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Abstract

Some isothermal motions of the incompressible generalized Burgers fluids
in cylindrical domains are investigated when the magnetic and porous effects
are taken into consideration. Analytical expressions are established for the
dimensionless steady state velocity fields corresponding to motions between
two infinite horizontal coaxial circular cylinders. The respective motions are
generated by oscillatory or constant pressure gradients which act along the
common axis of cylinders. Similar velocities for motions through an infinite
circular cylinder are obtained as limiting cases of previous solutions. All
results can be easily particularized to give similar solutions for the incom-
pressible Burgers, Oldroyd-B, Maxwell and Newtonian fluids. Finally, some
numerical results are graphical represented and discussed. It was found that
the fluid velocity diminishes for increasing values of the magnetic and porous
parameters. It means the fluid moves slower in the presence of a magnetic
field or porous medium.
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1 Introduction

It well-known the fact that exact solutions of the different boundary value
problems can characterize the behavior of a moving fluid or a solid in deformation.
In addition, these solutions can be used as tests to verify numerical schemes
that are developed for the study of more complex problems of motion of fluids
or deformation of solids. On the other hand, the steady state (long time or
permanent) solutions for unsteady motions of fluids which become steady in time

I Corresponding author, Academy of Romanian Scientists, 3 Ilfov, Bucharest 050044, Roma-
nia, email: c_fetecau@yahoo.com or fetecau@mail.tuiasi.ro



160 Constantin Fetecau

are necessary and sufficient to determine the required time to reach the steady or
permanent state. From mathematical point of view, this is the time after which
the diagrams of the starting solutions overlap with those of steady state solutions.
In practice, this time is very important for the experimental researchers who want
to know the transition moment to the steady or permanent state. Of course, the
presence of a magnetic field or porous medium during a fluid motion can increase
or decrease this time and the interplay between a moving electrically conducting
fluid and a magnetic field has significant effects in domains of physics, chemistry
and engineering. On the other hand, the fluid motions through porous media
have multiple applications in various domains such as oil reservoir technology,
petroleum industry, agricultural engineering and geophysical and astrophysical
investigations.

The main purpose of this work is to provide analytical expressions for the
steady state solutions corresponding to some isothermal magnetohydrodynamic
(MHD) motions of the largest class of rate type fluids through a porous medium
induced by an oscillatory or constant pressure gradient in cylindrical domains.
Among the first exact solutions for unsteady motions of non-Newtonian fluids
in such domains we remember those of Rajagopal [8], Ramkisson [10], Bandelli
and Rajagopal [1] and Rajagopal and Bhatnagar [9]. Interesting extensions of
the previous results to a large class of rate type fluids, names incompressible
generalized Burgers fluids (IGBF's), have been realized by Fetecau et al. [2], Tong
and Hu [12], Corina Fetecau et al. [3], Fetecau et al. [4] and Khan et al. [7]. Some
exact solutions for MHD motions of incompressible Oldroyd-B fluids through a
porous medium in a circular cylinder have been recently developed by Hamza
[6]. The fluid motion is induced by different time dependent pressure gradients.
Extension of these results to incompressible Burgers fluids has been developed by
Rabia Safdar et al. [11].

In the following, we shall provide close-form expressions for the steady state
solutions of some isothermal MHD unidirectional motions of IGBFs through a
porous medium between two infinite coaxial circular cylinders. The constitutive
equations of these fluids, as they have been defined in [5], are given by the following
relations
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T:—pI—I-S,S—l—)\l(j;-l-)\z(;tg:u(A-f—)\g%?-f-)q%;g), (1)
where T is the Cauchy stress tensor, —pl is the indeterminate spherical stress, S is
the extra-stress tensor, A is the first Rivlin-Ericksen tensor, u is the fluid viscosity,
A1 and A3 (< A1) are relaxation and retardation times, Ay and A4 are other material
constants whose dimension is the square of time and §/Jt denotes the time upper-
convected derivative. When Ay = 0, Ao = Ay = 0 or Ao = A3 = Aq4 = 0, the
governing equations (1) define incompressible Burgers, Oldroyd-B and Maxwell
fluids, respectively. The constitutive equations of incompressible Newtonian fluids
are recovered when \{ = Ay = A3 = \y = 0.
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2 Problem formulation and governing equations

Let us consider an electrical conducting IGBF at rest in a porous medium be-
tween two infinite horizontal coaxial circular cylinders of radii Ry and Ry (> Ro).
In the following one considers motions of IGBFs whose velocity vector w is given
by the relation

w=w(rt) =w(rt)e,; Ro<r <Ry, t>0, (2)

reported to a suitable cylindrical coordinate system r, # and z in which e, is the
unit vector in the z-direction. Such a motion, for which the continuity equation
is identically satisfied, can be generated by an oscillating pressure gradient
g]; = —Pcos(wt) or gi) = —Psin(wt), (3)

which after the moment ¢ = 0" acts on the inner fluid along the common axis
of cylinders. Here, the dimensional constant P is the amplitude and w is the
frequency of oscillations.

Assuming that the extra-stress tensor S, as well as the velocity vector w, is
a function of r and ¢ only and using the fact that the fluid has been at rest up
to the initial moment ¢ = 0, the equalities (1), and (2) allow us to show that the
non-trivial shear stress 7(r,t) = S,.(r,t) satisfies the partial differential equation
3,4

0 0? 0 0%\ ow(r,t
(1+)\18L‘+>\28152)T(T’t):'u<1+)\30t+)\4879> wa(: );

Ry<r< Ry, t>0.

(4)

The balance of the linear momentum, in the presence of a circular magnetic
field B = (0, B,0) that acts on the fluid after the initial moment ¢ = 0, reduces
to the relevant partial differential equation (see for instance [11, Equation (3.21)]
for Burgers fluids)

ow(r,t) dp Or(rt) 1

_ Y - . 2 .
5% = 3, + o + . 7(r,t) — o B w(r,t) + R(r,t); 5)

Ry <r< Ry, t>0,

in which p is the fluid density, o is its electrical conductivity and the Darcy’s
resistance R(r,t) has to satisfy the partial differential equation

0 2 0 2
<1+)\1 5 +/\Qatz) R(r,t) = —u% <1+)\36t +/\4at?) w(r,);

Ry <r< Ry, t>0.

(6)

In the above relation ¢ and k are the porosity and the permeability of the
porous medium.
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The initial and boundary conditions corresponding to these motion problems
are

ow(r,t) 0*w(r,t)
w(r,0) = = —>= =0; Rop<r <Ry, (7)
ot | oz |,
or(r,t) 01 (r,t)
T(r,0) = = —7 =0; Ro<r<Ry, (8)
ot |,_o o |,
OR(r,t
fR(r, t) = é:;’ ) =0; Ryg<r< Ry, (9)
t=0
respectively,
w(Ry,t) = w(Ry,t) =0; t > 0. (10)

Introducing the next non-dimensional variables, functions and parameter

1 1 v "
*:7 5 *:7 5 t*:7t’ *:7 5
r er z Rlz R% w PR%w
(11)
TN = ——7T — == = —
PR, p PRlp )

in Equations (4), (5) and (6) and dropping out the star notation, one obtains the
dimensionless forms

2 2
<1+a 0 42 >7’(’F,t): <1+ca+da) Oulr,t).

ot ot? ot ot? or (12)
a<r<l,t>0,
ow(r,t) ~ 9dp  Or(r,t) 1 B .
5 = "3 + & + - T(r,t) — Mw(r,t) + R(r, t); (13)

a<r<l, t>0,

0 0? 0 0?
(1—1—@8 +b8t2> R(r,t) = —K (1 Co +d6t2> w(r, t); (14)
a<r<l, t>0.

for the governing equations of the two motions. The initial and boundary condi-
tions (7)—(10) remain unchanged as form while the equalities (3) become

op _ o .
5 = —cos(wt) or 5 = sin(wt).

In the above relations, v = u/p is the kinematic viscosity of the fluid, o =
Ry/R; and the non-dimensional constants a, b, ¢, d are given by the relations

2 2

Ao, €= —s Az, d = — Ay, (15)

v
M, b=
Ry R}

o
R? R}
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while the magnetic and porous parameters M and K, respectively, have the fol-
lowing expressions
2 p2 2
YA L S O (16)
p v W k

In the following, in order to avoid a possible confusion, we denote by we(r,t),
Te(ryt), Re(r,t), and wy(r,t), 75(r,t), Rs(r,t) the dimensionless starting solutions
of the two motion problems which become steady in time. They are induced by
the non-dimensional oscillatory pressure gradients — cos(wt) and — sin(wt), respec-
tively, and have to satisfy the system of partial differential equations (12)—(14),
the initial conditions (7)—(9) and the boundary conditions (10). These solutions
can describe the fluid motion some time after its initiation. After this time, which
is the time to reach the steady or permanent state, the fluid behavior is described
by the dimensionless steady state (permanent or long time) solutions wep(r,t),
Tep(1, 1), Rep(r, 1) Or wep(r,t), Top(r,t), Rep(r,t).

In practice, this time is very important for the experimental researchers who
want to know the transition moment to the steady state. From mathematical point
of view, it is the time after which the diagrams of starting solutions superpose
with those of the steady state solutions. In order to determine this time for a
given motion, it is necessary and sufficient to know the steady state solutions.
This is the reason that in the next section we shall provide analytical expressions
for the steady state solutions only. These expressions, which satisfy the governing
equations and the corresponding boundary conditions, are independent of the
initial conditions. They can be used to find the need time to touch the steady state
by means of graphical representations by comparing with the starting solutions
(numerical solutions).

3 Analytical expressions for dimensionless steady
state solutions

As we already mentioned, the steady state solutions are independent of the
initial conditions. Consequently, in order to determine them only the governing
equations (12)—(14) and the boundary conditions (10) are necessary. Eliminating
the shear stress 7(r,t) and the Darcy’s resistance R(r,t) between the equations
(12)—(14) one finds the governing equation

o 82\ dwlr i) o R\[(# 10
1 _ 1 —
< T +b8t2> ot < R d6t2> <8r2+7“ or >“’(r’t)

0 0? 0 0*
_M<1+a6t+b8t2>w(r’t)_L<1+c(9t+d8t?>w(r’t) (17)

0 0%\ op
<1—|—a8 +b€)t2>8’ a<r<l,t>0,
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for the dimensionless velocity field w(r,t). In order to determine the steady state
velocities wep,(r,t) and wgy,(r, t) in a very simple way, we use the complex velocity

wp(1,t) = wep(r, 1) +iwsp(r, t); a <r <1, teR, (18)

where ¢ is the imaginary unit.
This complex velocity wy(r,t) has to satisfy the governing equation

0 9%\ Owy(r,t) 0 0? 2 10
(”%ﬁ%ﬁ)m <1+Cat+dat2) (Wm ar>wp(7",t)

0 0? 0 0? (19)
—M (1 +(1a +bat2> wp(r,t) —K <1+Cat +dat2> U)p(T,t)
+(1 — bw? +iwa)e™t; a <r <1, t €R,
and the boundary conditions
wp(a,t) =wy(1,t) =0; t € R. (20)

Bearing in mind the linearity of the governing equation (19) and the form of
its free term, we are looking for a solution of the form

wy(r,t) = W(r)e™; a<r<1, (21)

in which W(-) is an unknown complex function. Introducing wy(r,t) from Equa-
tion (21) in (19) one finds that the function W (-) has to satisfy the ordinary
differential equation

W (r) 1 dW(r)

72 +r I BWr)+~=0; a<r<l, (22)
where
= (M +iw)(1 — bw? + iwa) + K(1 — dw? +iwe) 1 —bw? +iwa (23)
N 1 — dw? + iwe » VT T 2 de? 1 iwe

The solution of the equation (22) is the sum of the particular solution /3
of the non-homogeneous equation and the general solution of the homogeneous
equation

W (r) 1 dW(r)
dr? roodr

Making the change of variable s = r/3, Equation (24) takes the form of a
Bessel equation, namely

BW(r)=0; a<r<1. (24)

2 d>W (s) N dW (s)

12 s~ s*W(s) = 0. (25)

Consequently, the general solution of the equation (22) is

W(r) = Cllg(T\/B) + CoKo(rv/B) +7/8; a<r <1, (26)
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in which Iy(-) and Ky(-) are the modified Bessel functions of the first and second
kind, respectively, of zero order. The complex constants C; and C5y are obtained
from the boundary conditions (20) and the complex velocity wy(r,t) is given by
the next relation

wp(r,t) = % [1 + Alo(r/B) + BKO(r\/B)} el a<r<1, teR  (27)

In the above relation, the complex constants A and B have the expressions
A Ko(av/B) — Ko(V/B)
Io(a/B)Ko(v/B) — Io(vB) Ko(av/B)’
B Io(v/B) — Io(av/B)
Io(av/B)Ko(v/B) — Io(v/B) Ko(a/B)

It results that we,(r,t) and wsy(r,t) are given by the following relations

(28)

wep(r,t) = Re { [1 + AIy(r\/B) + BK()(T\/B)} Vi;wt} ;a<r<l, teR, (29)

wsp(r,t) = Im { [1 + Aly(r/B) + BK()(T\/B)} veﬁim} ;a<r<l, teR. (30)

These solutions can be also written in simpler forms, namely

wep(r, t) = Q cos(wt) — wRsin(wt) + Re { | ALo(ry/B) + BEo(r/B)| ’ye;wt } ;

a<r<l teR, (31)

wep(r, t) = @sin(wt) + wRcos(wt) + Im { |ALo(rv/B) + BEo(r/B)| ’yeﬁm } :

a<r<l, teR, (32)

where

Q= q(1 — bw?) + arw? Ro W~ r(1 — bw?) (33)
N @+ (wr)2 7 @2+ (wr)?

g=(1-b* )M+ (1 — dw? K — aw?, r=aM +cK + 1 — bw?’. (34)

The expressions of 7.,(7,t), Rep(r, t) and 74p(r, t), Rep(r, t) can be immediately
obtained following the same way as before and using relations (12) and (14).
The velocity fields corresponding to same motions of IGBFs, but in absence of
magnetic field or porous medium, can be obtained taking M = 0 or K = 0,
respectively, in Equations (29), (30) or (31), (32). If both parameters M and
K are zero, the dimensional forms of the relations (29) and (30) coincide with
those obtained by Fetecau et al. [4, Equations (18) and (19)]. In addition, the
similar solutions for incompressible Burgers, Oldroyd-B, Maxwell and Newtonian
fluids performing the same motions are obtained making d = 0, d = b = 0,
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d=c=b=0,d=c=0b=a =0, respectively, in the general solutions (29) and
(30).

The dimensionless steady state velocity fields wnep(r, t) and wygp(r,t) corres-
ponding to incompressible Newtonian fluids, for instance, have the forms

Kfy cos(wt) + wsin(wt)

WNep(r,t) =

W+ Ky

+Re{010(r\/m) +DK0(r\/m)ewt}‘ (35)

iw+ Kepy ’

a<r<l,teR,

K,rrsin(wt) — w cos(wt

+Im{CIO(r\/m) +DK0(r\/m)eiwt}‘ (36)

iw+ Kepy ’

a<r<l, teR,

in which

C— K()(Om/iw—l—Keff)—Ko(w/iw—l-Keff) (37)
Ip(ay /iw-i-Keff)Ko(\ /iw-i-Keff)—Ig(\ /iw-i-Keff)Ko(aw fiw+Kcry )’

D I()(\/iW—FKeff)—Io(a\/iw-i-Keff) (38)
Ig(a\/iw—FKeff)Ko(\ /Z'w—l-Keff)—Io(\ /iw+Keff)Kg(a\/iw+Keff ) ’

In the above relations, K.ry = M + K is called the effective permeability
[5]. Consequently, the steady state velocities fields wpep(r,t) and wygp(r,t) cor-
responding to such motions of the incompressible Newtonian fluids do not depend
of parameters M and K independently but by a combination of them and a two
parameter approach, as in many papers from the existing literature, is superfluous.

3.1 Limiting case o« — 0 (MHD motions through a porous medium
in a circular cylinder)

Making o — 0 in Equations (29), (30) and (31), (32) one obtains the dimen-
sionless steady state velocities

Wep = Re{[l . I;]O(Z%)] 7e;jt}; O<r<1,teR, (39)

Wsp :Im{[l—l})o((\/\/g)} Ve;wt}; 0<r<l1,teR, (40)
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or, equivalently,

Wep(r, ) = Q cos(wt) — wRsin(wt) — Re {m WG;W } : (41)
0<r<1,teR,
wsp(r, t) = @ sin(wt) + wR cos(wt) — Im {m 'ye;’} : (42)

0<r<l1,teR,

corresponding to MHD motions of IGBFs through a porous medium in an infinite
circular cylinder of radius R;. It is easily to observe that takingd =0orb=d =0
in Equation (39), as it was to be expected, wep(r, t) become identical to the velocity
fields obtained by Rabia Safdar [11, Equation (5.51)] or Hamza [6, Equation (47)],
respectively, in which Py = 1.

The Newtonian velocity fields corresponding to same motions through an in-
finite circular cylinder can be written is simple forms

Kegycos(wt) 4+ wsin(wt)
2 2
w?+ Ky
Ip(ry/iw + K it
—Re of - eff), © ; 0<r<1,teR,
Io(\/lwﬂ-Keff) Zw+Keff
Kegysin(wt) — wcos(wt)
w? + K2,

In(ry/iw + K, iwi
—Im or W ﬁ”, e c0<r<1,teR.
I()(\/lw—f—Keff) iw+ Koy

3.2 Limiting case w — 0 (fluid motion due to a constant pressure
gradient dp/0z = —P)

WNep(r, t) =
(43)

wnsp(r, t) =

(44)

Taking the limit of the equalities (29) and (41) when the oscillations’ frequency
w — 0 one finds the dimensionless steady velocities

1 1 -
wap(r) = —— Re |EIy(r/Keopy) + FKO(r,/Keff)} :
Kepp Bepp (45)
a<r<l, tekR,
1 1 [Io(r\/K
wip(r) = - Re of e1/) ;0<r<1, teR, (46)
Kerp o Kepp | To(y/Keyy)

corresponding to the two MHD motions of IGBF's induced by a constant pressure
gradient dp/0z = —P through a porous medium between two infinite coaxial



168 Constantin Fetecau

circular cylinders or through an infinite cylinder, respectively. In Equation (45),
the two constants E' and F' are given by the relations

Ko(ay/Kepr) — Ko(y/Keyr)

E= ; (47)
To(ay/Kepp)Ko(\/Kegr) — Lo(\/Kepp)Ko(ay/Kepr)
Io(\/Kepp) — To(ay/Keyy) (48)

F= Io(an/Kepp)Ko(y/Kepr) — Io(\/Kegp) Ko(o/Kegp)

The steady velocities wa,(r) and wip(r), which can be also obtained making
w — 0 in Equations (35) and (39), are identical to the similar solutions of incom-
pressible Newtonian fluids performing the same motions. This is not a surprise
because the governing equations and the boundary conditions corresponding to
steady motions of incompressible Newtonian and non-Newtonian fluids are iden-
tical. Finally, taking the limits of the equalities (45) and (46) when K. — 0 one
obtains the steady velocity fields

1—7’2+a2—1 Inr
4 4 In

1— 2
TT;0<7~<1, (50)

wap(r)) = ca<r<l, (49)

wip(r) =

corresponding to the same motions of IGBFs or incompressible Newtonian fluids
but in the absence of magnetic and porous effects. Convergence of expressions of
wap(r) and wi,(r) given by Equations (45) and (46) to those from the relations
(49) and (50) for K s — 0 is also graphically proved by Figures 1 when Ry = 0.2
and R; = 0.8 (o = 0.25). In addition, from these figures it clearly results that the
fluid velocity decreases for increasing values of the effective permeability Kcrp. It
means that the fluid moves slower in the presence of a magnetic field or porous
medium.

Simple computations show that these velocities satisfy the governing equation
and the corresponding boundary conditions. In addition, as it was to be expected
taking the limit of wgp(r) from Equations (45) and (49) when o — 0 one finds
the expressions of wy,(r) given by Equations (46) and (50), respectively. The
dimensionless steady shear stresses corresponding to the steady motion due to a
constant pressure gradient between two infinite coaxial cylinders or through an
infinite circular cylinder are given by the following two relations

a?—1 1

r r
Top(1) = 1 rlha 2 a<r<l; Tp(r) =% O0<r<l. (51)

4 Some numerical results and discussion

In this work there have been investigated isothermal MHD motions of IGBFs
through a porous medium in cylindrical domains. The fluid motion is generated
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0.087— . . T 03 |
— Eq.(50)
0.06F * “a -
a ° o
: % 0.21 i
g 0.041 1 = hh&hhh&aa
2r - N A a0 " oo o a
= a & Eq(45) K =2 o .
45y Koip=S5 % e Eq (d6) Ker=001°2
0 0 o Eq. Ej;; Kep=300 & & Eq (46) K g=2.00
* o o Eq (46) K y=300
—0.02 . L L L 0 X
0.4 0.6 0.8 1 -1 0 1
F ¥

Figure 1: Convergence of steady velocities wap(r) and wi,(r) given by Equations
(45) and (46), respectively, to wap(r) and wi,(r) given by Equations (49) and (50)
when K, fF— 0.

by an oscillatory or constant pressure gradient. Closed-form expressions have been
established for dimensionless steady state velocity fields corresponding to motions
between two infinite horizontal coaxial circular cylinders and through an infinite
horizontal circular cylinder. All solutions are presented in simple forms in terms of
the modified Bessel functions Iy(-) and Koy(-). They can be immediately particu-
larized to give similar solutions for incompressible Burgers, Oldroyd-B, Maxwell
and Newtonian fluids performing the same motions. The Newtonian solutions
do not depend of the magnetic and porous parameters independently but by a
combination of them that is called the effective permeability.

In order to bring to light some characteristics of the fluid behavior in such
motions of IGBFs, in Figures 2 and 3 have been presented, for comparison, the
variations in time of the velocities wey(r,t) and wgy,(r,t) given by Equations (39)
and (40) along the axis of cylinder (i.e., when the spatial variable r = 1/2) for
w = m/6, fixed values of the material constants a = 1, b = 0.8, ¢ = 0.6, d =
0.5. and increasing values of the magnetic and porous parameters M and K,
respectively. In all cases the oscillatory behavior of the two motions, as well as
the phase difference between them, is easily observable. Furthermore, at same
values of physical parameters, the amplitudes of the oscillations are identical for
motions due to cosine or sine oscillations of the pressure gradient. In addition,
both velocities are decreasing functions with respect to the two parameters M
and K. As expected, this result is in accord with that resulting from Figures 1.
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Figure 2: Time variation of the velocity wey(r,t) given by Equation (39) along
the cylinder axis for K = 0.5 with three values of M, and M = 0.8 with three
values of K.

5 Conclusions

In this paper, we presented inaugural closed-form expressions delineating the
steady-state velocities pertinent to MHD motions of IGBFs within the interstice of
two infinitely extended coaxial circular cylinders across a porous medium. Addi-
tionally, we derive analogous solutions for MHD motions of same fluids traversing
through an infinite circular cylinder embedded within a porous medium, which are
discerned as limiting scenarios stemming from prior findings. In both instances,
the fluidic dynamics are engendered by oscillatory or constant pressure gradients.
Solutions furnished herein readily lend themselves to adaptation, yielding com-
mensurate outcomes for incompressible fluids of various rheological characteris-
tics, encompassing Burgers, Oldroyd-B, Maxwell, and Newtonian fluids, executing
analogous motions. Furthermore, it merits highlighting that the steady solutions
corresponding to the motions of incompressible Newtonian and non-Newtonian
fluids, instigated by a constant pressure gradient, are congruent. This congruency
arises from the identical nature of the equations governing the respective fluidic
motions.

Conclusively, to elucidate certain facets of the fluidic behavior, graphical de-
pictions have been included in Figures 1 through 3. Figure 1 clearly shows that
the fluid velocity declines for increasing values of the effective permeability K.
It means that the fluid flows slower in the presence of a magnetic field or porous
medium. Oscillatory behavior of the two motions and the phase difference between
them are easily observed from Figures 2 and 3.

Finally, we end with two very important observations, namely:
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04f —a-3 - — k=6
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Figure 3: Time variation of the velocity wgy(r,t) given by Equation (40) along
the cylinder axis for K = 0.5 with three values of M, and M = 0.8 with three

values of K.

1. Present solutions can be used to determine the required time to reach the
steady state.

2. In absence of the porous medium, eliminating the velocity w(r,t) between
relations (12) and (13) one obtains a governing equation for the shear stress
7(r,t), namely:

0 0%\ or(r,t)
0 0? 2 10 1

-M 1+ag+ba—2 (rt)a<r<l1l,t>0
ot o)\ P

Consequently, in the future, isothermal MHD motion problems of IGBFs in
cylindrical domains can be solved when the shear stress is prescribed on the bound-

ary.
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