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A COMPREHENSIVE CLASS OF BI-UNIVALENT
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Abstract

In the current work, we discuss certain stirring results of coefficient es-
timates of a unified class which is bridge between bi-starlike and bi-convex
functions related to shell-like curves by means of subordination. Further,
appropriate connections are discussed.
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1 Introduction

Let &7 denote the class of functions of the form
s(z)=z+ Z anz" (1)
n=2

which are analytic in the open unit disk D = {z: z € C and |z| < 1}. Further, by
. we shall denote the class of all functions in &/ which are univalent in D.
Let &2 denote the class of Caratheodory functions of the form

p(z) =1+p1z+p®+p32®+---  (2€D)

which are analytic with ® {p(z)} > 0 (see [10]). It is well known that the following
correspondence between the class & and the class of Schwarz functions w exists:
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pe Zifandonly if p(z) =1+ w(z)/ 1 —w(z). Let (), 0 < < 1, denote the
class of analytic functions p in D with p(0) = 1 and R {p(2)} > .

For analytic functions s and j in D, s is said to be subordinate to j if 3 an
analytic function w such that

w(0) =0, lw(z)| <1 and s(z)=j(w(z)) (z e D).
This subordination will be denoted here by
5= (zeD)
or, conventionally, by
5(2) <j(z) (z € D).

In particular, when j is univalent in D,
5<j (z€D) & s(0)=j0) and s(D)cCj(D).

Some of the important and well-investigated subclasses of the univalent func-
tion class . include (for example) the class .7*(«) of starlike functions of order «
(0 = a < 1)in D and the class # («) of convex functions of order o (0 £ v < 1)
in D, the class .*(p) of Ma-Minda starlike functions and the class () of Ma-
Minda convex functions (¢ is an analytic function with positive real part in D,
©(0) =1, ¢'(0) > 0 and ¢ maps D onto a region starlike with respect to 1 and
symmetric with respect to the real axis) (see [10]).

It is well known that every function s € .# has an inverse s !, defined by

s 1(s(2)) = 2 (z e D)

and

ssHw) =w  (lw] <ro(f); mo(f) = ),

=

where
s Hw) = w — agw? + (203 — az)w® — (5a3 — 5asaz + ag)wt + - .

A function s € &/ is said to be bi-univalent in D if both s(z) and 57 1(2) are
univalent in . Let ¥ denote the class of bi-univalent functions in D given by
(1). Recently, in their pioneering work on the subject of bi-univalent functions,
Srivastava et al. [23] actually revived the study of the coefficient problems involv-
ing bi-univalent functions. Various subclasses of the bi-univalent function class ¥
were introduced and non-sharp estimates on the first two coefficients |az| and |as|
in the Taylor-Maclaurin series expansion (1) were found in several recent investi-
gations (see, for example, [1, 2, 3, 4, 5, 7, 11, 12, 13, 14, 15, 18, 19, 21, 22, 24, 25]
and references therein). The afore-cited papers on the subject were actually mo-
tivated by the pioneering work of Srivastava et al. [23]. However, the problem to
find the coefficient bounds on |a,| (n = 3,4,...) for functions s € ¥ is still an
open problem.
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The classes .. % (¢) and # .7 (¢) of shell-like functions and convex shell-like
functions are respectively, characterized by 28’ / s(z) < ¢(z) or 1+ 22" / §/(z) <
B(2), where ¢(z) = (1+¢222) / (1 — ¢z —<222), ¢ = (1 —V/5) / 2 ~ —0.618. The
classes .72 () and # .7 ($) were introduced and studied by Sokét [20] and Dziok
et al. [8] respectively (see also [9, 17]). The function ¢ is not univalent in D,
but it is univalent in the disc |z| < (3 —+v/5)/2 ~ 0.38. For example, $(0) =
¢(—1/2¢) =1 and ¢ (eF arccos (1/4)) = v/5/ 5 and it may also be noticed that
1/1s| = Is|/1—|s| which shows that the number |s| divides (0, 1) such that
it fulfills the golden section. The image of the unit circle |z| = 1 under b is a
curve described by the equation given by (1095 — \/5) y? = (\/5 — 256) (\/556 — 1)2 ,
which is translated and revolved trisectrix of Maclaurin. The curve gg(reit) is
a closed curve without any loops for 0 < r < ro = (3—+/5)/2 ~ 0.38. For
rg < r < 1, it has a loop and for r = 1, it has a vertical asymptote. Since ¢
satisfies the equation ¢2 = 1 + ¢, this expression can be used to obtain higher
powers ¢" as a linear function of lower powers, which in turn can be decomposed
all the way down to a linear combination of ¢ and 1. The resulting recurrence
relationships yield Fibonacci numbers 9,

" =Uns +Vp1.
Recently Raina and Sokét [17], taking ¢z = ¢, showed that

s 1 +§2Z2 = n.n
0z = 7o Tans L+ (Ot + Ing1) "2, (2)
n=2

where

(1—q)m—gn 1-V5
Up = ——"—, ¢ = ; n=12 ---. 3
n NG (3)
This shows that the relevant connection of é with the sequence of Fibonacci
numbers 1,,, such that

Vo =0, v1=1, 1971+2 = + 19n+1
forn=0, 1, 2, 3, --- . Hence
$(z) = 14243222 +46323 +7¢* 24 +11°2° + -+ . (1)

V5

We note that the function ¢ belongs to the class P(B) with g = 10 ~ 0.2236

(see [17]). For more details one could refer recent works in this line from [1, 3, 4,
5, 11, 13, 14, 18, 19] and references therein.

Definition 1. A function s € ¥ of the form (1) belongs to the class M .5 7 ()
with0 Sk <1,0=5v=1and 1< v =2, if the following conditions are satisfied:

(o 5) () e () <@ e
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and for j(w) = s~ (w)
1

() () e () < e

_2*/5 ~ —0.618.

where ¢ =

Also, we note that the class # %5 " 7(¢) deduces to known classes introduced
in [11] as given below:

L M S50 D) = M FE(P)

) (
3. MFS5 () = S L(d)
4 M N(9) (
In view of a lemma given below, we prove the results of the current paper.

Lemma 1. [16] If p € 2, then |p;| £ 2 for each i € N.

In this investigation, we find the estimates for the coefficients |az| and |as|

for functions in the subclass .#.%5 " 7 (¢) Also, we obtain the Fekete-Szegd func-
tional ‘ag — V@%! for v € R.

2 A Set of coefficient estimates

In the following theorem, we obtain coeflicient estimates for functions in the

class s € 4557 ().
Theorem 1. Let s(z) of the form (1) be in the class M S5 7 (). Then

/2 ls| &
< — <
and for v € R,
<] Z
—_— 0 < -1 <
0y —vad] < 0 22 2 s -1< 93 -
=) 2]|1—v|s] 1] > K
X ’ ~ 4|2’
where
P =c((1—=r)y(y—3)+ x> +50—8)) +2(1 —3¢)[(1 — k)y +K(2—v)]* (9)
2=(1-r)y+k(3—2v) (10)
and

Z=5((1—r)Y(1+7) +rw? —3v+4) +2(1-39)[(1 - r)y+r(2-v)
(11)
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Proof. Since s € M .S " (), from Definition 1 we have

(5) () o () -

(i) () ro-m (55) -4,

and

65

(13)

where z, w € D and g = s~ . Since p € & and p < gz~5 Then 3 an analytic function
¢ such that |p(2)] < 1in D and p(z) = ¢(p(2)). Therefore, define the function

1+ p(2)
1—(2)

is in the class &2. It follows that

D(z) = =1+piz+ a2+

P(z) —1 2 22 3 23
@(z):():(‘012+<¢2_9021>_|_<<p3_<p1902_|_(‘01>+...

P(2)+1 2 2 4 ) 2
and
2 2 3
~ ~ (,01 901 y4 V4
- 1 - 1) = — —= ) =
?(p(2)) +¢<2z+<902 5 | 3 +<s03 oron+ 2 4 5+
A 3\ 2 ?
— —— E— — 1 — ..
+¢2<22+< 2>2 («pg <p1902+4>2+ >
2 2 3 3 3
P1 I T _ P2 ...
+¢3<2z+< 2>2 (cps <p1902+4>2+ >

- b1p1 +<;<¢2—>¢>1+¢1¢>

)

2
1 o3 1 - 3
(2 <<P3 prp2+— ) b1+= 5 %P1 <90 ¢1)¢2+?¢3> 23

(14)

Similarly, 3 an analytic function x such that |y(w)| < 1in D and p(w) = ¢(x(w)).

Therefore, the function

1+ x(w)

Plw) == x(w)

=1+ x1w + xow’ + -

is in the class Z. It follows that

4 ) 2

U(w) — 1 2 w2 3 ,w3
) = =L, +<x —Xl>+(X3—X1X2+X1>+'”
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and
Sxw) = 1+ Xw+ ay @ LAy ety
w)) = X1, _Xxi\w _ 2o
X 9 X2 9 9 X3 — X1X2 1 B)
2 2 3 3 2
7o X1 X1\ W _ X1\w .
+¢2<2w+<><2 2>2+<X3 X1><2+4>2+ >
2 3 3 3
7o XL X1 wf _ Xi\w .
+¢ ( 21U+(X2 5 > 5 +(X3 xixz + 7 > 5+ >
_|_..
_ P1x1 1 AT PR
- 5 YT\ o )t ez |
1 AR X3\ 1 Xt s
<2(X3—X1X2+4>¢1+2X1(X2—2 ¢2+8¢3 w
TR (15)
By virtue of (12), (13), (14) and (15), we have
S
(1= R)y +r(2 = v)az = 57, (16)

a2
%ﬂ—mh+m@—%M%—Kl—Mﬂ3—w—Hw”+%—8ﬁf

— L <+ ’7 17

xis

—[A = &)y + K2 = v)laz = =, (18)

and

a2
(1= K)y(5+7) + k(v? — 11lv + 16)]52 —2[(1 — Kk)y+ k(3 — 2v)]as

1 Xt 3x7 2,
19
5 (Xz 5 > 7 (19)

From (16) and (18), we obtain
$1 = —X1,
and
(el +x3)s”
4
(el + x7)s”
8[(1—k)y+r(2—v)]?

21 — k)Y + k(2—0)]?a3 =

By adding (17) and (19), we have
(1= r)y(1+79) + K(v* —3v+4)) a3

1 1 3
5 (P2t x2)s— (P +x1) s+ i (¢} +x3) <% (21)
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By substituting (20) in (21), we reduce that

2 = (<P2+X2)<2
2 oY

Now, applying Lemma 1, we obtain

V2 |s]

las] <

9

By subtracting (19) from (17), we obtain

_ (02 —x2)¢

3.2 +a%.

Hence by Lemma 1, we have

’a3| < (’902’+|X2’)’§‘

’2
- 82

+ ‘az

Then in view of (24), we obtain

os] < 27
31=%9%

From (25), we have for v € R

o (w2 —x2)¢

as — vas = ) + (1 —v)dl.

By substituting (23) in (27), we have

- 2
as — val = (p2 X2)C+(1_V)<(<P2+X2)§

82

where

(1—V)§2.

) =%

Thus by taking modulus of (28), we conclude that

<]
<o) <
‘ag—l/a%‘ < 22

o) sleW)l = o5

which leads to the desired inequlity (8).
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(23)

(24)

(26)

(27)

(28)
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3 Corollaries and consequences

Corollary 1. Let s € @/ of the form (1) be in the class A4 ./5($). Then

jazl < 3 ,
\/g(l +k)+ (1 —3¢)(1+ k)2
2

ls| [(1 = 3¢)(1 + &)? — ¢(1 + 3K)]

<
las] < 214 26)(s(14+ k) + (1 —3¢)(1 + x)?)
and for v € R,
_Id ;0< v —1| <C(s,k)
2 2(1+ 2k) = - ’
‘CL3—I/CL2| < 9
LA v =112 (s, ),
s(1+ k) + (1 —3¢)(1 + k)2 =
(14 &)+ (1 —3¢)(1 + r)?
here C =
where C(s, k) 21l (17 20)
Corollary 2. Let s € o of the form (1) be in the class £.5E(d). Then
V2
ol < < , (29)
V(W2 —3u+4) +2(1—3¢)(2 —v)?
sl [s(0? + 50— 8) + 2(1 — 30)(2 — v’
<
las] < 2(3 — 20) % (30)
and for v € R,
<] <]
e 0<|lv—1 <L
2 2(3 —2v) 0= v |_4|§|(3—2U)
’CLS*VCLQ‘ < 2|1—I/’ |§‘2 |§| (31)
il i 1 ) Y YR 1 ] S
a UG

Corollary 3. [11] Let s € </ of the form (1) be in the class . L5 ($). Then

I<] 5] (1 —49)

a2 < —/———, |a3| < ——-—-

a2l < e el = T

and for v € R,

1-2
lsl 0<|y—1]<—
‘ag — I/ag} < 2 112 1 22’§’

=1, gy s 22

1—2¢ 2s]

Corollary 4. [11] Let s € </ of the form (1) be in the class H 5 (¢p). Then

< sl —49)

<] s
- 6 —15¢

ag) < —— |
jaz| < 1— 10
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and for v € R,
2—5
Kl ;0< v -1 < >
‘a - 1/0,2‘ < 6 3l
3 21= |v—1|¢? | 1|>2—5§
—_— = .
4—10¢ — 3
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