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Abstract

Let U(a, A), 0 < a < 1, 0 < A < 1, be the class of functions f(z) =
2+ a2 + azz® + - - - satisfying

<fé)>1+a -1

in the unit disc D. For f € U(a,A) we give sharp bounds of its initial
logarithmic coefficients 71, v2, 3.
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1 Introduction and definitions

Let A be the class of functions f which are analytic in the open unit disc
D = {z:|z] < 1} of the form

f(2)=2z+a2* +azz® +---, (1)
and let § be the subclass of A consisting of functions that are univalent in D.
For a function f € 8§ we define its logarithmic coefficients, v,, n = 1,2,..., by
o0
z
log f(z) =2 zjl 2" (2)
n—=

Relatively little exact information is known about those coefficients. The
natural conjecture |y,| < 1/n, inspired by the Koebe function (whose logarithmic
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coefficients are 1/n) is false even in order of magnitude (see Duren [3]). For the
class § the sharp estimates of single logarithmic coefficients are known only for ~;
and 72, namely,

1 1
<1 and |y <5 +-=0635...,

and are unknown for n > 3. For the subclasses of univalent functions the situation
is not a great deal better. Only the estimates of the initial logarithmic coefficients
are available. For details see [1, 2, 4, 7].

In the 1998 the class U(a, A) (0 < a < 1,0 < XA < 1) of functions f € A was
introduced by the first author with the condition

‘ <ffz))l+a fl(z) -1

There is shown that functions from U(a, A) are starlike, i.e., belong to the
class 8* of functions that map the unit disk onto a starlike domain, if

<A, zeD. (3)

l1—«

0< A< =
(1—-a)?+a?

A (4)

In the limiting cases when A = 1, and either & = 0 or a = 1, functions in the
classes U(0,1) and U(1, 1) satisfy

1(2) 1‘<1 d <z>2f’() 1| <1
— , an — z) — )
f(2) f(z)
respectively. The former is a subclass of 8* since the analytical characterisation

of starlike functions is Re Z}CES) > 0 (z € D), while functions in the latter class are
univalent.

In this paper we consider estimates of three initial logarithmic coefficients for
the class U(a, A), where 0 < a < 1, 0 < XA < A, and A, is defined by (4).

For our consideration we need the next lemma.

Lemma 1. [5] Let f € UW(a,N), 0 < a < 1,0 < X\ < 1. Then there ezists a
function w, analytic in D, such that w(0) =0, |w(2)| <1 for all z € D, and

[fé)] e /0 ) ;(ﬁ dt. (5)

By € we denote the class of analytic functions in ID:

w(z) = c1z +c2® feg 4+ (6)

with w(0) =0, and |w(z)| < 1 for all z € D.
In their paper [6] Prokhorov and Szynal obtained sharp estimates on the func-
tional
U(w) = |es + perca + vel|
within the class of all w € Q. For our application we need only a part of those
results.
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Lemma 2. [6] Let w(z) = c12+ 222+ 323 + -+ € Q. For i and v real numbers,
let
U(w) = |e3 + perey + vel,

and
1
Dy = (u,u):lulﬁgvlﬂﬁl ,
1 4 5
Dy, = (M7V):§§\M\S2,§(Iul+l) —(lul+1)<v <1y,
D3 = {(p,v):|ul <2,y >1}.

Then, the sharp estimate V(w) < ®(u,v) holds, where

1’ (/"77/) €D1UD2U{(271)};

Pv) = { 1, (4.v) € Ds.

2 Main results

Theorem 1. Let f(z) = z 4+ az2? 4+ azz® + - - - belongs to the class U(a, \) and A,
is defined by (4). Then the following results are best possible.

(i) |71|§ﬁwhen0<)\§)\*(md0<a<1.

(ii) Let A\ = i((lg_ag; and let oy = 0.4825... be the unique real root of the
equation
7ot — 2003 + 240% — 160 +4 =0

on the interval (0,1). Then

A . )\1,0[6 [O[l,l),
< —— f 0< AL
2l < 2(2 — ) / - {)\*, a € (0,a1],
and
a\? )
”}’2‘ SW ’Lf )\1§>\§)\*,OZG [a1,1).
—a)(2—a —a)3
(iii) Let A\yjp = %, Ay = % and ap/y = 0.2512... and o, =

0.5337 ... are the unique roots of equations
4 —12a —190% + 14a® — 2a* =0
and
3 —9a+9a% — 5a% =0,
on the interval (0, 1), respectively. Then
Ao,  a€(0,a,],

if 0<A<<S Aijo, a€loy,asl

A
[v3| < o
)\,,, [ RS [OzQ,l),

3— )
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where an = 0.9555 . . . is the unique real root of equation 110% —44a+32 =0
on (0,1). Also,

a?)\3

’73’ S m Zf )\VS)\S)\*,OCE [Oéy,l).

Proof. Let f € U(a,\) and w € Q are given by (1) and (6), respectively. Then,
from (5), upon integration, we have

that is,

(the principal value is used here). Further, from (7), having in mind that

1 1 1+2
+az2+( +a)(1+ 0‘)23+

1— —1/a _q
(1 —az) +z+ 2 6 ;

after some calculations, we obtained

2
oo o [e.9]
Ac 1+« Ac
E n_E _m o.n § n_.n
n:1an+12’ N n—az 2 ( n—az )

n=1 n=1
3
(1+a)1+20) (= Aen
+ 6 Z e az + .
n=1
By comparing the coefficients we receive
A
a2 = 1 acl)
_ A (L+a)r? ,
B a2 —ap® (8)
A (14 a)\? (14 a)(1+2a)A3 4
AT -2 6(1—a)p v

On the other hand, by comparing the coefficients in the relation (2), for the
logarithmic coefficients we obtain

= %am Yo = 2(2% —a3), 3= %(a4 — azaz + %a%). (9)
Using the relations (8) and (9), after some calculations, we have

A

7= mcly

2

Yo = % 22_>\a02 + (1a_)\a)2 il (10)
A 3

V3 = (3 4 perca +vey)

23— a)



Sharp bounds of logarithmic coefficients 229

where

_aB-a)A _a?(3— )N
u—m and I/—W. (11)

Since logarithmic coefficients are defined for univalent functions, in order to
guarantee univalence of f in all cases we need 0 < A < A4, where A, is defined in

(4).

(1) From (10) we have |y1| < ﬁ, where 0 < A < A\, and 0 < a < 1. The

result is the best possible as the function f; defined by

-1/
fl(z):z<1— o z> =2+

2
1—a A I

1—«
shows.

(i) Using the inequalities |c1| < 1, |ea| < 1 — |eg]? for w € Q and (10), we

have
ol < 1 [52 ol 2 e
R P A F RPN P
1] 2\ 5 a\? 9
<- |22 - 4
1] 2\ aX? 2\ 5
< = — =H .
=1 _2—a+<(1—a)2 2—a> |Cl|} ledd)
If % - % < 0, or equivalently,
2(1 — a)?
A< =
> 04(2—04) 1,
then |y2| < Hi(0) = ﬁ It is also necessary that
1
A<, = S
(1-a)?+a?

The last inequality will hold if A1 < A4, or equivalently, if
7ot — 2003 4 240% — 160+ 4 < 0,
ie., if a € [aq, 1), where a; = 0.4825. .. is the unique real root of equation
Tat —200° + 240? — 160 +4 =0

on the interval (0,1). If « € (0, aq], then A\; > A, and we have that 0 < A <
Ax will imply the same result.
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Finally, if o € [av1,1), 1.e., A1 < Ay, and A < A < A, then, from the
previous consideration we obtain

a2

72| < Hi(1) = = a)

Those results are the best possible as the functions

—1/a -1/«
filz) ==z <1 _ o z> and fa(z) =z <1 S z2> ,

11—« 2—«
given by (7) forca =1 (ci =cg3=---=0)orforc; =1 (ca=c3=---=0),
show.
(131) From (10) we have
Y ; A
< =—V 12

where p and v are given by (11).

Next, we want to apply the results of Lemma 2, and for that we need to
distinguish the cases in the definitions of the sets Dy, D5, and Ds.

First, we note that u and v are both positive.

Further, p = % < 1 is equivalent to

(1—-a)(2—a)

<——F = .
0<)\_ 2a(3_a) )\1/2

It is necessary that A < A, where A, is defined by (4). After some
calculations, A/ < A, is equivalent to

4 — 120 — 1902 + 1402 — 20 <0,

ie., toa€ [al/g, 1), where o/ = 0.2512... is the unique real root of the
equation
4—12a —19a% + 14a® — 2a* = 0

on the interval (0,1). In that sense we have

1 A2, @ € [agp,1),
< = A< 1
O<M_2 < _{ A*, O[E(0,0ZI/Q]. ( 3)
_ a?2(3—a)X? . .
On the other hand, by (11), v = e < 1 is equivalent to
3(1 — )3
0cagy S0zel )

a?(3 — )
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It is again necessary that A < A,.

Next, A\, < A\, after some calculations is equivalent to
3—9a+9a® —5a® <0,

which is true when « € [a,, 1), where a,, = 0.5337. .. is the unique real root
of equation
3 —9a + 9a” — 5a® = 0.

It means that

Ay @ € [y, 1),

Aoy € (0,a,]. (14)

0<v<l & )\S{

Also, Ao < Ay is equivalent to 11a? — 440+ 32 > 0, i.e., to a € (0, as],
where as = 0.9555. .. is the unique real root of equation

11a? — 440+ 32 =0

on the interval (0,1).
Using all those previous facts, we can conclude that if
A,  a€(0,a,],

0<A<S Aoy @€ fay, a9,
AV? « E [a271)7

then 0 < 4 < J and 0 < v < 1. By Lemma 2 (case D;) it means that
V(w) < 1 and so, by (12):

< —.

The result is best possible as the function f3(z) = z (1 o %Z:),)*l/a
obtained for c3 =1 (¢ =ca =c4 =---=0) in (7) shows.
If XA <A< A oy <a<ag, then ) <v <1 and
a3 —a) < a3 —a)\,
(-a)2-a) = (1-a)2-a)
_V31-a)B-0)

2—«

Sp=

1
2

< 1.2667....

3(1;_04())53—&) is a

The last is obtained for @ = «, = 0.5337... since
decreasing function on (a,, as).

For the study of the set Ds, we note that the function

B = (L ) = (14 )
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is an increasing function for % <wpu<2,and

d(p) < ¢(1.2667...) = —0,541... <0< v < 1.

That implies ¥(w) < 1 (by Lemma 2, case D), and follows the same

. A . .
sharp estimate |vy3| < 3(3—q) @8 In previous case.

Finally, since for all 0 < A < A, we have 0 < pu < 2 (easy to check)
and if A\, < A < A, @ € [a,1), then v > 1, and by Lemma 2 (case Ds):
U (w) < v, which by (12) implies

s < 2B —a)X? oA
BI=oB-a) 31-a)B3  6(1-a)PF

-1/«
The result is the best possible as the function fi(z) = 2 (1 - %z)
given by (7) and ¢; =1 (ca = ¢g = --- = 0) shows.
O
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