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Abstract

This article establishes the regularity properties of solutions to the
parabolic quasilinear parabolic systems in the divergent form

∂

∂t
u⃗− d

dxi
a⃗i (x, t, u⃗, ∇u⃗) + b⃗ (x, t, u⃗, ∇u⃗) = 0,

under rather general conditions on its coefficients. To prove solvability, we
apply the Leray-Schauder theory and method of apriori estimations.
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1 Introduction

In the l-dimensional Euclidean space, we consider a parabolic differential sys-
tem in the divergent form

∂

∂t
u⃗− d

dxi
a⃗i (x, t, u⃗, ∇u⃗) + b⃗ (x, t, u⃗, ∇u⃗) = 0, (1)

where u⃗ (x, t) =
(
u1 (x, t) , ..., uN (x, t)

)
is an unknown N -dimensional vector-

function defined over clos (DT ), domain DT = Ω× (0, T ), Ω ⊂ Rl, l ≥ 3.
We assume that the matrix a⃗ : Ω× [0, T ]×RN ×Rl×RN → Rl×RN satisfies

the parabolic conditions in the form∣∣∣⃗ai (x, t, u⃗, k⃗) k∣∣∣ ≥ ν (|u⃗|)
∣∣∣⃗k∣∣∣2 − γ1 (x, t) , (2)
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∣∣∣⃗ai (x, t, u⃗, k⃗)∣∣∣ ≤ µ (|u⃗|)
∣∣∣⃗k∣∣∣+ γ2 (x, t) , (3)∣∣∣b(x, t, u⃗, k⃗)∣∣∣ ≤ µ0 (|u⃗|)
∣∣∣⃗k∣∣∣2 + γ3 (x, t) , (4)

where ν, µ and µ0 are continuous positive functions so that ν is a monotone
decreasing and µ is a monotone increasing function; in classical theory, functions
γi satisfy the conditions ∥γ1∥q,r,DT

≤ µ2, ∥γ3∥q,r,DT
≤ µ2 and ∥γ2∥2q,2r,DT

≤ µ2

with 1
r + l

2q = 1 − χ, q ∈
(

l
2(1−χ) , ∞

]
and r ∈

(
(1− χ)−1 , ∞

]
for χ ∈ (0, 1),

where the norm of Lq,r (DT ) is given by

∥u⃗∥q,r,(DT ) =

(∫
[0, T ]

(∫
Ω
|u⃗ (x, t)|q dx

) r
q

dt

) 1
r

. (5)

We are assuming that functions γ2 and γ1
1
2 , γ3

1
2 are form-bounded [13].

The essential tool of the theory of partial differential equations is the maxi-
mum principle, the general form of which establishes the estimations of max

DT

|u|.
The existence of the solutions to the boundary problems for the parabolic quasi-
linear system is proven by the method of the Leray-Schauder theory with the
employment of apriori estimations of its solutions [10].

We will call a generalized weak solution to the system (1) a vector-function
u⃗ ∈ L1

loc

(
Rl × (0, T )

)
such that the equality

∫
Rn

u⃗ (x, t) ϕ⃗ (x, t) dxdt

∣∣∣∣T
0

−
∫
[0, T ]

∫
Rn

u⃗∂tϕ⃗dxdt+

+

∫
[0, T ]

∫
Rn

a⃗i (x, t, u⃗, ∇u⃗)
(
∇iϕ⃗

)
dxdt+

+

∫
[0, T ]

∫
Rn

b⃗ϕ⃗dxdt = 0 (6)

holds for allvector-functions ϕ⃗ ∈ C∞
0

(
Rl × (0, T )

)
.

We introduce the norm of the functional space V p (DT ) by

∥u∥V p = ess max
t∈[0, T ]

∥u (·, t)∥Lp(Ω) + ∥∇u∥p,(DT ) (7)

where

∥∇u∥p,(DT ) =

(∫
[0, t]

∫
Ω
|∇u|p dxdt

) 1
p

(8)

and
∥u⃗∥V p = ess max

t∈[0, T ]
∥u⃗ (·, t)∥Lp(Ω) + ∥∇u⃗∥p,(DT ) , (9)

∥∇u⃗∥p,(DT ) =

(∫
[0, T ]

∫
Ω
|u⃗x|p dxdt

) 1
p

. (10)
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The space V p
1,0 (DT ) consists of all elements of V p (DT ) continuous at t respec-

tively to Lp (DT ) with the norm

∥u⃗∥V p = max
t∈[0, T ]

∥u⃗ (·, t)∥Lp(Ω) + ∥∇u⃗∥p,(DT ) .

Definition 1. A bounded generalized solution of the system (1) is a vector-
function u⃗ ∈ V 2

1,0 (DT ) such that the identity (2) is satisfied for all

ϕ⃗ ∈ clos
(
W 2

1,1 (DT ) ∩ C∞
0

(
Rl × (0, T )

))
and essmax

DT

∣∣∣ϕ⃗∣∣∣ <∞.

Quasilinear parabolic systems have been intensely investigated for many years
by methods of PDE perturbation theory. The main results are concerned with
the existence of solutions in a certain functional class, many works deal with
time-dependent solutions.

Employing the Leray-Schauder method, V. Ladyzenskaja studies the solvabil-
ity of one quasilinear equation of the general type

∂tu− aij (x, t, u, ∇u)
∂2u

∂xi∂xj
+ a (x, t, u, ∇u) = 0

under the Dirichlet boundary condition u|∂Ω×[0,T ] = 0, u|t=0 = ϕ (x) [10].
E. Heinz built an example that clarifies if the condition

|a (x, t, u, k)| ≤ (ε (|u|) + P (|k| , |u|)) (1 + |k|)2

here lim
|k|→∞

P (|k| , |u|) = 0 and ε is a small enough constant, is not satisfied then

an apriori estimation of max
[0, 2π]

|∇u| does not necessarily hold, indeed, the system

∂tu
1 − ∂xxu

1 = u1
((
∂xu

1
)2

+
(
∂xu

2
)2)

∂tu
2 − ∂xxu

2 = u2
((
∂xu

1
)2

+
(
∂xu

2
)2)

,

has a solution u1 = cos (mx) and u2 = sin (mx), however, there is no estimation
of max

[0, 2π]
|∇u|.

The partial differential equations in the divergent form were considered by
Amann, who considered the solvability of the Neumann problem in the Sobolev
spaces [3]. In recent works, H. Dong, S. Kim, and S. Lee constructed the funda-
mental solution of second-order parabolic equations in the non-divergence form
working with the Dini mean oscillation classes of functions [25], Dini conditions
were also considered by V. Ladyzenskaja [10]. For some modern literature see the
list of references [1 - 48].

In the present work, we establish sufficient conditions for the existence of the
solution to the generalized quasilinear parabolic systems

∂u⃗

∂t
− d

dxi
a⃗i (x, t, u⃗, ∇u⃗) + b⃗ (x, t, u⃗, ∇u⃗) = 0,

under fair weak conditions by applying the modified Leray-Schauder approach.
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2 Existence of the solution to the quasilinear
parabolic equations

First, we summarize the newest results for the simplest case of one linear
equation in the form

∂tu−∇i (aij (x, t)∇ju) + bi (x, t)∇iu = 0

under the Cauchy condition

u (x, +0) = ψ (x) ∈ L2
(
Rl
)

in the functional spaces Lp. Assume that the matrix a (x, t) is uniformly elliptic
and the perturbation vector is |b| ∈ L1

loc, div (b) = 0, the estimation∫
[0, T ]

∫
Rn |b (x, t)| |φ (x, t)|2 dxdt ≤

≤ c1
∫
[0, T ] ∥∇φ (t)∥ ∥φ (t)∥ dt+

∫
[0, T ]

∫
Rn (c2 + c3 (t)) |φ (x, t)|2 dxdt

holds for all φ ∈ C∞
0

(
Rl × (0, T )

)
and some positive constants c1, c2, c , c3 ∈ L1

loc

and
∫
[s, t] c3 (τ) dτ ≤ c

√
t− s for all 0 ≤ s < t <∞. Then, there exists a classical

solution for all t > 0 and x ∈ Rl for each initially given function ψ (x) that belongs
to L2

(
Rl
)
. Next, if c3 ∈ C ((s, ∞)) then we have the Gaussian estimation of the

fundamental solution

P (x, t; y, s) ≤ β
l
2 exp

(
c2

β − 1

)
Γβ(t−s) (x− y)

for all β > 1. To formulate more refined results we need the definition of form-
bounded fields.

Definition 2. A vector-function f : Rl → Rl is called form-bounded if
|f | ∈ L2

loc and there exist constants ε > 0 and c (ε) such that

∥fφ∥22 ≤ ε ∥∇φ∥22 + c (ε) ∥φ∥22

for all φ ∈ C∞
0

(
Rl
)
.

A vector-function f : Rl → Rl is called multiplicative form-bounded if |f | ∈
L1
loc and there exist constants ε > 0 and c (ε) such that

⟨fφ, φ⟩ ∥∥22 ≤ ε ∥φ∥2
√
∥∇φ∥22 + c (ε) ∥φ∥22

for all φ ∈W 2
1

(
Rl
)
.

The Kato class K l
ν consist of all potentials V ∈ L1

loc such that∥∥∥(λ−∆)−1 |V |
∥∥∥
∞

≤ ν

holds for some λ = λ (ν) ≥ 0.
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Assume that l ≥ 3, the vector b is form-bounded for some 0 < ε < ∞ and
|div (b)| ∈ K l

ν . Then the fundamental solution to

∂tu−∇i (aij (x, t)∇ju) + bi (x, t)∇iu = 0

satisfies the two-sided Gaussian bound.
Comparing these results to the classical, we see that conditions on coefficients

are weaker, indeed, according to V. Ladyzenskaja, the vector b has to be such
that |b| ∈ Lq (Ω).

For the quasilinear parabolic system

u⃗t −
d

dxi
a⃗i (x, t, u⃗, ∇u⃗) + b⃗ (x, t, u⃗, ∇u⃗) = 0,

the uniform parabolic condition states that there exist positive constants ν and µ
such that

ν (|u⃗|) ξ2 ≤

∣∣∣∣∣∣
∑

ij=1,...,l

∂a⃗i

(
x, t, u⃗, k⃗

)
∂kjk

ξiξj

∣∣∣∣∣∣ ≤ µ (|u⃗|) ξ2

holds for all vectors ξ ∈ Rl; and the necessary growth conditions are given by∑
i

(
|⃗ai|+

∣∣∣∣ ∂a⃗i∂uk

∣∣∣∣)(1 + ∣∣∣⃗k∣∣∣)+∑
i,j

∣∣∣∣ ∂a⃗i∂xj

∣∣∣∣+ ∣∣∣⃗b∣∣∣ ≤ µ
(
1 +

∣∣∣⃗k∣∣∣)2
and we postulate∣∣∣⃗b(x, t, u⃗, k⃗)∣∣∣ ≤ (ε (|u⃗|) + P

(∣∣∣⃗k∣∣∣ , |u⃗|))(1 + ∣∣∣⃗k∣∣∣)2
where lim

|k⃗|→∞
P
(∣∣∣⃗k∣∣∣ , |u⃗|) = 0 and for small enough constants ε. These growth

conditions are necessary to eliminate wild systems, for example, E. Heinz’s type
of systems [10].

3 Leray-Schauder method for a quasilinear parabolic
system

The agreement condition is

∂ϕ⃗

∂t
−
da⃗i

(
x, t, ϕ⃗, ∇ϕ⃗

)
dxi

+ b⃗
(
x, t, ϕ⃗, ∇ϕ⃗

)
= 0;

and the boundary conditions are given by u⃗|∂DT
= ϕ⃗

∣∣∣
∂DT

, DT = Ω× [0, T ]

We will use the Leray-Schauder approach. The system (1) can be written in
the form

∂tu
k − ∂ai

k (x, t, u⃗, ∇u⃗)
∂∇juk

∇i∇ju
k + Λk (x, t, u⃗, ∇u⃗) = 0, (11)
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where we denote

Λk (x, t, u⃗, ∇u⃗) = bk (x, t, u⃗, ∇u⃗)−

− ∂ai
k (x, t, u⃗, ∇u⃗)

∂uk
∇iu

k − ∂ai
k (x, t, u⃗, ∇u⃗)

∂xi
.

Then, we compose the family of linear systems dependent on the parameter τ in
the form

vkt −
(
τ
∂ai

k (x, t, w⃗, ∇w⃗)
∂∇jwk

+ (1− τ) δji

)
∇i∇jv

k+

+τΛk (x, t, w⃗, ∇w⃗)− (1− τ)
(
∂tϕ

k −∆ϕk
)
= 0 (12)

with the conditions v⃗|∂DT
= ϕ⃗

∣∣∣
∂DT

for all τ ∈ [0, 1], where the v is an unknown

vector-function and vector-function w is given.
Let Ξδ be the space of all continuous functions w with the continuous deriva-

tives with the Holder norm over DT given by

∥w⃗∥Ξδ
= |w⃗|δDT

+ |∇w⃗|δDT

where |w⃗|δDT
= |w⃗|δx,DT

+ |w⃗|δt,DT
and we denote

|w⃗|δx,DT
= sup

(x, t) ,
(
x̃, t̃

)
∈ clos (DT )

|x− x̃| ≤ ρ

∣∣w⃗ (x, t)− w⃗
(
x̃, t̃

)∣∣
|x− x̃|δ

and

|w⃗|δx,DT
= sup

(x, t) ,
(
x̃, t̃

)
∈ clos (DT )∣∣t− t̃

∣∣ ≤ ρ

∣∣w⃗ (x, t)− w⃗
(
x̃, t̃

)∣∣∣∣t− t̃
∣∣δ

for δ ∈ (0, 1).
The system (12) defines the mapping Ξδ → Ξδ given w 7→ v so that we denote

ℑ (w⃗, τ) = v⃗ the τ -parametrized mapping Ξδ → Ξδ. The fixed point of ℑ at τ = 1
is the solution of the boundary problem for system (1).

If uτ is a fixed point of the nonlinear mapping ℑ then uτ is a solution to the
boundary problem

P τ (u⃗)
def
= ukt −

d

dxi

(
τai

k (x, t, u⃗, ∇u⃗) + (1− τ)∇iu
k
)
+

+τbk (x, t, u⃗, ∇u⃗)− (1− τ)
(
∂tϕ

k −∆ϕk
)
= 0 (13)

under the conditions u⃗|∂DT
= ϕ⃗

∣∣∣
∂DT

for all τ ∈ [0, 1].
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Now, assume

max
DT

|u⃗τ | ≤M1,max
DT

|∇u⃗τ | ≤M2, ∥u⃗τ∥Ξα
≤M3

hold for small enough α > 0 for all solutions u⃗τ . Then, each solution u⃗τ is a fixed
point of the mapping ℑ , and vice versa each fixed point u⃗τ of ℑ is a solution to
(13).

Let the set Θ be a convex bounded subset of the functional space Ξδ, consisting
of all elements w of Ξδ such that

max
DT

|w⃗| ≤M1 + ε,max
DT

|∇w⃗| ≤M2 + ε, ∥w⃗∥Ξα
≤M3 + ε.

All fixed points of ℑ are belonging to the interior of Θ.
We can consider the fixed point u⃗τ of ℑ as a solution to (12) under the con-

dition w⃗ = u⃗τ that, therefore, v⃗ = u⃗τ is the solution to the problem (12) for all
τ ∈ [0, 1] . Hence, problems (13) and (1) have the solutions in the relative spaces

in our case H2+β, 1+β
2 (clos (DT )).

4 Existence of the solution, apriori estimations

To complete the proving of the solvability of the problem (1) we must prove
the apriori assumptions

max
DT

|u⃗τ | ≤M1,max
DT

|∇u⃗τ | ≤M2, ∥u⃗τ∥Ξα
≤M3.

All operators P τ for all τ ∈ [0, 1] shear the same properties as the operator
P 1 so norm estimations for P 1 hold for P τ , τ ∈ [0, 1].

From the generalized weak solution to the system (1), we obtain the integral
estimation∫

Rn

u⃗ (x, t) ϕ⃗ (x, t) dxdt

∣∣∣∣t2
t1

−
∫
[t1, t2]

∫
Rn

u⃗∂tϕ⃗dxdt+

+

∫
[t1, t2]

∫
Rn

a⃗i (x, t, u⃗, ∇u⃗)
(
∇iϕ⃗

)
dxdt ≤

≤
∫
[t1, t2]

∫
Rn

(
µ0 |∇u⃗|2 + γ3

) ∣∣∣ϕ⃗∣∣∣ dxdt
for all vector-functions ϕ⃗ ∈ C∞

0

(
Rl × (0, T )

)
and 0 ≤ t1 ≤ t2 ≤ T .

Thus, we have the lemma.
Lemma. Let functions a⃗i and b⃗ satisfy conditions (2)-(4) where functions

γ2 and γ1
1
2 , γ3

1
2 are form-bounded; and u is a solution to (1). Then there is a

positive number α such that u⃗ ∈ H2+α, 1+α
2 (DT ).

Indeed, let υ ∈ W 2
1,1 (D−h,T ) ∩ clos (C∞ (Ω)) such that υ (x, t) = 0, t ≤

0, t ≥ T − h and denote

υh− (x, t) =
1

h

∫
[t−h, t]

υ (x, τ) dτ
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and

υh (x, t) =
1

h

∫
[t, t+h]

υ (x, τ) dτ.

Then, we compose the identity∫
[t1, t2]

∫
Ω

(
υ∂tu

k
h + ai

k (x, t, u⃗, ∇u⃗)∇iυh− + bk (x, t, u⃗, ∇u⃗) υh−

)
dxdt = 0,

for 0 ≤ h ≤ t1 ≤ t2 ≤ T − h. Assume ξ is a positive continuous smooth function
such that ξ|∂ΩT

= 0 and υ (x, t) = ξ2 (x, t)max
{
ukh (x, t)− n, 0

}
= ξ2ukh (n), we

obtain∫
[t1, t2]

∫
Ω
ξ2ukh (n) ∂tu

k
hdxdt =

=
1

2

∫
Ω
ξ2
(
ukh (n)

)2
dx

∣∣∣∣t2
t1

−
∫
[t1, t2]

∫
Ω
ξ∂tξ

(
ukh (n)

)2
dxdt.

Denoting Θ (n, ρ) =
{
x ∈ B (ρ) : uk (x, t) > n

}
and applying conditions, we

have the estimation as h→ 0

1

2

∥∥∥uk (n) ξ∥∥∥2
2,B(ρ)

∣∣∣∣t
t1

+ν

∫
[t1, t]

∫
B(ρ)

∣∣∣∇uk (n)∣∣∣2 ξ2dxdt ≤

≤
∫
[t1, t]

∫
Θ(n,ρ)


γ1ξ

2+(
2ξ |∇ξ|µ

∣∣∣∇uk∣∣∣+ 2ξ |∇ξ| γ2 + µ1

∣∣∣∇uk∣∣∣2 ξ2 + γ2ξ
2

)
·

·
(
uk − n

)
+
(
uk − n

)2
ξ |∂tξ|

 dxdt.

If numbers n such that max
B(ρ)×(t1, t2)

uk (x, t)− n ≤ ν
4µ1

, then, we obtain

∥∥∥uk (n) (x, t) ξ (x, t)∥∥∥2
2,B(ρ)

+ ν

∫
[t1, t]

∫
B(ρ)

∣∣∣∇uk (n)∣∣∣2 ξ2dxdt ≤
≤
∥∥∥uk (n) (x, t1) ξ (x, t1)∥∥∥2

2,B(ρ)
+

+2

(
4µ2

ν
+ 1

)∫
[t1, t]

∫
B(ρ)

(
uk (n)

)2 (
ξ |∂tξ|+ |∇ξ|2

)
dxdt+

+

∫
[t1, t]

∫
Θ(n,ρ)

2ξ2
(
γ1 + γ22 +

ν

4µ1
γ3

)
dxdt.

Thus, if γ2 and γ1
1
2 , γ3

1
2 are form-bounded functions then the lemma’s state-

ment is proven.
Now, we assume additional conditions on coefficients:

νξ2 ≤

∣∣∣∣∣∣
∑

ij=1,...,l

∂a⃗i

(
x, t, u⃗, k⃗

)
∂kjk

ξiξj

∣∣∣∣∣∣ ≤ µξ2 (14)
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for all ξ ∈ Rl,

∣∣∣⃗ai (x, t, u⃗, k⃗)∣∣∣+
∣∣∣∣∣∣
∂a⃗i

(
x, t, u⃗, k⃗

)
∂uk

∣∣∣∣∣∣ ≤ µ
∣∣∣⃗k∣∣∣+ γ2 (x, t) , (15)

∣∣∣∣∣∣
∂a⃗i

(
x, t, u⃗, k⃗

)
∂xj

∣∣∣∣∣∣ ≤ µ
∣∣∣⃗k∣∣∣2 + γ3 (x, t) , (16)

∣∣∣⃗b(x, t, u⃗, k⃗)∣∣∣ ≤ µ
∣∣∣⃗k∣∣∣2 + γ4 (x, t) . (17)

Our goal is to find conditions on singularities of γ2, γ3, γ4 under which for
solutions u⃗ (x, t) to the system (1) values of max

D̃T

|∇u⃗| and ∥u⃗∥Ξα
can be estimated

above by a constant for some α > 0.
Let ξ1 (x, t) be a positive smooth function so that 0 ≤ ξ1 (x, t) ≤ 1, zero when

t = 0 and on the sides of the cylinder. We calculate∫
[0, t]

∫
Ω

λν

2

∣∣∣∇uk∣∣∣2 exp(λ |u⃗|2) ξ12dxdt ≤
≤
∫
[0, t]

∫
Ω
exp

(
λ |u⃗|2

)( 2

λ
|ξ1∂tξ1|+ 2µ

∣∣∣∇uk∣∣∣2 ξ12 + µ
∣∣∇ξ12∣∣2) dxdt+

+

∫
[0, t]

∫
Ω
exp

(
λ |u⃗|2

)( λl
2ν
γ22 + 2γ2ξ1 |∇ξ1|+ γ4ξ1

2

)
dxdt.

Assuming that functions γ2 and γ4
1
2 are form-bounded, we obtain the estima-

tion
∫
DT

∣∣∇uk∣∣2 ξ12dxdt ≤ c where the constant c depends on l, ν, µ, µ0, M1,
max
DT

(|∇ξ1| , |∂tξ1|) and mes (DT ).

To estimate the integral
∫
B(r)

∣∣∇uk∣∣2s dx, we consider the identity

1

2 (1 + s)

∫
B(2ρ)

|∇u⃗ (x, t)|2+2s ξ2
2 (x, t) dx−

−
∫
[0, t]

∫
B(2ρ)

1

s+ 1
|∇u⃗|2s+2 ξ2∂tξ2dxdt+

+

∫
[0, t]

∫
B(2ρ)

dai
k

dxj

d

dxi

(
|u⃗|2s ξ2∇ju

k
)
dxdt−

−
∫
[0, t]

∫
B(2ρ)

bk
daki
dxj

(
|∇j u⃗|2s ξ2∇ju

k
)
dxdt = 0.
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After standard calculation, we have

1

2 (1 + s)

∫
B(2ρ)

|∇u⃗ (x, t)|2+2s ξ2
2 (x, t) dx+

+

∫
[0, t]

∫
B(2ρ)

ν

4
|∇u⃗|2s ξ22

∣∣∣∇∇uk
∣∣∣2 dxdt+

+ sν

∫
[0, t]

∫
B(2ρ)

∣∣∣∇uk∣∣∣2s−2
ξ2

2
∑
i

(∑
m

(
∇mu

k
)(

∇m∇iu
k
))2

dxdt

≤ c (l, ν, µ)

∫
[0, t]

∫
B(2ρ)

(γ2 + γ3 + γ4) (1 + |∇u⃗|)
∑
i,m

∇i

(
|∇u⃗|2s ξ12∇mu

k
)
dxdt

+

∫
[0, t]

∫
B(2ρ)

|∂tξ1| |∇u⃗|2s+2 dxdt+

+
(
c̆β̃β1 (1 + s) + 1

)∫
[0, t]

∫
B(2ρ)

|∇u⃗|2s+2 |∇ξ1|2 dxdt

)
.

Thus, we have

max
t∈[ε, T ]

∫
B(ρ)

|∇u⃗ (x, t)|2s+2 dx+

∫
[ε, T ]

∫
B(ρ)

|∇u⃗|2s+4 dxdt ≤ c (s̃) ,

which holds for ε > 0, 0 ≤ s ≤ s̃.
Let η be a smooth function equal to zero on the bottom of the cylinder B (ρ)×(

0, t̃
)
. By integration by parts, we have

∫
B(2ρ)

η (x, t)∇mu
k (x, t) dx−

∫
[0, t]

∫
B(ρ)

∂tη∇mu
kdxdt

+

∫
[0, t]

∫
B(ρ)

∂ai
k (x, t, u⃗, ∇u⃗)
∂∇juk

(
∇j∇mu

k
)
(∇iη) dxdt

+

∫
[0, t]

∫
B(ρ)

∂ai
k (x, t, u⃗, ∇u⃗)

∂uk

(
∇mu

k
)
(∇iη) dxdt

+

∫
[0, t]

∫
B(ρ)

∂ai
k (x, t, u⃗, ∇u⃗)

∂xm
(∇iη) dxdt

−
∫
[0, t]

∫
B(ρ)

bk∇mηdxdt = 0.

We denote

aij (x, t) =
∂ai

k (x, t, u⃗ (x, t) , ∇u⃗ (x, t))
∂∇juk

and
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Υm,k
i (x, t) =

∂ai
k (x, t, u⃗ (x, t) , ∇u⃗ (x, t))

∂uk
∇mu

k (x, t)

+
∂ai

k (x, t, u⃗ (x, t) , ∇u⃗ (x, t))
∂xm

−δimbk (x, t, u⃗ (x, t) , ∇u⃗ (x, t)) .

Therefore, we can consider the function ukm (x, t) = ∇mu
k (x, t) as a general

classical solution to the linear equation

∂∇mu
k
m

∂t
− ∂

∂xi

(
aij (x, t)∇ju

k
m +Υm,k

i (x, t)
)
= 0. (18)

Functions aij satisfy the ellipticity condition

ν (M1) ξ
2 ≤ |aij (x, t) ξiξj | ≤ µ (M1) ξ

2

and functions Υm,k
i must satisfy the solvability conditions for the linear parabolic

equation. Thus, the function ukm is a solution to the linear equation (18) therefore
we can apply the theory of linear parabolic equations.

Now, we can formulate the following propositions.
Proposition 1. Let function u⃗ ∈ C2,1 (DT ) be a solution to the system (1)

such that max
DT

|u⃗| ≤ M1, and the functions a⃗i (x, t, u⃗, ∇u⃗) and b⃗ (x, t, u⃗, ∇u⃗)

satisfy the condition (14) – (17) then for any domain D̃ ⊂ DT with the distance
d to the boundary ∂DT , the norm ∥u⃗∥Ξα(D̃T ) for some α > 0 has the upper

estimation depended on l, ν, µ, distance d, and form-bounded constant.
Proposition 2. Let function u⃗ ∈ C2,1 (clos (DT )) be a solution to the system

(1) such that max
DT

|u⃗| ≤ M1, max
DT

|∇u⃗| ≤ M2 and let for all |u⃗| ≤ M1,
∣∣∣⃗k∣∣∣ ≤

M2, (x, t) ∈ clos (DT ) functions a⃗i (x, t, u⃗, ∇u⃗) and b⃗ (x, t, u⃗, ∇u⃗) satisfy the
Lipschitz condition at t, differential at uk and kki and such that

νξ2 ≤

∣∣∣∣∣∣
∑

ij=1,...,l

∂a⃗i

(
x, t, u⃗, k⃗

)
∂kjk

ξiξj

∣∣∣∣∣∣ ≤ µξ2, (19)

∣∣∣∣∂aik (x, t, u⃗ (x, t) , ∇u⃗ (x, t))∂us

∣∣∣∣ ≤ γ (x, t) (20)∣∣∣∣∂aik (x, t, u⃗ (x, t) , ∇u⃗ (x, t))∂xm

∣∣∣∣ ≤ γ (x, t) (21)∣∣∣∣ ∂bs∂kk

∣∣∣∣ ≤ γ (x, t) ,

∣∣∣∣ ∂bs∂uk

∣∣∣∣ ≤ γ (x, t) , (22)

where the function γ is form-bounded. Then, max
DT

|∂tu⃗| can be estimated by a

constant depending on l, ν, µ̃ its maximum on the boundary and form-bounded
constant.
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Proposition 3. If max
t∈[0, T ]

|∇u⃗|αx,DT
≤ c and max

DT

|∂tu⃗| ≤ c̆ then |∇u⃗|
α

1+α

t,DT
≤ c4

where constant c4 depends on the boundary.
Proposition 4. Let functions a⃗i (x, t, u⃗, ∇u⃗) and b⃗ (x, t, u⃗, ∇u⃗) satisfy

(19) – (22) and boundary be smooth enough then for any solution u⃗ ∈ C2,1 (clos (DT ))
to the system (1) such that max

DT

|u⃗| ≤ M1, max
DT

|∇u⃗| ≤ M2 the norm ∥u⃗∥Ξα
has

upper estimation by constant depending on l, ν, µ, µ̃, M1, M2, its maximum on
the boundary and form-bounded constant.

5 The existence theorem

We formulate the theorem of the existence of the Holder solutions to the
parabolic quasilinear system.

Theorem 1. Let functions a⃗i (x, t, u⃗, ∇u⃗) and b⃗ (x, t, u⃗, ∇u⃗) satisfy our
general assumptions (2)-(4) and (19)-(22), and∑

i

(
|⃗ai|+

∣∣∣∣ ∂a⃗i∂uk

∣∣∣∣)(1 + ∣∣∣⃗k∣∣∣)+∑
i,j

∣∣∣∣ ∂a⃗i∂xj

∣∣∣∣+ ∣∣∣⃗b∣∣∣ ≤ µ
(
1 +

∣∣∣⃗k∣∣∣)2
and ∣∣∣⃗b(x, t, u⃗, k⃗)∣∣∣ ≤ (ε (|u⃗|) + P

(∣∣∣⃗k∣∣∣ , |u⃗|))(1 + ∣∣∣⃗k∣∣∣)2
where lim

|k⃗|→∞
P
(∣∣∣⃗k∣∣∣ , |u⃗|) = 0, ε > 0. Let for (x, t) ⊂ clos (DT ), |u⃗| ≤ M1,

∣∣∣⃗k∣∣∣ ≤
M2, functions a⃗i,

∂a⃗i
∂kmj

, ∂a⃗i
∂um ,

∂a⃗i
∂xj

∈ Hβ and b⃗ ∈ H
β
2 . Let ϕ⃗

∣∣∣
∂DT

be a continuous

in clos (∂DT ) with the continuous bounded derivatives second order at x and first

order at t and with the first differential at x, and let max
Ω

∣∣∣∇ϕ⃗ (x, 0)∣∣∣ <∞. Then

there exists a unique solution u⃗ ∈ Hα, α
2 (clos (DT )).

The uniqueness of the solution u⃗ ∈ Hα, α
2 (clos (DT )) to the system (1) can be

proven by classical methods. Let us assume that there are two different solutions
⃗̆u and ⃗̃u then they both must satisfy the integral identity∫

[0, t]

∫
Ω
∂tu⃗ϕ⃗dxdt+

∫
[0, t]

∫
Ω
a⃗i (x, t, u⃗,∇u⃗)

(
∇iϕ⃗

)
dxdt+

∫
[0, t]

∫
Ω
b⃗ϕ⃗dxdt = 0

for all vector-functions ϕ⃗ ∈ C∞
0 (Ω× [0, T ]). We subtract one identity from an-

other, we obtain the linear system∫
[0, t]

∫
Ω
∂tw

kφkdxdt+

+

∫
[0, t]

∫
Ω

(
ãij

k∇jw
k + b̃kwk

)(
∇iφ

k
)
dxdt+

+

∫
[0, t]

∫
Ω

((
c̃ki

)
∇iw

k + c̃kwk
)
φkdxdt = 0
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where we denote

ai
k
(
x, t, ⃗̆u, ∇⃗̆u

)
− ai

k
(
x, t, ⃗̃u, ∇⃗̃u

)
=

∇jw
k

∫
[0, 1]

∂ai
k
(
x, t, τ ⃗̆u+ (1− τ) ⃗̃u, τ∇⃗̆u+ (1− τ)∇⃗̃u

)
∂∇juk

dτ+

+wk

∫
[0, 1]

∂ai
k
(
x, t, τ ⃗̆u+ (1− τ) ⃗̃u, τ∇⃗̆u+ (1− τ)∇⃗̃u

)
∂uk

dτ =

def
= ãij

k∇jw
k + b̃kwk,

bk
(
x, t, ⃗̆u, ∇⃗̆u

)
− bk

(
x, t, ⃗̃u, ∇⃗̃u

)
=

∇jw
k

∫
[0, 1]

∂bk
(
x, t, τ ⃗̆u+ (1− τ) ⃗̃u, τ∇⃗̆u+ (1− τ)∇⃗̃u

)
∂∇juk

dτ+

+wk

∫
[0, 1]

∂bk
(
x, t, τ ⃗̆u+ (1− τ) ⃗̃u, τ∇⃗̆u+ (1− τ)∇⃗̃u

)
∂uk

dτ =

def
=
(
c̃ki

)
∇iw

k + c̃kwk

and wk = ŭk − ũk. From the theory of linear systems we obtain that the linear
system has a unique solution w⃗ = 0.
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