k]p,q)n
Γp,q(n+ 1)

zk

which converges absolutely in the unit disk D. For simplicity, we denote

ψk =
([k]p,q)n

Γp,q(n+ 1)
. (5)

The operator Rnp,q for n ∈ N0 = N ∪ {0} may also be defined by

R0
p,qh(z) = h(z), R1

p,qh(z) = Rp,qh(z) = z∂p,qh(z),

R2
p,qh(z) =

z∂p,q∂p,q(zh(z))

[2]p,q!
=
z∂2p,q(zh(z))

[2]p,q!
, ...,

Rnp,qh(z) =
z∂np,q(z

n−1h(z))

[n]p,q!
. (6)

Observe that

Rp,qh(z) = h(z) ∗Rp,q
(

z

1− z

)
, (7)
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and

Rp,q

(
z

1− z

)
= z +

∞∑
k=2

[k]p,qz
k

=
z

(1− pz) (1− qz)
. (8)

If p = 1, the operator Rnp,q is called a q-analogue of the Ruscheweyh operator
denoted by Rnq (see in [13][15]). As (in case p = 1) q → 1, the operator Rnp,q
reduces to the Ruscheweyh operator Rn, defined by Ruscheweyh in [19].

A (p, q)-Salagean operator Dm
p,q : A→ A is defined [1] by

D0
p,qh(z) = h(z), D1

p,qh(z) = z∂p,qh(z)

Dm
p,qh(z) = z∂p,q(D

m−1
p,q h((z)),m ∈ N

and a modified (p, q)-Salagean operator Dm
p,q for harmonic function f = h + g is

defined for any m ∈ N0 by ([1]):

Dm
p,qf(z) = Dm

p,qh(z) + (−1)mDm
p,qg(z).

Involving the Ruscheweyh operatorRnp,q defined by (6), a (p, q)-modified Ruscheweyh
operator Rnp,q for a harmonic function f = h+ g is defined for any n ∈ N0 by

Rnp,qf(z) = Rnp,qh(z) + (−1)nRnp,qg(z), (9)

If p = 1, the operator Rnp,q reduces to the operator Rnq defined in [16] and (in
case p = 1) as q → 1 the operator Rnp,q reduces to the modified Ruscheweyh
operator Rn for f = h + g see in [17]. We denote R1

p,qf(z) = Rp,qf(z) and

observe that for f = h + g, Rp,qf(z) = Dp,qf(z) = z∂p,qh(z) − z∂p,qg(z) and

Rp,qRp,qf(z) = D2
p,qf(z) = D2

p,qh(z) +D2
p,qg(z).

We now define a class S0
H(n, p, q, α) of the functions f ∈ S0

H that satisfy the
condition

<e
{
Rp,q(R

n
p,qf)(z)

Rnp,qf(z)

}
> α, 0 ≤ α < 1. (10)

In particular, we denote the classes S0
H(0, p, q, α) and S0

H(1, p, q, α), respectively,
by (p, q)-S∗H(α) and (p, q)-ScH(α) and are called the classes of (p, q)-harmonic
starlike and (p, q)-harmonic convex functions of order α.

As (in case p = 1) q → 1, the classes (p, q)-S∗H(α) and (p, q)-ScH(α), respec-
tively, reduce to the classes S∗H(α) and ScH(α) of functions f ∈ S0

H . For p = 1,
the class S0

H(n, p, q, α) was studied by Murugusundaramoorthy and Jahangiri [16,
(vi), p.82] for the functions f ∈ SH .

In this paper, we introduce a (p, q)-analogue of Ruscheweyh operator for ana-
lytic and for harmonic functions and study a new class S0

H(n, p, q, α) of harmonic
functions associated with the (p, q)-Ruscheweyh operator. For functions in this
class, we obtain a necessary and sufficient convolution condition. A sufficient
coefficient inequality is given for functions f ∈ S0

H(n, p, q, α). It is proved that
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this coefficient inequality is necessary for functions in its subclass TS0
H(n, p, q, α).

Certain properties such as convexity, compactness and results on extreme points,
bounds are also derived for functions in the subclass TS0

H(n, p, q, α). Throughout
the work we consider the values of p, q (0 < q < p ≤ 1) such that for any k ∈ N,

p+
qk

[k]p,q
≥ 1. (11)

2 Main results

Theorem 1. Let f ∈ S0
H. Then the function f ∈ S0

H(n, p, q, α) if and only if

Rnp,qf(z) ∗ Φ(z; ζ) 6= 0 (ζ ∈ C, |ζ| = 1, z ∈ D\{0}) , (12)

where

Φ(z; ζ) =
z{(1− z)(1 + ζ)− (1− pz)(1− qz) (2α+ ζ − 1)}

(1− pz)(1− qz)(1− z)
(13)

− z̄{(1 + ζ)(1− z̄) + (1− pz̄)(1− qz̄) (2α+ ζ − 1)}
(1− pz̄)(1− qz̄)(1− z̄)

.

Proof. Since at z = 0
Rp,q(R

n
p,qf)(z)

Rnp,qf(z)
= 1,

which proves by (10) that f ∈ S0
H(n, p, q, α). Hence, for z ∈ D\{0}, f = h + g ∈

S0
H(n, p, q, α) if and only if

1

1− α

(
Rp,q(R

n
p,qf)(z)

Rnp,qf(z)
− α

)
6= ζ − 1

ζ + 1
(−1 6= ζ ∈ C, |ζ| = 1)

or

(1 + ζ)
{
Rp,q(R

n
p,qf)(z)− αRnp,qf(z)

}
− (ζ − 1)

{
Rnp,qf(z)− αRnp,qf(z)

}
6= 0. (14)

On using (9), Rp,q(R
n
p,qf)(z) = Rp,qR

n
p,qh(z)−(−1)nRp,qRnp,qg(z), Rp,qR

n
p,qh(z) =

Rnp,qh(z) ∗ z
(1−pz)(1−qz) and Rnp,qh(z) = Rnp,qh(z) ∗ z

1−z , we express the condition

(14) as

Rnp,qh(z) ∗
[
(1 + ζ)

z

(1− pz)(1− qz)
− α (1 + ζ)

z

1− z
− (ζ − 1)

z

1− z

+α (ζ − 1)
z

1− z

]
− (−1)nRnp,qg(z) ∗

[
(1 + ζ)

z̄

(1− pz̄)(1− qz̄)
+ α (1 + ζ)

z̄

1− z̄
+ (ζ − 1)

z̄

1− z̄

−α(ζ − 1)
z̄

1− z̄

]
6= 0

which proves the result (12).
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Taking n = 0, 1, respectively we get following results for the classes (p, q)-
S∗H(α) and (p, q)-ScH(α) :

Corollary 1. Let f ∈ S0
H. Then the function f ∈ (p, q)-S∗H(α) if and only if

f(z) ∗ Φ(z; ζ) 6= 0 (ζ ∈ C, |ζ| = 1, z ∈ D\{0}) ,

where Φ(z; ζ) is given by (13).

Corollary 2. Let f ∈ S0
H. Then the function f ∈ (p, q)-ScH(α) if and only if

Rp,qf(z) ∗ Φ(z; ζ) 6= 0 (ζ ∈ C, |ζ| = 1, z ∈ D\{0}) ,

where Φ(z; ζ) is given by (13).

Theorem 2. Let f = h + g ∈ H, where h and g are given by (3). Then f ∈
S0
H(n, p, q, α) if

∞∑
k=2

ψk {([k]p,q − α)|ak|+ ([k]p,q + α) |bk|} ≤ 1− α, (15)

where ψk is given by (5).

Proof. It is clear that the theorem is true for the function f(z) ≡ z . Let f = h+g,
where h and g of the form (3) and assume that there exist k ∈ {2, 3, . . . } such
that ak 6= 0 or bk 6= 0. The condition (11) ensures that [k]p,q is an increasing
function of k and hence the condition (15) implies

∞∑
k=2

[k]p,q (|ak|+ |bk|) ≤ 1. (16)

Hence, we have

|∂p,qh(z)| − |∂p,qg(z)| ≥ 1−
∞∑
k=2

[k]p,q|ak| |z|k−1 −
∞∑
k=2

[k]p,q|bk| |z|k−1

> 1− |z|
∞∑
k=2

([k]p,q|ak|+ [k]p,q|bk|)

≥ 1− |z| > 0

which proves as q → p that the function f is locally univalent and sense-preserving
in D. Moreover, if z1, z2 ∈ D and for some p, q (0 < q < p ≤ 1) such that pz1 6= qz2,∣∣∣∣(pz1)k − (qz2)

k

(pz1)− (qz2)

∣∣∣∣ =

∣∣∣∣∣
k∑
l=1

(pz1)
l−1(qz2)

k−l

∣∣∣∣∣ ≤
k∑
l=1

|z1|l−1pl−1qk−l|z2|k−l < [k]p,q

(k = 2, 3, . . . ).
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Hence, by (16), we have

|f(pz1)− f(qz2)| ≥ |h(pz1)− h(qz2)| − |g(pz1)− g(qz2)|

≥

∣∣∣∣∣pz1 − qz2 −
∞∑
k=2

((pz1)
k − (qz2)

k)ak

∣∣∣∣∣−
∣∣∣∣∣
∞∑
k=2

((pz1)k − (qz2)k)bk

∣∣∣∣∣
≥ |pz1 − qz2|

(
1−

∞∑
k=2

∣∣∣∣(pz1)k − (qz2)
k

pz1 − qz2

∣∣∣∣ |ak| − ∞∑
k=2

∣∣∣∣(pz1)k − (qz2)
k

pz1 − qz2

∣∣∣∣ |bk|
)

> |pz1 − qz2|

(
1−

∞∑
k=2

[k]p,q|ak| −
∞∑
k=2

[k]p,q|bk|

)
≥ 0

which proves that f is univalent in D. Now using the fact <e(w) > α ⇔
|1− α+ w| > |1 + α− w|, to show f ∈ S0

H(n, p, q, α), we prove that∣∣∣∣Rp,q(Rnp,q)f(z)− (1 + α)(Rnp,q)f(z)

Rp,q(Rnp,q)f(z) + (1− α)(Rnp,q)f(z)

∣∣∣∣ < 1, z ∈ D (17)

or,∣∣Rp,q(Rnp,q)f(z) + (1− α)(Rnp,q)f(z)
∣∣− ∣∣Rp,q(Rnp,q)f(z)− (1 + α)(Rnp,q)f(z)

∣∣ > 0,

where the left-hand-side is∣∣∣∣∣(2− α)z +

∞∑
k=2

([k]p,q + 1− α)ψkakz
k − (−1)n

∞∑
k=2

([k]p,q − 1 + α)ψkbkzk

∣∣∣∣∣
−

∣∣∣∣∣−αz +
∞∑
k=2

([k]p,q − 1− α)ψkakz
k

−(−1)n
∞∑
k=2

([k]p,q + 1 + α)ψkbkzk

∣∣∣∣∣
≥ (2− α)|z| −

∞∑
k=2

([k]p,q + 1− α)ψk|ak||z|k −
∞∑
k=2

([k]p,q − 1 + α)ψk|bk||z|k

− α|z| −
∞∑
k=2

([k]p,q − 1− α)ψk|ak||z|k

−
∞∑
k=2

([k]p,q + 1 + α)ψk|bk||z|k

≥ 2(1− α)|z|

{
1−

∞∑
k=2

[k]p,q − α
1− α

ψk|ak||z|k−1 −
[k]p,q + α

1− α
ψk|bk||z|k−1

}
> 0,

if(15) holds. This completes the proof of Theorem 2.
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Definition 6. Let TS0
H(n, p, q, α) be the family of harmonic functions f = h+ ḡ ∈

S0
H(n, p, q, α) such that for that value of n, functions h and g are of the form

h(z) = z −
∞∑
k=2

|ak|zk and g(z) = (−1)n
∞∑
k=2

|bk|zk, z ∈ D (18)

Theorem 3. Let f = h + g, where h and g are of the form (18).Then f ∈
TS0

H(n, p, q, α) if and only if the condition (15) holds.

Proof. The “if part” follows from Theorem 2. For the “only if” part, assume that
f ∈ TS0

H(n, p, q, α) , then from (17) we have∣∣∣∣ −αz −
∑∞

k=2([k]p,q − 1− α)ψk |ak| zk −
∑∞

k=2([k]p,q + 1 + α)ψk|bk|zk

(2− α)z −
∑∞

k=2 ([k]p,q + 1− α)ψk |ak| zk −
∑∞

k=2([k]p,q − 1 + α)ψk|bk|zk

∣∣∣∣ < 1

for any z ∈ D, where ψk is given by (5). Since, ±<e (w) ≤ |w| , we have for real
value of z → 1−,

<e
(

α+
∑∞

k=2([k]p,q − 1− α)ψk|ak|+
∑∞

k=2([k]p,q + 1 + α)ψk|bk|
2− α−

∑∞
k=2 ([k]p,q + 1− α)ψk|ak| −

∑∞
k=2 ([k]p,q − 1 + α)ψk|bk|

)
≤ 1

which proves the inequality (15).

In particular, we get the following results for the classes (p, q)-S∗H(α) and
(p, q)-ScH(α) :

Corollary 3. Let f = h+ g, where h and g are of the form (18).Then f ∈ (p, q)-
S∗H(α) if and only if the condition

∞∑
k=2

{([k]p,q − α)|ak|+ ([k]p,q + α) |bk|} ≤ 1− α,

holds.

Corollary 4. Let f = h+ g, where h and g are of the form (18).Then f ∈ (p, q)-
ScH(α) if and only if the condition

∞∑
k=2

[k]p,q {([k]p,q − α)|ak|+ ([k]p,q + α) |bk|} ≤ 1− α,

holds.

Remark 1. (in case p = 1) as q → 1−, Corollaries 3 and 4 coincide with the
results proved by Jahangiri [12] for the classes S∗H(α) and ScH(α).

Theorem 4. The class TS0
H(n, p, q, α) forms a convex and compact set.
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Proof. Let for t = 1, 2, ft ∈ TS0
H(n, p, q, α) be of the form

ft(z) = z −
∞∑
k=2

|at,k|zk + (−1)n
∞∑
k=2

|bt,k|zk. (19)

Then for 0 ≤ ρ ≤ 1,

f(t) : = ρf1(z) + (1− ρ)f2(z)

= z −
∞∑
k=2

(ρ|a1,k|+ (1− ρ)|a2,k|) zk + (−1)n
∞∑
k=2

(ρ|b1,k|+ (1− ρ)|b2,k|)zk

and by Theorem (3), we have

∞∑
k=2

ψk [([k]p,q − α) {ρ|a1,k|+ (1− ρ)|a2,k|}+ ([k]p,q + α) {ρ|b1,k|+ (1− ρ)|b2,k|}]

= ρ

∞∑
k=2

ψk{([k]p,q − α)|a1,k|+ ([k]p,q + α)|b1,k|}

+ (1− ρ)
∞∑
k=2

ψk{([k]p,q − α)|a2,k|+ ([k]p,q + α)|b2,k|}

≤ ρ(1− α) + (1− ρ)(1− α) = 1− α,

where ψk is given by (5). Thus the function f ∈ TS0
H(n, p, q, α). Hence, the class

TS0
H(n, p, q, α) is convex.

On the other hand, let for t = 1, 2, 3, ..., ft ∈ TS0
H(n, p, q, α) be of the form (19).

Then by Theorem (3) for |z| ≤ r (0 < r < 1), we get

|ft(z)| ≤ r +

∞∑
k=2

(|at,k|+ |bt,k|) rk

≤ r + (1− α)

∞∑
k=2

ψk
1− α

{([k]p,q − α)|at,k|+ ([k]p,q + α)|bt,k|}rk

≤ r + (1− α)r2,

where ψk is given by (5) and this proves that the class TS0
H(n, p, q, α) is locally

uniformly bounded. Let f = h + g, where h and g are given by (18). Further,
since for t = 1, 2, 3, ..., ft ∈ TS0

H(n, p, q, α) be of the form (19), by Theorem (3),
we have

∞∑
k=2

ψk{([k]p,q − α)|at,k|+ ([k]p,q + α)|bt,k|} ≤ 1− α, (20)

where ψk is given by (5). If we assume that ft → f , then we conclude that
|at,k| → |ak| and |bt,k| → |bk| as t → ∞ (k ∈ N). Let σk be the sequence of
partial sums of the series

∑∞
k=2 ψk{([k]p,q − α)|ak|+ ([k]p,q + α)|bk|}. Then σk is
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a non decreasing sequence and by (20) it is bounded above by (1 − α). Thus, it
is convergent and

∞∑
k=2

ψk{([k]p,q − α)|ak|+ ([k]p,q + α)|bk|} = lim
k→∞

σk ≤ 1− α.

Thus the function f ∈ TS0
H(n, p, q, α) and therefore the class TS0

H(n, p, q, α) is
compact .

We can easily find the following result on bounds.

Theorem 5. Let f ∈ TS0
H(n, p, q, α). Then for |z| = r (r < 1),

r − 1− α
ψ2 ([2]p,q − α)

r2 < |f(z)| < r +
1− α

ψ2 ([2]p,q − α)
r2

where ψ2 is given by (5) for k = 2.

Theorem 6. A function f ∈ clcoTS0
H(n, p, q, α) if and only if

f(z) =
∞∑
k=1

(xk hk(z) + yk gk(z)) , (21)

where

h1(z) = z, hk(z) = z − 1− α
ψk([k]p,q − α)

zk, (22)

gk(z) = z + (−1)n
1− α

ψk([k]p,q + α)
zk (k = 2, 3, ..., z ∈ D)

and ψk is given by (5), xk, yk ≥ 0, k = 1, 2, 3, ..., x1 = 1 −
∑∞

k=2 (xk + yk) . In
particular, the extreme points of the class TS0

H(n, p, q, α) are {hk} and {gk} .

Proof. Let a function f satisfy (21). Then, we have

f(z) = z − (1− α)
∞∑
k=2

(
xk

ψk([k]p,q − α)
zk − (−1)n

yk
ψk([k]p,q + α)

zk
)

such that

(1− α)

∞∑
k=2

(
ψk

[
([k]p,q − α)

xk
ψk([k]p,q − α)

+ ([k]p,q − α)
yk

ψk([k]p,q + α)

])
= (1− α) (1− x1) ≤ 1− α

which proves that f ∈ clcoTS0
H(n, p, q, α). Conversely, let f = h+ḡ ∈ clcoTS0

H(n, p, q, α),
where h and g are of the form (18) and x1 = 1 −

∑∞
k=2 (xk + yk) . Set xk =
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ψk([k]p,q−α)
1−α |ak| and yk =

ψk([k]p,q+α)
1−α |bk| , k = 2, 3, ..., we obtain the representa-

tion (21). Since,

f(z) = z −
∞∑
k=2

|ak|zk + (−1)n
∞∑
k=2

|bk|zk

= z −
∞∑
k=2

(1− α)xk
ψk([k]p,q − α)

zk + (−1)n
∞∑
k=2

(1− α)yk
ψk([k]p,q + α)

zk

= z −
∞∑
k=2

(z − hk(z))xk +
∞∑
k=2

(gk(z)− z) yk

=

∞∑
k=1

(xk hk(z) + yk gk(z)) .

From Theorem 3, we get the following result:

Corollary 5. Let f = h + g ∈ TS0
H(n, p, q, α), where h and g are of the form

(18). Then

|ak| ≤
1− α

ψk([k]p,q − α)
and |bk| ≤

1− α
ψk([k]p,q + α)

, k = 2, 3, 4, ...,

where ψk is given by (5). Equality occurs in these inequalities for the extremal
functions hk and gk given by (22). Furthermore,

|ak| ≤ 1 and |bk| ≤ 1, k = 2, 3, 4, ..., (23)

Theorem 7. Let 0 ≤ β < α < 1 and f, F ∈ TS0
H(n, p, q, α). Then f ∗ F ∈

S0
H(n, p, q, α) ⊂ S0

H(n, p, q, β).

Proof. Let f(z) = z−
∑∞

k=2 |ak|zk+(−1)n
∑∞

k=2 |bk|zk and F (z) = z−
∑∞

k=2 |Ak|zk+
(−1)n

∑∞
k=2 |Bk|zk. Then

(f ∗ F ) = z +

∞∑
k=2

|ak||Ak|zn +
∞∑
k=2

|bk||Bk|zk.

Since F ∈ TS0
H(n, p, q, α), with the use of (23) and Theorem 3, we get

∞∑
k=2

ψk

(
[k]p,q − β

1− β
|ak||Ak|+

[k]p,q + β

1− β
|bk||Bk|

)

≤
∞∑
k=2

ψk

(
[k]p,q − α

1− α
|ak||Ak|+

[k]p,q + α

1− α
|bk||Bk|

)

≤
∞∑
k=2

ψk

(
[k]p,q − α

1− α
|ak|+

[k]p,q + α

1− α
|bk|
)
≤ 1

which proves the result.
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