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ON D-HOMOTHETICALLY DEFORMED N (x)-CONTACT
METRIC MANIFOLDS

Tarak MANDAL!

Abstract

In the present paper, we have studied generalized weakly symmetric
and generalized weakly Ricci symmetric D-homothetically deformed N (x)-
contact metric manifolds. Also we have studied Ricci solitons on deformed
N (k)-contact metric manifold and obtained several results if the manifold
has generalized weakly symmetric and generalized weakly Ricci symmetric
restrictions. We have also proved that there does not exist a Ricci soliton
in a D-homothetically deformed N (k)-contact metric manifold. Finally, we
give an example.
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1 Introduction

In 1988, the notion of k-nullity distribution of a Riemannian manifold was
introduced by S. Tanno in the paper [19]. In s-nullity distribution the charac-
teristic vector field £ of the manifold belongs to the distribution. The x-nullity
distribution of a Riemannian manifold M of dimension (2n + 1) is given by

N(r) : p— Ny(v) = {Z € T,M : R(X,Y)Z = r[g(Y, 2)X — (X, Z)Y]}, (1)

for all X,Y € T,M, where & is a real number and T),M is the Lie algebra of all
vector fields at p. Since the characteristic vector field £ belongs to the k-nullity
distribution, thus

R(X,Y)¢ = r{n(Y)X —n(X)Y}. (2)

A contact metric manifold of dimension (2n + 1) satisfying (2) is said to be an
N (k)-contact metric manifold. If k = 1, then the manifold is reduced to Sasakian
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manifold and for k = 0, the manifold is locally isometric to the product of a flat
(n+1)-dimensional manifold and an n-dimensional manifold with scalar curvature
4 when n > 1 and flat when n = 1 [1]. Contact metric manifolds and N (k)-contact
metric manifolds have been studied by several authors such as Blair {[1], [2]},
Blair, Koufogiorgos and Papantoniou [3], De, Yildiz and Ghosh [10], Kar, Majhi
and De [12], and Mandal [14].

The notion of D-homothetic deformation was introduced by Tanno [18] in
1968. 1In [7], authors have studied D,-homothetic deformation on generalized
(k, pu)-space forms. In paper [15], H. G. Nagaraja, D. L. Kiran Kumar and D.
G. Prakasha have studied D,-homothetic deformation of (k,u)-contact metric
manifolds. Nagaraja and Premalatha have studied D,-homothetic deformation of
K-contact manifolds in the paper [16].

The notion of generalized weakly symmetric manifolds was introduced by K.
K. Baishya [5]. A Riemannian manifold is said to be generalized weakly symmetric
if the Riemann curvature tensor of type (0,4) satisfies the condition

AU)R (YX,X/,W)+61(V)7(KU,X,W)

+
+51(W)R(Y,U,V, X) + aa(X)G(Y, U, V, W) (3)
+B(V)G(X, U, V,W) + B2 (U)G(Y, X, V, W)
+62(V)G(Y,U, X, W) + 62(W)G(Y, U, V, X),
where
G(Y,U,V,W) =g(UV)g(Y,W) = g(Y,V)g(UW) (4)

and «;, B, 0; are non-zero 1-forms defined by o;(X) = g(X, 03), Bi(X) = 9(X, pi)
and §;(X) = g(X,m;), where oy, p; and 7; are associated vector fields, for i = 1,2.

A Riemannian manifold is said to be generalized weakly Ricci symmetric [5]
if it satisfies the condition

(VxS)(Y, Z) =A1(X)S(Y, Z) + B1(Y)S(X, Z) + D1(Z)S(Y, X)

FANX)g(Y. Z) + Bo(V)g(X. Z) + Do(Z)g(v.X), )

where A;, B; and D; are non-zero 1-forms defined by A;(X) = g(X,6;), B;(X) =
9(X,v;) and D;(X) = g(X,w;), 6;, v; and w; being associated vector fields, for
i =1,2. In [6], authors have studied Ricci solitons in a generalized weakly (Ricci)
symmetric D-homothetically deformed Kenmotsu manifold.

The notion of Ricci soliton was introduced by Hamilton [11] which is the
generalization of the Einstein metrics and is defined by

(Lxg)(Y,2) +25(Y, Z) + 2X9(Y, Z) = 0, (6)

where Lxg denotes the Lie-derivatives of Riemannian metric g along the vector
field X, X is a constant, S the Ricci tensor of type (0,2) and Y, Z are arbitrary
vector fields on the manifold. Here X is called the potential vector field. A Ricci
soliton is called shrinking or steady or expanding according as A is negative or
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zero or positive. A Ricci soliton is the limit of the solutions of Ricci flow equation
given by
dg
ot
Ricci solitons on different kinds of manifolds have been studied in the papers [4],
[8], [9] and [17] by several authors.

In this paper we would like to study some properties of D-homothetically
deformed N (k)-contact metric manifolds.

The paper is organized as follows: After the introduction, we give some prelim-
inaries in Section 2. In Section 3, we studied D-homothetic deformation in N(k)-
contact metric manifolds. Section 4 is devoted to studying generalized weakly
symmetric deformed N (x)-contact metric manifolds . In Section 5, we deduced
some results on generalized weakly Ricci symmetric deformed N (k)-contact met-
ric manifolds. In Section 6, we derived Ricci soliton on homothetically deformed
N (k)-contact metric manifolds. In Section 7, we proved that there does not exist
Ricci solitons on homothetically deformed N (k)-contact metric manifolds unless
k = 1. In the last Section, we give an example.

28, (7)

2 Preliminaries

Let M be a (2n + 1)-dimensional smooth manifold endowed with an almost
contact metric structure (¢,&,n,g), where ¢ is a tensor field of type (1,1), £ is a
vector field, n is a 1-form and g is the Riemannian metric on M such that [10],
[12]

¢*(X) = —X +n(X)¢, () =1 (8)
As a consequence, we get the following:
¢§ =0, g(X,§) =n(X), n(¢X)=0, 9)
9(¢X,9Y) = g(X,Y) = n(X)n(Y), (10)
9(¢X.Y) = —g(X,9Y), g(¢X, X)=0, (11)
(Vxn)(Y) = g(Vx&Y), (12)

for all vector fields X, Y € x(M). A differentiable manifold M of dimension
(2n + 1) with almost contact metric structure is called an almost contact metric
manifold.

An almost contact metric manifold is called contact metric manifold if the
almost contact metric structure (¢, &, 7, g) satisfies the following condition

g(Xa ¢Y) = dn(X7Y)7 (13)

for all vector fields X, Y. For a contact metric manifold M, we define a symmetric
(1,1)-tensor field h as h = §L¢¢, where L¢ denotes the Lie differentiation in the
direction £ and satisfies the following relations

he =0, ho+oh=0, tr(h)=tr(hg)=0, (14)
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Vxé = —¢X — ¢phX. (15)
For a N (k)-contact metric manifold of dimension (2n+1),n > 1, we have [10],
12]
h = (k—1)¢*, (16)
(Vx)(Y) = g(X + hX,Y)E = n(Y)(X + hX), (17)
R(X,Y)E = r{n(Y)X —n(X)Y}, (18)
R(& X)Y = w{g(X,Y)E —n(Y)X}, (19)
S(X,Y)=2(n—1){g9(X,Y) +g(hX,Y)} (20)
+{2nk = 2(n = 1) in(X)n(Y),
S(X,€) = 2nrn(X), (21)
(Vxm)(Y) = g(X + hX, ¢Y), (22)
(Vxh)(Y) ={(1 = #)g(X, 9Y) + g(X, hpY)}£
(23)
+n(Y)[h(¢X + oh X)),

r=2n2n -2+ k), (24)

for all vector fields X, Y, Z, where R, S and r are the Riemannian curvature,
Ricci tensor and scalar curvature, respectively.

3 D-Homothetic deformation in N(k)-contact metric
manifolds

If the contact metric structure (¢,£,n,g) of a contact metric manifold M of
dimension (2n + 1) is transformed into (¢*,&*, n*, g*), where

* * 1 * *
¢ :¢a f :aga n o =an, g :a9+a(a—1)77®77 (25)

and a is a positive constant, then the transformation is called a D-homothetic
deformation [7].

The relation between the Levi-Civita connections V of g and V* of ¢g* is given
by

ViY = ViV + S Lg(hX, Y)E+ (1 - a)l(V)eX +n(X)eY].  (26)

The Riemannian curvature tensor R* of a D-homothetically deformed N(k)-
contact metric manifold (M, ¢*,£*,n*, g*) is given by [15]
R*(X,Y)Z =R(X,Y)Z + (1 - a)[g(¢Y. 2)$X — g(6X, Z)$Y
+2n(X)n(2)hY = 2n(Y)n(Z2)hX —29(¢X,Y)9Z

#1(Y)g(X, 2)€ ~ n(X)g(Y, 2)¢] + ——20(Y )g(hX, 2)¢

=2n(X)g(hY, Z)§ + (1 — k){n(Y)g(X, Z)§
—n(X)g(Y, 2)§} + g(oh X, Z)phY — g(ohY , Z)phX]
+(a* = DY )n(2)X —n(X)n(2)Y],

(27)
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for any vector fields X, Y, Z on M.
Contracting (27), we get the Ricci tensor S* of D-homothetically deformed
N(k)-contact metric manifolds as

a—1

S*(Y,2)=S(Y, Z) +
+(2na® + 2na + 2a — a® + k — )n(Y)n(Z) + 2ag(hY, Z)].

[(a* —2a —x + 1)g(Y, Z)

(28)

If a N (k)-contact metric structure (¢, £, 7, g) on M is transformed into (¢*, &*, n*, g*),
then for any vector fields X, Y, Z on M, we have

¢ =—I+n e, (29)
TE) =1, (30)
5e =0, (31)
n"o¢" =0, (32)
§@X0Y) = (X Y) — i (X (1), (33)
gXE) = (), (34)
V" =—¢"X — ¢"h" X, (35)
(Vi )(¥V) = 4" ("X, Y) ~ g°(6"H* X, V), (36)
2 _
ROY)E =" ()X - (Y] -
P2 X - (Y,
2 _
R(€, XY =" g (X V)E — (V) X] o
FH L (0 X Y)E (V) X,
5 (x.e) = ), (39
where h* = %Lg(b* = %h.
From (36) and (39), we obtain
-1
(VieS)¥€) =~ w0 XY) g @R XY o

1S ("X, Y) + S*(¢*h* X, Y).



76 Tarak Mandal

4 Generalized weakly symmetric D-homothetically de-
formed N(k)-contact metric manifolds

A D-homothetically deformed N(k)-contact metric manifold M of dimension
(2n + 1) is said to be generalized weakly symmetric if it satisfies the condition

(Vi B)(Y,U,V.W) =ai(X)R (Y, U, V. W) + B} (Y)R*(X,U, V, W)

(X) )
Bi(U)R(Y, X, V,W) + §{(V)R*(Y,U, X, W)
(W) )

+
+5(WYR*(Y, U, V, X) + a3(X)G*(Y, U, V, W) (41)
+55(Y)GH(X, U, V,W) + B3 (U)G*(Y, X, V, W)
+03 (V)G (Y, U, X, W) + 035(W)G*(Y, U, V, X),
where )
G*(Y,U,V,W) =g"(U,V)g*(Y,W) = g"(Y,V)g" (U, W) (42)

and o, (5 7 are non-zero 1-forms defined by o) (X) = ¢*(X,0), B(X) =
9" (X, pi) and 67 (X) = g*(X,m), 04, p;i and m; being associated vector fields, for
i=1,2.

Contracting Y over W in both sides of (41) and using (42), we get

(VxS)(U, V) =a1(X)S*(U, V) + 51 (U)S™(X, V) + 1 (R* (X, U)V)
+o1 (R (X, V)U) + 61 (V) S™(X, U)+52(X) ( V)

=32 (U)g" (X, V) +65(X)g"(U, V) = 6,(V)g" (X, U)

+2n[ax(X)g" (U, V)55 (U)g" (X, V) + 6 (V) g™ (X, U)].

(43)

Putting V = £* in (43), and using (37), (38), (39) and (40), we obtain

2 _
2" TG (67X, V) + "6 X,U)] + %6 X, U)
+5*(¢"h*X,U) = [(2n — 1S3 (€7) — ;—15 H(E]g" (X, U)

k4+a?—1 | . H—I—CL -1

202 )+ S L) + 20 251 (0 X) (44)

+85(X) + 83(X)]n* (U) + [(2n — 1>Mﬁl< 0)
S22 e 0 + (20— DB (X)

251(6)9 (WX, U) + 61 (€)S" (X, 1),

+

2a

a

Putting successively X = U =¢*, X =¢* and U = £* in (44), we get

K CL2 —
L ad(€) + BIE) + S1(EN)] + [o3(€7) + B3(€) + 5N =0, (45)
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k+a?—1
a2

[2n
k+a2—1

+2n——75——07(£") + 2n65(¢7)In"(U) + [(2n - 1)

a
2a

/31 (h*U
and
(2n —

+55(€7)

f@—l-a

2a
+

a1 (&) +

/@—l—a -1

Br(€7) + 2na5(€7) + A2 (87)

K,+CL -1

)+ (2n—1)55(U)] =0

k+a®—1

Dl

Jn*(X) + [2n

-1

51(h*

Ar(X) +

o1 (€7) +03(&7) +
k+a?—1
a2
2a —QBT(h*X) /<c—|—a

)+ B2(X) +05(X)] = 0.

Using (45) in (46) and (47), we get

/€+CL -1

ai(X) + 2nas(X)

-1

pr(U)

pr(EY)

o7(X)

= DS =g en) + g3 )
—en - ) 0) - 225 00) + 2n - DB )
and
= DS =L ai(e) + a3(e )l ()
zzn“;‘j_la*()()mna;(XHH“ “lorx
2a /81(}1* )+ K+ a? _1(51(X)
+2“ 51 (h*X) + B3 (X) + 83(X).

Using (45), (48) and (49) in

—2n

~(2n 1)
2a — 2

k+a2—1

a?

/{—l—a

169"

(44), we obtain

-1
n—i—a 5

[(2n = 1)83(€%) —
Z25H(E) + 3¢ (X (U)

(WX, U)+65(£")S"(X,U).

(€)g

g7 (0" X, U) + g*(¢"h" X, U)] + 57(¢" X, U)

"(X,U)

77

(47)

(48)

(49)

(50)
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Interchanging X and U in (50), we obtain

-1
o0 g (6 X, U) + g7 (67X, D)) - 8°(6 X, 1)
85" (6"HX,0) = (20— 1a5E") — Ly (x.0)
k+a®—1 (51)
=(2n = D[——5—01(&") + ()] (X)n"(U)
2 E 5 (g (0 X, U) + S5(€) S (X, U).
Adding (50) and (51), we obtain
2
_ 2n“+2_1 H(SRX,U) + S*(6"h* X, U)
~[(2n - 33(e") — S s (x.0)
+a (52)
—en = DI L) + 850 (X ()
S22k )t (0 X,U) + 53(E7)S" (X, ).
Again, subtracting (51) from (50), we get
—2nl<H_Z§_1g*(d>*X, U) + S*(¢*X,U) = 0. (53)
Replacing X by h*X in (53), we get
2 _
—Qn%g*(wh*x, U) + S*(¢*h* X, U) = 0. (54)

Therefore, from(52) and (54), we obtain
53605 (X, 0) =[EE = Lai(67) = (20 — 183 )g" (X.0)
+(2n — 1)[”%51 (&) + 53N (X)) %)

2a — 2
5 g (WX, U).

Let {e}} be an orthonormal basis of the tangent space of the manifold M. Putting
X =U = ¢! in (55), we obtain

dn(k + a® — 1)63(€*) — 2n(2n — 1)a65(£%)
a?53(£*) '

¥ =

(56)

Thus we can state the following

Theorem 1. Let (¢*,£*,n*, g*) be a D-homothetically deformed structure of (¢,&,1, g)

of a N(k)-contact metric manifold of dimension (2n 4+ 1). If the deformed struc-
ture is generalized weakly symmetric, then the Ricci tensor and scalar curvature
are respectively given by (55) and (56), provided §5(£*) # 0.



On D-homothetically deformed N (k)-contact metric manifolds 79

5 Generalized weakly Ricci symmetric D-homothetically
deformed N (k)-contact metric manifolds

A D-homothetically deformed N (k)-contact metric structure (¢*,&*,n*, g*)
of a manifold M of dimension (2n + 1) is said to be generalized weakly Ricci
symmetric if it satisfies the condition

(VxS)(Y, 2) =A1(X)S"(Y, Z) + Bi(Y)S*(X, 2)
+D1(2)S(Y, X) + A3(X)g*(Y, 2) (57)

+B5(Y)g" (X, 2) + D3(2)g" (Y, X),
where AY, Bf and D} are non-zero 1-forms defined by A (X) = ¢*(X, 6;), Bf (X) =
9" (X,v;) and D} (X) = ¢*(X,w;), 0;, v; and w; being associated vector fields, for

i=1,2.
Putting Z = £ in (57) and using (39), (40), we obtain

21
— o g (0 XY ) 4+ g (R XY)] 4 876X, Y)
K (1KoK _ K+ a’ -1 * *
£ (6 X,Y) = 20 T B )+ By () 59
21
+20 T A1) + A3 (O (Y)
+D1(€7)5"(X,Y) + D5 (§)g" (X, Y).
Putting Successively X =Y =¢&*, X =& and Y = £* in (58), we get
oL Ak + s + o™ i)
a? . a? (59)
+B3(€) + "G i) + Dye) =0,
2 _ 2 _
o™ T4 =By 4+ By(Y) + "L A (e) w
-1
A3 + 20" =L Die) + D (e (V) = 0
and )
2n %”A*(X) A3 + 20" B e) "
fta? -1 (61)

+B3(€7) + 2n——5——D1(&") + Dy(&)]n"(X) = 0.

Using (59) in (60) and (61), we get respectively

K+ a® — K+ a® —
o™t =B (v) + B(V) = 20" T B + BT (V) (62)
and
on 5L A5 00) + 4350 = S i) + A0, (63)

(l CL



80 Tarak Mandal

Using (59), (62) and (63) in (58), we get

2 _
nwﬁ [5(¢* X, Y) + g*(¢*h* X, Y)] + S*(¢* X, Y)

K (12 —
RS X, Y) = 0 T D) + Dy (o) Y

+D7(£7)57(X,Y) + Dy (§7)g" (X, Y).

-2
a

Interchanging X and Y in (64), we obtain

k4+a®—1
n—— -~ -

-2 3

[—9" (0" X, Y) + g"(¢"h" X, Y)] = S*(¢" X, Y)

K CL2 —
RS (6 HX,Y) =~ T D) + Dy () )

+D7(£7)57(X,Y) + D3(£7)g" (X, Y).
Adding (64) and (65), we get

K+ a? -1

niﬁ
2 _

— 20" ~Lpreny 1 Dy o ()

+D7(E)57 (X, Y) + Dy (€7)g" (X, Y).

-2 g ("R X,Y) + S*(¢*h* X,Y)

(66)

Again, subtracting (65) from (64), we obtain

k+a2—1
- -

-2 5

. g ("X, Y)+ 5" (0" X,Y) = 0. (67)

Replacing X by h*X in (67), we get

k+a?—1
N
Therefore, from (66) and (68), we obtain

—2 g ("R X, Y)] + S*(¢*h*X,Y) = 0. (68)

2 _
DY(E)S"(X,¥) == Dy(€)g" (X ¥) + 22 Di(e) g

ED(E (X (V).
Let {e}} be an orthonormal basis of the tangent space of the manifold. Putting
X =Y =e! in (69) and taking summation over i = 1,2,...(2n + 1), we obtain
. 2n(k+a® —1)Di (&%) — 2na® D3 (&)
rt = .
a? D3 (§")

(70)

Thus we can state the following

Theorem 2. Let (¢*,£*,n*, g*) be a D-homothetically deformed structure of (¢,&,1, g)
of a N(k)-contact metric manifold of dimension (2n + 1). If deformed structure

is generalized weakly Ricci symmetric, then the Ricci tensor and scalar curvature
are respectively given by (69) and (70), provided D7 (£*) # 0.
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6 Ricci solitons on D-homothetically deformed N(k)-
contact metric manifolds

Let (M, ¢*,£*,n*,g*) be a D-homothetically deformed N (k)-contact metric
manifold. A Ricci soliton (g%, V, A) is defined on (M, ¢*,&*,n*, g*) as

(Lyg")(X,Y)+25%(X,Y) + 2\ \¢"(X,Y) =0, (71)
where Lj,g* denotes the Lie-derivative of Riemannian metric g* along the vector
field V', S* is the Ricci tensor on (M, ¢*, &, n*, g*).

Let the potential vector field V' be the Reeb vector field £*. Then we have

(Lgg™)(X,Y) +28(X,Y) + 20" (X, Y) = 0. (72)
Using (35), we obtain

(L.g")(X,Y) = —2¢"(6"h*X, V). (73)
Combining (72) and (73), we obtain
S*(X,Y)==-X\"(X,Y) +2¢"(¢"h* X,Y). (74)

Replacing Y by £* in (74) and using (39), we get

k4a?—1
A= —2nT. (75)
Therefore, equation (74) can be written as
k+a®—1
$°(X,Y) =205 Lo (X, Y) 1 207 (6 X, Y). (76)
a

Thus we can state

Theorem 3. If a D-homothetically deformed N (k)-contact metric manifold ad-
mits Ricci soliton, then the Ricci soliton is shrinking or steady or expanding ac-

cording as k>1 —a? or k =1 —a® or k<1 — a?.

From (55) and (76), we obtain

5367 2n "Ly () 4 247 (67X, V)
L) — 2n— Dol (X, Y) -
o= )L 5 ) + 530 (O ()

H 225 (XY,
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Putting X =Y = ¢* in (77), we obtain

k=1-—a’

or,
5(E) = ()
Thus we can state the following

Corollary 1. If a generalized weakly symmetric D-homothetically deformed N (k)-
contact metric manifold admits Ricci soliton, then the soliton is steady or the
1-forms 67 and 05 satisfy the relation 67 (") = 05(&*).

From (69) and (76), we obtain

2 _
D) g (X, Y) + 271X, V)]
2 _
= - DYE) (X V) + 20" () "
ED3E N (X (V).
Contracting, we obtain
2 _
o™t =L Di(er) + Di(E) = 0. (79)

Thus we can state the following

Corollary 2. If a generalized weakly Ricci symmetric D-homothetically deformed
N (k)-contact metric manifold admits Ricci soliton, then the 1-forms D} and D3
satisfy the equation (79).

7 Non-existence of Ricci solitons on D-homothetically
deformed N (k)-contact metric manifolds

Using (25) in (76), we obtain

k+a%—1

S*(X,Y)=2n 2 [ag(X,Y) +a(a — )n(X)n(Y)] +29(¢hX,Y). (80)

From (20) and (28), we obtain

S*(X,Y) =2(n— D{g(X,Y) + g(hX,Y)}
+{2nk —2(n — 1)In(X)n(Y)

+aT_1[( 2 2 —r+1)g(X,Y) (81)

+(2na® + 2na + 2a — a® + k — D)n(X)n(Y)
+2ag(hX,Y)].
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Comparing (80) and (81), we obtain

K Clz —
20" = ag (X, Y) + ala — Dn(X)n(Y )]

+29(phX,Y) =2(n — 1){g(X,Y) + g(hX,Y)}
+{2nk = 2(n — 1)}n(X)n(Y)
—l—%[(cﬂ —2a—r+1)9(X,Y)

+(2na® + 2na + 2a — a® + x — D)n(X)n(Y)
+2ag(hX,Y)].

Replacing X by ¢X in (82), we obtain

2
-1
ST 206X, Y) + 29(hX, Y)

=2(n — 1){9(¢X,Y) — g(¢phX.Y)}
+%[( 2 —2a—rK+1)g(¢X,Y)
—2ag(hX,Y)].

Interchanging X and Y in (83), we get

2
-1
ST 206X, Y) - 29(hX, Y)

=2(n = D{g(oX,Y) + g(¢hX,Y)}
+GT_1[( 2 —2a—Kk+1)g(¢X,Y)
+2ag(hX,Y)).
Subtracting (84) from (83), we obtain
ghX,)Y)=—(n+a—-2)g(¢hX,Y).
Replacing X by ¢X in (85), we get
g(¢hX,Y) = (n+a —2)g(hX,Y).
Therefore, from (85) and (86), we obtain

[(n+a—2)?+1]g(hX,Y) =0.
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(87)

But the equation (n+a —2)? + 1 = 0 has no real root. Thus, it follows from (87)
that g(hX,Y) = 0, that is, h = 0. Applying h = 0 in (16), we get x = 1. Hence

the manifold reduces to Sasakian manifold.
Thus, we can state the following

Theorem 4. There does not exist Ricci solitons in a homothetically deformed
N(k)-contact metric manifold of dimension (2n + 1), n > 1, whose potential

vector field is the Reeb vector field £*, unless k = 1.
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8 Examples

In [10], De, Yildiz and Ghosh gave an example of N(x)-contact metric mani-
fold. From their example, we get an example of N (k)-contact metric manifold by
taking A = 2.

Let us consider the manifold M = {x,y,z € R®: z # 0} of dimension 3, where
{x,y,2} are standard co-ordinates in R®. We choose the vector fields e;, e3 and
e3 which satisfy

le1,e2] = 3e3, [e1,e3] =ea, [ea, €3] = 2e;.

Let the metric tensor g be defined by

gler,e1) = glez, e2) = g(es, e3) =1
and
gle1,e2) = g(e1, e3) = g(ez, e3) = 0.
The 1-form 7 is defined by
n(X) =g(X,e1),
for all X on M. Let ¢ be the (1,1)-tensor field defined by

dle1) =0, ¢(e2) =e3, ¢(e3) = —ea.

Then we find that
nlel) =1, ¢*X =—-X+n(X)ei,

9(¢X,9Y) = g(X,Y) —n(X)n(Y), dn(X,Y)=g(X,Y),

for any vector fields X, Y on M. Thus (¢, e1,n,g) defines a contact structure.
Let V be the Levi-Civita connection on M, then by Koszul’s formula, we
obtain
Velel = 0, Veleg = 0, veleg = 0,

v€262 = 0) v5261 = _3635 V6263 = 3617
v6363 = 05 v(536]. = —e€g, v6362 = €1.
From the above expressions of V, we obtain

he; =0, hey =2ey, heg= —2e;3.

Using the formula R(X,Y)Z =VxVyZ — VyVxZ — Vix,y)Z, we get

R(e1,e2)ea = —3e1, R(ez,e1)er = —3ea, R(ea,e3)e3 = e,
R(eg, 62)62 = 363, R(el, 63)63 = —361, R(€3, 61)61 = —363,
R(e1,e2)e3 =0, R(ez,e3)er =0, R(er,e3)ex =0.

Thus the given manifold is an N (x)-contact manifold with k = —3.
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From the expressions of curvature tensor, we get
S(e1,e1) = =6, S(ez,e2) =0, S(es,ez)=0.
Let r be the scalar curvature, then from the above
r = S(e1,e1) + S(ez, e2) + S(es, e3) = —6.

Let V* be the Levi-Civita connection with respect to ¢*, then we obtain

1—a a—1
* % * *
vefel = 0, Ve»feg = es, Ve’{eiﬁ = €2,
a—+ 2 5a — 2
* * * *
Ve,e2 =0, €1 = — e3, Vg, €3= e1,
a—2 3a—2
* * * *
Ve,e3 =0, es€1 = . ez, V.62 = e1.

The components of homothetically deformed Riemann curvature tensor are given
by

) 5a% — 16a + 8 . 0" +4a—8
R(el,e2)er = ———5——e1, R(ezei)e] = ——7——es,
. —7a%® 4 14a — 4 . a’? 4 6a —4
R*(e2,e3)es = €2, (es,ex)er = —— ——es,

a a
%/ % * ) o* a—4
R*(e],e3)es = —3e1, R'(es,ej)e] = €3

R*(e],e2)es =0, R*(ez,ez)e] =0, R*(e],e3)ez =0.

Thus the components of homothetically deformed Ricci tensor are

2a% — 16a + 8
S* (el el) = $,
a
—7a3 + 15a* — 8
S*(627 62) - (12 )
2
. a*+Ta—8
5*(es,e3) = ——.
a
Therefore, the corresponding scalar curvature is given by
. —4a’+6a®> -8
et a? .

In particular, if we take a = 2, then the components of deformed Ricci tensor
are
S*(ei,ei) = —8, S*(eg,eg) = —1, S*(eg,eg) =>5.

Putting n = 1, Kk = —3 and a = 2 in equation (80) and then comparing with
the above three expressions of Ricci tensor, we conclude that there does not exist
Ricci soliton of a homothetically deformed N(—3)-contact metric manifold and
that verifies theorem 4.
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