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Abstract

This article establishes the regularity properties of solutions to the
parabolic quasilinear parabolic systems in the divergent form

ot da "

under rather general conditions on its coefficients. To prove solvability, we
apply the Leray-Schauder theory and method of apriori estimations.
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1 Introduction

In the [-dimensional Euclidean space, we consider a parabolic differential sys-
tem in the divergent form

0 d -
where @ (z, t) = (u! (z, t), ..., u"¥ (z, t)) is an unknown N-dimensional vector-

function defined over clos (Dr), domain Dy = Q x (0, T), Q2 C R, 1 > 3.
We assume that the matrix @ : Qx [0, T]x RV x R' x RN — R!x RY satisfies
the parabolic conditions in the form

= |2
i (@, t, @ K) k| = v () [F] =2 (@ 1), @)
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i, (az ¢ i, E)\ SM(\ﬁI)‘E)wLWz (, 1), 3)

b (v, t, @, )| < po () [/ +95 e 1), @

where v, p and pp are continuous positive functions so that v is a monotone

decreasing and pu is a monotone increasing function; in classical theory, functions

vi satisfy the conditions [|vi|l,,. p, < #2, [[3ll,,p, < #2 and [[72llay 0, p, < H2
: 1 L _ l -1

Wlth;+2—q =1—-x,q€ (m, oo} and r € ((l—x) ,oo} for x € (0, 1),

where the norm of L, (D) is given by

s = i (x,t qu>th T. 5
. (/M (/Q\ (.1) ) (5)

We are assuming that functions y2 and 71%, ’)’3% are form-bounded [13].
The essential tool of the theory of partial differential equations is the maxi-
mum principle, the general form of which establishes the estimations of max |u.
T

The existence of the solutions to the boundary problems for the parabolic quasi-
linear system is proven by the method of the Leray-Schauder theory with the
employment of apriori estimations of its solutions [10].

We will call a generalized weak solution to the system (1) a vector-function
@€ L, (R x (0, T)) such that the equality

loc
T —
- / / @0, pdudt+
0 [0, T] JR"

+ / / a; (z, t, @, Vi) (wﬁ) dwdt+
0,77 JRr

+ / / bodxzdt =0 (6)
[0, 7] J

holds for allvector-functions = cge (Rl x (0, T))
We introduce the norm of the functional space V? (Dr) by

/ @(z, t) ¢ (x, t)dudt

)

ully» = ess max, w5 Ol ey + 1Vull,, (ppy (7)
where )
P
Vu = / / VulP dedt 8
IVull, (g ( o Q! | ) (8)
and
dlly» = esstén[oazg] 1 (-, Ol oy + 1Vl Dy - 9)

1
P

A1 = / /ﬁzpdxdt . 10

IVl (pp ({QT} Q| \ > (10)
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The space V; (D) consists of all elements of V? (Dr) continuous at ¢ respec-
tively to LP (Dr) with the norm

lllve = max 1% ¢ Dllzn) + 1Vl ) -

Definition 1. A bounded generalized solution of the system (1) is a vector-
function u € V12,0 (Dr) such that the identity (2) is satisfied for all

-

¢

¢ € clos (W121 (D7) N C§° (Rl x (0, T))) and essmax < 0.

Quasilinear parabolic systems have been intensely investigated for many years
by methods of PDE perturbation theory. The main results are concerned with
the existence of solutions in a certain functional class, many works deal with
time-dependent solutions.

Employing the Leray-Schauder method, V. Ladyzenskaja studies the solvabil-
ity of one quasilinear equation of the general type

2

u
8.%'18.% 5

0w — aij (x, t, u, Vu) +a(x, t, u, Vu) =0
under the Dirichlet boundary condition u|yq .o =0, ul,_g = ¢ () [10].
E. Heinz built an example that clarifies if the condition

ja(x, t, u, k)] < (e(Jul) + P (K], ful)) (1+ k])*

here Ikllim (|k|, |u]) = 0 and € is a small enough constant, is not satisfied then
— 00

an apriori estimation of max |Vu| does not necessarily hold, indeed, the system

, 27

Ol — Oppul = ul (8xu1)2 + (335162)2
Oou? — Oppu? = u? ((%ul)z + (Gxuz)Q ,

1

has a solution u! = cos (mz) and u? = sin (mx), however, there is no estimation

of max |Vul.
[0, 27]

The partial differential equations in the divergent form were considered by
Amann, who considered the solvability of the Neumann problem in the Sobolev
spaces [3]. In recent works, H. Dong, S. Kim, and S. Lee constructed the funda-
mental solution of second-order parabolic equations in the non-divergence form
working with the Dini mean oscillation classes of functions [25], Dini conditions
were also considered by V. Ladyzenskaja [10]. For some modern literature see the
list of references [1 - 48].

In the present work, we establish sufficient conditions for the existence of the
solution to the generalized quasilinear parabolic systems

oi  d D R
E B di.’EiaZ (.’E, t7 u, VU)+b(fC, t’ u, VU) _0’

under fair weak conditions by applying the modified Leray-Schauder approach.
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2 Existence of the solution to the quasilinear
parabolic equations

First, we summarize the newest results for the simplest case of one linear
equation in the form

ou — V; (aij (l‘, t) Vju) + b; (.T, t) Viu=0

under the Cauchy condition
u(z, +0) = ¢ (z) € L? (Rl)

in the functional spaces LP. Assume that the matrix a (z, t) is uniformly elliptic
and the perturbation vector is |b| € L7, div (b) = 0, the estimation

loc?

f[o, T Jrn 10 (2, )]0 (2, ) dadt <

< et fo. a1 190 O lp O dt + fi 31 fin (e2 -+ 3 (0) | (o, £) dadt
holds for all p € C§° (Rl x (0, T)) and some positive constants c1, ca, ¢, c3 € L.
and f[s ] €3 (1)dr < ecyt—sforall 0 <s<t<oo. Then, there exists a classical
solution for all t > 0 and = € R! for each initially given function ¢ (x) that belongs
to L? (R'). Next, if ¢3 € C'((s, 00)) then we have the Gaussian estimation of the
fundamental solution

CQ

P (z,t;y,s) < B2 exp (6— 1) LCa—s) (x —y)

for all 8 > 1. To formulate more refined results we need the definition of form-
bounded fields.

Definition 2. A wvector-function f : R' — R! is called form-bounded if
|f| € L2 . and there exist constants € > 0 and c(c) such that

loc

2 2 2
Ifellz < ellVelly +c(e) el

for all ¢ € C§° (Rl).
A wvector-function f : R' — R is called multiplicative form-bounded if |f| €

L} . and there exist constants € > 0 and c () such that

loc

(o, MG < e lells o IVl + e (@) o2

for all o € W} (Rl).
The Kato class K, consist of all potentials V € L} _such that

loc
[6 -2t m <

holds for some A = A (v) > 0.
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Assume that [ > 3, the vector b is form-bounded for some 0 < &€ < oo and
|div (b)| € K.. Then the fundamental solution to

o — V; (aij (.%', t) V]u) + b; (.TU, t) Viu=0

satisfies the two-sided Gaussian bound.

Comparing these results to the classical, we see that conditions on coeflicients
are weaker, indeed, according to V. Ladyzenskaja, the vector b has to be such
that |b] € L1 (Q).

For the quasilinear parabolic system

d -

@(x, t, @, Vi) +b(z, t, @, Vi) =0,
dxl-

Uy —

the uniform parabolic condition states that there exist positive constants v and p
such that

0d; <$, t, U, k:)
v(a) e <| >, g G| < ) €
ij=1,...,l

holds for all vectors £ € R'; and the necessary growth conditions are given by

5 (11 + i) (1 R +Z\8‘” i< (1 1)

7

and we postulate

’l;(a:, t, U, /Z)

where lim P (

‘k‘—wo
conditions are necessary to eliminate wild systems, for example, E. Heinz’s type
of systems [10].

< (s -+ (&), 1)) (1+ [f))

]u|) = 0 and for small enough constants . These growth

3 Leray-Schauder method for a quasilinear parabolic
system

The agreement condition is

aaf _ <x ;:j’ W;) +5(:c, t. &, Vq?) _

and the boundary conditions are given by |yp, = gzﬁ‘ , Dp =Q x 0,7

We will use the Leray-Schauder approach. The system (1) can be written in
the form

da;* (z, t, i, Vi)

k —
6tu 8V]u"?

ViVl + AF (z, t, @, Vi) =0, (11)
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where we denote

A* (z, t, @, Vi) =bF (z, t, @, Vi) —
B dai* (x, t, i, Vﬁ)vuk B da;* (x, t, i, Vi)
8uk’ ! 81‘1

Then, we compose the family of linear systems dependent on the parameter 7 in
the form

o, <7_8aik (z, t, W, V)

o +(1-7) 55) ViV ok +
J

wﬂﬂatﬂavawl—ﬂ<%ﬁ—A¢j:0 (12)

with the conditions ¥yp, . = <E‘ oD for all 7 € [0, 1], where the v is an unknown
T

vector-function and vector-function w is given.
Let =5 be the space of all continuous functions w with the continuous deriva-
tives with the Holder norm over D7 given by

- -5 =10
Hw||35 = |w|DT + |VU”DT
where \1U|§DT = \1U|27DT + |w\f,DT and we denote

[ (w, t) = (3, )|

|U7|6x,DT = sup —
(l’, t) 5 (ZZ‘, f) € clos (DT) |.iU - 33'|
lz—Z[<p
. 06— 002, )
Wz, t)—w(Z, t
|U7|6x7DT = sup —
(z, 1), (&, ©) € clos (Dr) |t =]
[t—1t] <p
for § € (0, 1).

The system (12) defines the mapping Z5 — =5 given w — v so that we denote
S (W, T) = ¥ the T-parametrized mapping =5 — Zs. The fixed point of S at 7 =1
is the solution of the boundary problem for system (1).

If u"is a fixed point of the nonlinear mapping <& then u” is a solution to the
boundary problem

e d
P7 (w) d:fukt - (Taik (x, t, @, Vi) + (1 — 1) Viuk) +

bt (2, ¢, @, VaE) — (1—7) (at¢’f - A¢k> —0 (13)

under the conditions i, = qg‘aD for all 7 € [0, 1].
T



Quasi-linear parabolic systems 263

Now, assume

max |4 | < My, max |V | < Mo, |07 ||z < M3
Dr Dr =

hold for small enough « > 0 for all solutions @”. Then, each solution 4" is a fixed
point of the mapping & , and vice versa each fixed point 4™ of & is a solution to
(13).

Let the set © be a convex bounded subset of the functional space =3, consisting
of all elements w of Z5 such that

max || < M + e, max V| < My + ¢, |0z < M3 +e.
Dr Dr Sa
All fixed points of & are belonging to the interior of ©.
We can consider the fixed point 4" of & as a solution to (12) under the con-

dition @ = @ that, therefore, ¥ = 4" is the solution to the problem (12) for all
7 € [0, 1]. Hence, problems (13) and (1) have the solutions in the relative spaces

in our case H25: 145 (clos (Dr)).
4  Existence of the solution, apriori estimations

To complete the proving of the solvability of the problem (1) we must prove
the apriori assumptions

max |4 | < My, max |Vu"| < Mo, |47 ||z < Ms.
Dr Dr -«
All operators P” for all 7 € [0, 1] shear the same properties as the operator

P! so norm estimations for P! hold for P7, 7 € [0, 1].
From the generalized weak solution to the system (1), we obtain the integral

estimation
to .
— / / U0y pdadt+
t1 [tl s t2] m

+ / / a; (z, t, @, Vi) (viqﬁ) dwdt <
[t1, t2] JR™

< /[tl’tﬂ /n (Mo |Vii|? +’Y3> ‘5‘ dxdi

for all vector-functions q_g € Cy° (Rl x (0, T)) and 0 <t <ty <T.
Thus, we have the lemma.
Lemma. Let functions @; and b satisfy conditions (2)-(4) where functions

/ iz, )3 (@, 1) dadt

Yo and 'yl%, ’)/3% are form-bounded; and u is a solution to (1). Then there is a
positive number a such that @ € H*T* 72 (Dr).

Indeed, let v € W12,1 (D_p1) Nclos (C*(Q)) such that v(z, t) =0, t <
0, t>T — h and denote



264 Mykola Yaremenko

and

up (x, t) = }11/[]5 v (z, T)dT.

Then, we compose the identity
/ / (vatuﬁ Vaf (2, t, @ Vi) Vi + 8 (x, t, @, Va) U,f) dwdt = 0,
[t1, t2

for 0 < h <t; <ty <T — h. Assume £ is a positive continuous smooth function
such that &[pn, = 0 and v (z, t) = €2 (z, t)max {uf (z, t) —n, 0} = &2uf (n), we
obtain

/[t o /Q§2uﬁ (n) Opuf dxdt =
1,102
t

- ;/ng (uh (n))2dx :_/[thm/ggatg (u (n))dedt.

Denoting © (n,p) = {z € B(p) : u*(z,t) > n} and applying conditions, we
have the estimation as h — 0

%Hu 6”23 +V/t1 ] /B(p ‘Vu §2dxdt <
715 +

/ / <2€’V5\M’VU ‘+25’V5\72+M1‘VU ’ &+ 728? ) dxdt.
[t1, t] (n
! .(uk_n)+(u ~ o) elong

If numbers n such that max uF (z, t) —n < 4., then, we obtain
B(p)x(t1, t2)

H ()(wt)i(xt 250 +V/[tlt]/3(p ]w §d:vdt<
+

< H n) (@) € (2, 11)|) 50

< >/ / ” 5|3tf|+!V£| )dde—
[t1,t] /B(p)
+/ / 2¢? <vl +9% + ”73> dudt.
1,11 Jo ) m

1 1
Thus, if y2 and 12, v32 are form-bounded functions then the lemma’s state-
ment is proven.
Now, we assume additional conditions on coefficients:

od; (1‘, t, i, E)

ik < e (14)
J

ve? <

ij=1,...,1
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for all ¢ € R,

0a; (m t, @, E)

@ (ac t, 1, k)‘ + 5o < M‘E’ + 2 (z, ), (15)
od; <x ¢ E) o
<ulk ¢ 16
8.’13]' H +73 (.Q?, )7 ( )
= R 512
(b (w t, u, k)‘ < u’k‘ + 74 (2, ). (17)

Our goal is to find conditions on singularities of s, 3, 4 under which for

solutions @ (z,t) to the system (1) values of max V4| and ||i]|z_ can be estimated
Dy
above by a constant for some a > 0.

Let & (x,t) be a positive smooth function so that 0 < &; (z,t) < 1, zero when
t = 0 and on the sides of the cylinder. We calculate

2

/ //\V‘Vuk’ exp ()\]ﬁ'\?) & 2dadt <

0,4q.Jo 2
_ 2 2

S/[ ]/exp /\]u\z < |§18t§1]+2u’Vuk‘ §12+M|V§12‘2) dxdt+
0,4 JQ

/ ]/exp Al < V2 + 27981 |VEL| 4 Y4&1 )daﬁdt.
0,t

Assuming that functions v and 74% are form-bounded, we obtain the estima-
tion fDT ‘Vuk|2§12dxdt < ¢ where the constant ¢ depends on I, v, u, pg, My,
n]ljax(|V§1| , |0:&1]) and mes (Dr).

T

To estimate the integral [ B(r) ‘Vuklzs dx, we consider the identity

1 / " 2425 ¢ 2
— Vi (z, t &7 (x, t) de—
ST 75) ey VT O

1 — 4S8
_/[0 ]/B(z s+1 Vi *2 &0, dudt+
t 0)
dai* d ( o .
* &V u") dedt—
/0 t] / B(2p) dxj diEl | | €2v]u ) T

da®
— VL (V@)% &V, u”) dadt = 0.
/[o,ﬂ/B@p) iz, (V7" 290)

J
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After standard calculation, we have

1
2(1+59)

2
+/ / Z|Vﬁ]23§22‘VVuk‘ dzdt+
0,4 /B(2p) 4

2
I /[0, t] /B(2p) ‘VUk . 522 Zz: (Z <VWUk> (vaiuk)> ot

/ (Vi (z, t)°T* &2 (z, t) do+
B(2p)

m

c(l,v, 1) (/ / (2 + 3 + ) (1 + |VaT]) Zv( 28512vmu)da;dt
[0, t] Y B(2p)

+ / / 8,61 | |VE* T2 dadt+
[0, /B(2p)

+(éBﬁl (1+s)+1)/ / (V|12 Ve | dedt | .
[0, 4] /B(2p)

Thus, we have

max/ Vi (z, t))* 1 de +
B(p)

/ IV T dadt < ¢ (3),
tele, T)

[e, T

which holds for e > 0, 0 < s < s.
Let n be a smooth function equal to zero on the bottom of the cylinder B (p) x
(O, f) By integration by parts, we have

/ n(z, t) Viu® (z, t)dz —/ / OV pu”dzdt
B(2p) [0, t] J B(p)

aaz (z, t, i, Vi) .
+/ / V;iViu™ ) (Vin) dxdt
0,4 JB(p) 8V uk ( j )( n)

/ / da* (z, t, @, Vi) (Vi) dadt
[0, ¢] /B(p)

0Tm,
— / / V'V ndxdt = 0.
[0, ] / B(p)

da* (x, t, @ (x, t), Vii(z, t))
8Vju’f

We denote

aij (33, t) =

and
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6aik (.’L‘, t, ’L_l:(.’IJ, t): VQZ(.Z', t)) k
Sk Vnu” (z, t)

dai* (z, t, @ (x, t), Vi (x, t))
_l’_
0T,

Y7 (z, 1)

—58 0k (x, t, W (x, t), Vi (z, t)).

Therefore, we can consider the function u¥, (z, t) = V,,u” (z, t) as a general
classical solution to the linear equation
OVpul, 0

o (aij (z, 1) Vub, + T (2, t)) = 0. (18)

Functions a;; satisfy the ellipticity condition
v (M) € < ag; (w, t) &&5| < p(My) €

and functions Tzn’k must satisfy the solvability conditions for the linear parabolic
equation. Thus, the function u, is a solution to the linear equation (18) therefore
we can apply the theory of linear parabolic equations.

Now, we can formulate the following propositions.

Proposition 1. Let function i@ € Ca; (Dr) be a solution to the system (1)

such that I%ax|ﬁ| < M, and the functions a; (z, t, @, Vi) and 5(1‘, t, i, Vi)
T
satisfy the condition (14) — (17) then for any domain D C Dy with the distance

d to the boundary 0D, the norm HﬁHEa(DT) for some o > 0 has the upper

estimation depended on l, v, u, distance d, and form-bounded constant.
Proposition 2. Let function @ € Cy 1 (clos (Dr)) be a solution to the system

(1) such that n}l)axhl'\ < M, n%ax\vm < My and let for all || < M, I;‘ <
T T

My, (z, t) € clos (Dr) functions @; (z, t, @, V@) and b(z, t, @, Vi) satisfy the
Lipschitz condition at t, differential at u* and k:f and such that

a; (;p t, 1, E)

2 2
ig=1,...,l
k 7 7
’aal <m7 t? u(;? St)7 vu (.I', t))’ S ’Y(x, t) (20)
u
& 7 7
‘86% (l’, t, u(x, t)v Vu (357 t))‘ < ’y(x, t) (21)
0L,
obs s
| < — <

where the function - is form-bounded. Then, r%ax\atﬁ] can be estimated by a
T

constant depending on l, v, [i its maximum on the boundary and form-bounded
constant.



268 Mykola Yaremenko

Proposition 3. Iftén[oz?% \Vil; p,. < cand max |0yii| < ¢ then |Vﬁ|&TD°‘T <ey
where constant cy depends on the boundary.

Proposition 4. Let functions @; (z, t, 4, Vi) and g(a:, t, u, Vi) satisfy
(19) - (22) and boundary be smooth enough then for any solution @ € Cs 1 (clos (Dr))
to the system (1) such that I%E;X’ﬁ‘ < M;y, HLI)B%X‘VQ_L" < My the norm |||z has

upper estimation by constant depending on l, v, u, n, My, My, its mazimum on
the boundary and form-bounded constant.

5 The existence theorem

We formulate the theorem of the existence of the Holder solutions to the
parabolic quasilinear system.
Theorem 1. Let functions a; (z, t, 4, Vi) and b(z, t, @, Vi) satisfy our
general assumptions (2)-(4) and (19)-(22), and
ad; - oa;
i+ gt |) (1 [F])
;(IazlJr‘auk)( + +ZZ]- o,

1) ()

t,
\ﬁ]) =0, e>0. Let for (z, t) C clos(Dr), |u] < My,

i< (1 1)

and

< (=(ay+Pp ()E

b x, t, U, E)
where lim P E,
|| 00

N

E‘g

. - a; a; a; P 8 g .
My, functions d;, &%, ngfnv g;f? € H? and b H=. Let (b’a be a continuous
5 J Dr

in clos (0Dr) with the continuous bounded derivatives second order at x and first
order at t and with the first differential at x, and let m{EZiX ’Vg(x, 0)’ < 00. Then

there exists a unique solution @ € H* % (clos (Dr)).

The uniqueness of the solution @ € H* % (clos (D)) to the system (1) can be
proven by classical methods. Let us assume that there are two different solutions
i and @ then they both must satisfy the integral identity

/ / Oyl bdadi+ / / @ (z, t, @,Va) (viqZ) dadt+ / / bbdadt = 0
0,1 /0 0,4 Ja 0,4 /0

for all vector-functions ¢ € C3° (2 x [0, T]). We subtract one identity from an-
other, we obtain the linear system

/ /&gwkcpkdmdt—i—
0,4 Jo
+ / / (i Vju* + But) (Vig®) dedi+
0,4/

' /[0 1 /Q <<6k> Viw' + Ekwk) ordrdt =0
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where we denote

o Ot (37 t,oTh+ (1—7)a TVa+ (1 —7) vﬁ)
Viw /
0,1]

T =

i dai* (:n, t, Ti+ (1 —7)a TVI+ (1 —7) Vﬁ)
d
+w /[0’ . NG

def . =
:faijkvjwk + bkwk,

b (x t, 4, v&’) bk (w t, @, WZ) -

b (x t,rh+ (1—7)a Vi + (1—7) vﬁ)

Vv iwk dr+
J [0’ 1} ijuk
bk (x, t, TU+ (1—-7) @, TV + (1—171) Vﬁ)
+wP = dr =
[O, 1] 8U

L (1) Wk +

k _ @*. From the theory of linear systems we obtain that the linear

system has a unique solution w = 0.

and w* =
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