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THE (,-NORM

Sung Guen KIM!

Dedicated to Professor Marin Marin on the occasion of his 70th anniversary

Abstract

Let n,m € N with n,m > 2. For given unit vectors x1,--- ,x, of a real
Banach space E, we define

NALCE) (@1, wn) ={T € L("E) : [T(x1, -+ 2n)| = [|IT] = 1},

where £L("E) denotes the Banach space of all continuous n-linear forms on
E endowed with the norm [|T'[| = supj,,|j=1,1<k<n [T(Z1, - ., Zn)|-

In this paper, we present a characterization of the elements in the set
NA(L(™y))(We, -+ ,Wy,) for any given unit vectors Wy,..., W, € (7},
where (7 = R™ with the ¢;-norm. This result generalizes the results from
[7], and two particular cases for it are presented in full detail: the case
n = 2,m = 2, and the case n = 3, m = 2.
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1 Introduction

Let n,m € N,n,m > 2. We write Sg for the unit sphere of a real Banach space
E. We denote by £("FE) the Banach space of all continuous n-linear forms on F
endowed with the norm [|T'|| = sup|,,|j=1,1<k<n |T (%1, .., 2n)[. The subspace of
all continuous symmetric n-linear forms on E is denoted by L4("FE). A mapping
P : E — R is a continuous n-homogeneous polynomial if there exists T € L("E)
such that P(x) = T(xz,...,z) for every z € E. We denote by P("E) the Banach
space of all continuous n-homogeneous polynomials from E into R endowed with
the norm || P|| = supjjy=1 |P(z)|. For more details about the theory of multilinear
mappings and polynomials on a Banach space, we refer to [4].

An element (z1,...,x,) € E" is called a norming point of T € L("E) if
|x1]] = -+ = ||lzpn]| = 1 and |T(z1,...,2,)| = ||T||. In this case, T is called norm
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attaining at (r1,...,x,). Similarly, an element = € E is called a norming point of
P eP"E)if ||z|| =1 and |P(x)| = || P||. In this case, P is called norm attaining
at . Let X = L("E) or L4("E). For z,x1,--- ,x, € Sg, we define

NAX) (21, an) ={T € X : |T(x1, - ,an)| = |T|| = 1}

and
NA(P("E))(z) ={P € P("E) : |[P(x)| = ||P| = 1}.

Notice that

NAL("E))(x1,-++ yxn) = NA(L("E))(£x1, -+ , £xy),

NA(LS(nE))(‘Tlv e ’xn) = NA(LS(LE))(ixU(l), Tt 7ixa(n))

and
NA(P("E))(z) = NA(P)("E))(—=)

for all ,z1, - ,x, € Sg and for all permutation o on {1,...,n}.

Let us introduce a brief history of norm attaining multilinear forms and poly-
nomials on Banach spaces. It was initiated in 1961 by Bishop and Phelps [2], who
showed that the set of norm attaining functionals on a Banach space is dense in
the dual space. Shortly after, attention was paid to possible extensions of this
result to more general settings, specially bounded linear operators between Ba-
nach spaces. The problem of denseness of norm attaining functions has moved
to other types of mappings like multilinear forms or polynomials. The first re-
sult about norm attaining multilinear forms appeared in a joint work of Aron,
Finet and Werner [1], where they showed that the Radon-Nikodym property is
sufficient for the denseness of norm attaining multilinear forms. Choi and Kim
[3] showed that the Radon-Nikodym property is also sufficient for the denseness
of norm attaining polynomials. Jiménez-Sevilla and Payé [5] studied the dense-
ness of norm attaining multilinear forms and polynomials on preduals of Lorentz
sequence spaces.

It seems to be natural and interesting to study about

NAL("E))(x1, -+ ,xn), NA(Ls("E))(z1,- -+ ,zpn) and NA(P("E))(z)

for z,x1, -+ ,x, € Sg. Kim [6] classified NA(?(2£]2)))((1‘1,$2)) for (x1,x9) € Sez
and p € {1,2, 00}, where £ = R" with the £,-norm. Recently, Kim [7] classified
NALEE)) (w1, 22)) for (w1,79) € Sez.

In this paper, we characterize NA(L("™¢}))(Wh,---,W,,) for any given unit
vectors Wh,..., Wy, € Spn. This result generalizes the results from [7], and two
particular cases for it are presented in full detail: the case n = 2, m = 2, and the
case n =3, m = 2.
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2 Main results

Theorem 1. Let n,m > 2. Let T' € L("™{}) with

T((xgl),...,xg)),...,(mgm),...,xglm))) = Z Qi xl(ll)mfz),

1<ip<n, 1<k<m
where aj,...;,, € R for all1 < i <n,1 <k <m. Then

IT|| = max {|ai,..i,,| : 1 <ip <n, 1<k <m}.

Proof. Let M := max{|a;,..i,,| : 1 <ixr <n, 1 <k < m}. Let (xgk),...,x%k)) €
Sg;z for 1 < k < m. It follows that

(@0, 2D, @™, 2l

1

< STt 2] )

1<in<n, 1<k<m

1
< MY e
1<iy<n, 1<k<m
1
= M( X 1) (X ) =M
1<j<n 1<j<n
= max{‘T(eil,...,eimﬂ 1 <ip<n, 1<k< m}
< |17
Therefore, ||T'|| = M. O

Let T € £(™7) with

T((@a®) @) = > i, 2l

1<ip<n, 1<k<m

for some ay,...;,, € R. For simplicity we will denote T' = (ail"'im)1<z‘k<n'

Let Wy,...,Wp, € Spm. Notice that T € NA(L("™Y))(Wh,---,Wy,) if and
only if —T' € NA(L(™0)) (W1, -+ , W)

We are in a position to prove the main result of this paper.

Theorem 2. Let n, m > 2. Suppose that Wy, ..., Wy, € Sp with W; =
(tgj), e tg)) for 1 < j <m. Then the following assertions hold:

Case 1. Iftgll)--ig;n) #£0 forall1 <ix <n,1 <k <m, then

NAL )Wy, Wiy) = { + (sign (tgll) o 't’(:)))gikgn}'
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Case 2. Iftg,l) . -ti,m) =0 for some 1 < z}c < n, then
1

m

(1) ym)

NAL( )W, W) = { & (i-4,,) — sign () --{™)

1<ip<n * Fir-im

it ™ 20 and ag,..,, € [<1,1] if 10 = 0}.

im

Proof. It suffices to show the case 2 because the proof of the case 1 is similar.
Let

. 1 m
F. = { + (air--im)lﬁikén Sy Gy, = Slgn(tl('l) a 'tgm))
. 1 m . 1 m
if tz('1) ' ”tz('m) # 0 and a;, ..., € [—1,1] if tz(l) . 'tl(m) - O}'

Claim 1. F C NA(L(™0) (Wi, -+, W)

Let T € F. Write T' = (a,...,,)
|T|| = 1. It follows that

T Wadl = | 30 i, 66|

7;1 ’ i’VV‘L
1<ip<n, 1<k<m

| Y w0

1<ip<n for some aj,...;,, € R. By Theorem 1,

t(.l)...t(_"”;éo D m)_g
i1 m 1 tm
1 1
D DR X B R R SN i) B
(1) ,(m) 1) ,(m)_
ty) oty #0 ty oty =0
1
= (X ) (X w) =1 =T,
1<i1<n 1<im<n

Thus T € NA(L(™}))(Wh, - -+, Wy,). Claim 1 holds.
Claim 2. NAL("™}))(Wh,--- ,Wp,) CF.
Let S € NAL(™) Wy, ,Wy,). Write S = (bj;.,,) for some

1<ip<n
bi,...i,, € R. Since ||S|| =1, |biy..i,,,| < 1 for every 1 < ij < n. It follows that
1 = [SWy,...,Wy)| = \ ST by )t (
1<ip<n, 1<k<m

1 1
_ ‘ ST b 8t ST by, ‘
£0.a(m) 20 t..4(m —g

1 m
= S iy 1Y)

tgi)---tgz);éo

1 m
< S e =1,

(1), (m)
ty )t £0

which implies that b;,...;,, = sign(tgll) = -tz(::)) for tl(-ll) - ~t§:) # 0.

Thus S € F. Claim 2 holds. This completes the proof. O
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Let T((z1,41), (w2,¥2)) = annz1@2 + ag2y1y2 + a1221y2 + a21y1x2 € L(363) for
some a;; € R for 4, j = 1, 2. For simplicity, we denote T = (a11, a22, a12, az1).
Kim [7] classified NA(L(262))((x1,1), (x2,92)) for given (z1,v1), (z2,v2) €
542.
1

We have the results from [7] as a corollary.

Corollary 1. Let (x1,y1), (x2,y2) € Spz. Then the following statements hold:
Case 1. z;y; #0 for all j =1,2.

If xjy; > 0 for all j = 1,2,

then NA(L(zgf))((wla yl)? (xQ; yQ)) = {j:(lv L1, 1)}
If xjuy; <O for all j = 1,2,

then NA(LCE))((x1,91), (w2, 12)) = {£(1,1,~1,~1)}.
If T1y7 > 0 and xoys < 0,

then NA(C(22)) (@1, 1), (v2.112)) = {(1,—1,~1,1)}.
If £197 < 0 and xoys > 0,

then NA(L(22)) (@1, 1), (v2,12)) = {(1,~1,1,~1)}.

Case 2. z1y1 = 0 and x2y2 # 0

If x1 =0 and xoy2 > 0,

then NA(L(QE%))((xl,yl), (z2,y2)) = {£(a,1,¢,1) : |a] < 1,|c| < 1}.
If x1 =0 and xoy2 < 0,

then NA(L(6D))((x1,41), (w2, 92)) = {*(a, 1,¢,—1) : |a| <1, ][ < 1},
If y1 = 0 and x2y2 > 0,

then NA(L(6]))((x1,91), (2, 92)) = {F(1,b,1,d) = [b] < 1,]d| < 1}.
If y1 = 0 and x2y2 < 0,

then NA(L(zgf))((thﬂ% (x%y?)) = {i(17b7 _lvd) : ’b’ < 17 |d‘ < 1}'

Case 3. z2y2 =0 and z1y1 # 0

If xo =0 and x1y1 > 0,

then NA(L(203))((x1,31), (z2,92)) = {*(a,1,1,d) : |a| < 1,|d| < 1}.
If v =0 and x1y1 <0,

then NA(L(23))((x1,11), (z2,92)) = {*(a,1,—1,d) : |a] < 1,|d| < 1}.
If yo =0 and x1y1 > 0,

then NA(L(23))((x1,11), (z2,92)) = {F(1,b,¢c,1) : |b] < 1,]¢| < 1}.
If yo =0 and x1y1 <0,

then NA(L(E))(21,01), (22, 32)) = {2(1,b,¢,~1) 5 ol < 1, e] < 1}

Case 4. T1y1 = x2y2 =0

If 1 — T2 = O,

then NA(LCE)) (21, 31), (32,52)) = {4(a, 1, ) Jal < 1,]e] < 1,]d] < 1},
If Tl = Y2 = 0,

then NACLCE)) (21, 31), (22,1)) = {0, b, 1) : a] < 1,]b] < 1,]e] < 1},
If o =Y = 0,

then NA(L(263))((x1,11), (z2,92)) = {*(a,b,1,d) : |a| < 1,|b] < 1,]d| < 1}.
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If y1 =92 =0,
then NA(L(23))((z1,91), (w2, 42)) = {£(1,b,¢,d) : |b] < 1,]¢] < 1,[d] <1}

Let T((z1,y1,21), (T2,¥2,22)) = anzira + axyiy2 + aszzize + aeriyz +
a921Y1T2 + a13r122 + a3121°2 + a923yY122 + az2z1ys € 5(25?) for some ai; € R
(j = 1,2,3). For simplicity, we denote T' = (a11, a2, ass, a2, az1, a3, asi, a3, as2).

By Theorem 2, we completely describe the elements of the set

NA(L(%6)) (W, Wa)
for any given unit vectors Wy = (z1,y1, 21), Wa = (22,2, 22) € S@‘i"

Since

NA(LCE) (Wi, Wa) = NALCE))(~Wi, = Wa),

we may assume that x; > 0 for j = 1,2.

Corollary 2. Let Wi = (1.4, 6"), Wy = (17,48 +7) € Sy with £/ > 0
for all j =1,2. Then the following statements hold:

Case 1. tgj)tgj)téj) #£0 forallj=1,2.
Suppose that tgj)téj) >0 forall j=1,2.
it > 0,600 > 0,42 > 0,62 >0, then
NALCE) (W, Wa) = { £(1,1,1,1,1,1,1,1,1) }.

It > 0,6 > 0,42 < 0,t <0, then

NALCE) (W, Wa) = {£(1,-1,-1,-1,1,-1,1 - 1,-1) }.
It <060 < 0,682 > 0,62 >0, then

NALCE) (W, Wa) = { £(1,-1,-1,1,—1,1,—-1,-1,—-1) }.
It <060 < 0,482 < 0,62 <0, then

NALCE) W, Wo) ={ £(1,1,1,-1,-1,-1,-1,1,1)}.

Suppose that tgl)tél) > 0 and th)t:(f) < 0.

It > 0,680 > 0,682 > 0,62 <0, then

NALCE) Wy, Wa) = { £(1,1,-1,1,1,-1,1,—1,1)}.
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It > 0,60 > 0,42 < 0,4 > 0, then
NALCE) (Wi, Wa) = { £(1,-1,1,-1,1,1,1,1, 1)},
1) <0680 < 0,62 > 0,62 <0, then
NALCE) (Wi, W) = { £(1,-1,1,1,-1,—1,-1,1, 1)}
) > 0,600 > 0,42 < 0,62 >0, then
NALCE) (W, Wa) = {£(1,1,-1,-1,-1,1,-1,—1,1)}.
Suppose that tgl)tél) <0 and tg)ti(f) > 0.
1t > 0,6 < 0,42 >0t > 0, then
NALCE) (W, Wa) = { £(1,1,-1,1,1,1,-1,1, 1)},
) > 0,600 > 0,42 < 0,62 <0, then
NALCE) Wy, We) ={£(1,-1,1,-1,1,-1,—-1,-1,1) ).
It < 0,69 > 0,42 >0t > 0, then
NALCE) (W, Wa) = { £(1,-1,1,1,-1,1,1,—1,1)}.
) <068 > 0,62 < 0,62 <0, then

NA(L(2£?)>(WI; W2) = { + (17 17 _17 _17 _17 _17 17 17 _1)}

Suppose that tgj)tgj) <0 forallj=1,2.
It > 0,600 < 0,42 > 0,62 <0, then

NALCE) (W, W) = { £(1,1,1,1,1,-1,-1,—1,-1) }.
It > 0,6 < 0,42 < 0,t? > 0, then

NALCE) (W, Wa) = { £(1,-1,-1,-1,1,1,-1,1,1) }.
It <068 > 0,47 > 0,62 <0, then

NALCE) W, Wo) ={£(1,-1,-1,1,-1,-1,1,1,1)}.
It < 0,6 > 0,42 < 0.t > 0, then

NALCE) (Wi, Wa) = { £(1,1,1,-1,-1,1,1, -1, -1) }.



180 Sung Guen Kim

Case 2. tgj)tgj)téj) =0 for some j =1,2.

2.1, V) = 0 and 1262 £ 0

If tgl) =0, then

NALCE) (W, W) = { + (a11,81gn(t5 )t(2)) sign(tél)té )) a12,51gn(tg )42 )) ais,
sign(tgl)t§2)),sign(tgl)t§2)),sign(tgl)tg )) Darn] <1, |ara] <1, jaig] < 1}.

If tgl) =0, then

NA(LCO) (W, Ws) = { + (sign(tV D), ago, sign(tV D), sign (V1) ag,
sign(tgl)tgf)),sign(tél)t?)),agg,sign(tgl)tg ))) saga] <1, lag] < 1, |ags| < 1}.
If tgl) =0, then

NALCE) (W, Wa) = { & (sign(t1), sign(tV15), ags, sign(tVe5?),

81gn(t§) (2 )) sign(tgl)tgz)) a31,81gn(t5 )t( )) a32) s ass) <1, |as1| < 1, |age| < 1}.

2.2. t P4 = 0 and t{VeV4) £ 0

If th) =0, then

NALCE)) (Wi, Wa) = { + (a1, sign(tV12)), sign(tV1?), sign(tV$?), ag,
sign(t$Y), agy, sign(t$V44?), sign (#8048 + Jaas| < 1, az| < 1, |ag| < 1}.
If tg2) =0, then

NA(LCE)) (W, W) = { + (sign(tgl)tg )) a22,81gn(t( S )) a12,51gn(t( )42 )),

sign(t{157), sign(517), sign(t5V157), azn) + [ana] < 1, Jana] <1, Jasa] <1}

If téz) =0, then
NALCE) W1, Wa) = { = (sign(tse1?), sign(t§ 1), azs, sign(t;e5?),

(1) ( ) +) g2))

sign(ty 't77), a3, sign((t5 't ,agg,sign(tg )tg )) sass| < 1, |aiz| < 1, |ags| < 1}.

2.3. t9¢40) =0 for j =1,2.



Norm attaining multilinear forms on R™ with the ¢i-norm 181

Suppose that tgl) =0.

It = 0,426 £ 0, then

NA(L(zﬁif))(Wl, Ws) = { + (an,sign(tgl)tgz)),sign(tgl)tgz)), ai2, a1, 413, Asi,
sign(tS" 187, sign(t54$7)) : Janr] < 1, la1a] < 1, |az| < 1, ars] < 1,]azi| < 1}.

If tgz) = téQ) =0, then

NA(L(QE‘I)))(Wl, W) = { + (all,agg,Sign(tél)tg2)),(112,(121,6“3,agl,Sign(tgl)tém),agg) :
la11] < 1, |age| < 1, |a2| < 1, ag1] < 1, |as| < 1, az1| < 1, |agz| < 1}-

It =12 = 0, then

NA(LCE)) (W, Wa) = { + (an,SigH(tél)tgz)) a33,a12,a21,a13,a317a23781gn(t( S ))) i
la11] <1, ass| < 1, |a12] <1, a2i] < 1, |as| < 1, |azi| < 1, |ags| < 1}-

It = 0,496 £ 0, then

NALCE) (W, Wy) = { + (a11, age, sign(tél)tgf)), a12,sign(t§1)t§2)), a13,sign(t§1)t§2))a
sign(tél)t:?)),agg) Daw| < 1 Jage| <1, |are] < 1, ]ais| < 1,]ass| < 1}-

It =12 =0, then

NA(L(ZE“Z’))(WL W) = { + (an,agg,a33,alg,sign(tél)tgz)),alg,sign(tgl)t§2)),agg,agg) :
la11] < 1,]age| < 1,lass| < 1,]ai2] < 1,a13] < 1,]ags| < 1, |asz| < 1}-

Ift3 —Ot 750 then

NA(LCE) (Wi, Wa) = { & (ar, sign(t5157), ass, arz, sign (5117, asg, sign(t4”),

a23,Sign(t§1)t§2))) sain] < 1,]asz| < 1, |are] < 1,]a13] < 1, |ags| < 1}-

Suppose that tél) =0.
It = 0,426 £ 0, then
NA(LCE)) (W, W) = { + (all,agg,s1gn(t§) (2 )) 51gn(t( )tg )) agl,sign(tgl)t?)),agl,

a23,51gn(t( i) ) :lan] <1, Jage] <1, ax| < 1,]as| < 1, |ags| < 1}-
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It =% =0, then

NALCE)) (W, Wa) = { + (a11, ag, Sign(tgl)f?)),alz, a21,SigD(t§1)t§2))7 asi, azs, asz)

la] <1, (0] <1, |a1z| < 1, |ag1| < 1, |agi| < 1, |ags| < 1, |age| < 1}.

It =1 =0, then

NA(L(QE:{’))(Wl,Wg) = { + (an,agg,agg,sign(tgl)tg)),agl,alg,agl,a23,sign(t§1)tg2))) :
la11] < 1, |age| < 1,ass| < 1, a1 < 1,|as| < 1, laz1| < 1, |ags| < 1}-
It = 0,696 £ 0, then
NA(LCE)) (Wi, Wa) = { + (sign(t

. 1),(2
s1gn(t§, )tg ))aa237a32) taga| < 1,]a12] < 1,]a21] < 1,]ags] < 1, ]aze| < 1}~

51)1532)), a2, sign(tél)téz)), ai2,as1, sign(tﬁl)téf))

)

It =12 =0, then

(1)4(2)

: (1),(2) .
17t7), ag2, ass, aia, a1, a1z, sign(ty 't;"), ags, asz) :

NA(L(2B)) (W, Wa) = { + (sign(t (

laga| < 1,]ags| < 1,ai2| < 1,|ag1]| < 1,a13| < 1,|ags] <1,lass| < 1}-
It = 0,696 £ 0, then

NALCE) (Wi, Wa) = { & (sign(t1), aze, ags, sign(1V157), a1, arg, sign(t17),

. 1),(2

a23,51gn(t§ )té ))) age| <1, lass] < 1,]a21| <1, |a13] < 1,]azs| < 1}-
1 _

Suppose that t; ' = 0.

It = 0,426 £ 0, then

NALCE) (Wi, Wa) = { £ (arn,sign(ty857), asg, sign(t{"1,”), azr, sign(t{15?),

asn,sign(t5V657), age) ¢ lant] < 1, Jagal < 1, Jaz| < 1, Jasa| < 1, Jasa] <1},
11t =% =0, then

NA(L (26?))(W17 WZ) = { + (all, a92, 033, a12, 421, sign(t(l)t@) (1)

. 2
17ts7), as1, sign(ty té)),ag,g)Z

jant] < 1, lazel < 1, Jags] < 1, faa] < 1, Jazt] < 1, Jasa| < 1, ]aga| < 1.
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It =% =0, then

NALCE) Wy, Wa) = { + (all,Sign(tS)tg)%a33,Sign(tgl)tgz)),azlaam,a31,a237a32) :
la11] < 1,]ass| < 1,]ao1] <1, |ai3| <1, |azi| < 1,]azs] < 1,]agz] < 1}-

It = 0,626 £ 0, then

NA(L(2€?))(W1, Wg) = { + (sign(tgl)t?)), ag2,a33,a12, sign(tél)t?)), Sign(fgl)t:(sz)), asi,
sign<t§1)t§2)),a32) sagg| < 1, ]asz| < 1, ]arz| < 1,]asz1| < 1,]asz| < 1}-

It =1 =0, then

NALCE)) (W1, Wa) = { + (Sigﬂ(tgl)tf)),an,a?)s,a12,Sign(t§)tg2)),a13,a31’a23,a32) :
laga] <1, ass| < 1,aie| <1, ai3] <1, as1]| < 1, |ags| < 1, |ase| < 1}-

It = 0,962 £ 0, then

NALCE) (Wi, Wa) = { & (sign(t{"17), sign(8157), ass, sign (1117, sign (1811,
a13,a31, 23, as2) : |ass| < 1, lars] < 1,]as| < 1, ]ags| < 1, lage| < 1}-

Proof. 1t is an immediate particular case of Theorem 2. O

Remark 1. Notice that Theorem 2 is an algorithm to find a characterization
of the elements in the set NA(L("™}))(Wh, -+, Wy,) for any given unit vectors
Wi,..., Wi € Sgn i for given n,m € N with n,m > 2, we could explicitly describe
the set NA(L("0}))(Wi, .-, Wi,) by computing all possible finitely many cases
as like those of Corollary 2.
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