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Abstract

Kuramoto-Velarde type equations describe the evolution of the spinodal
decomposition of phase separating systems in an external field, or, the spatio-
temporal evolution of the morphology of steps on crystal surfaces. Under
appropriate assumptions on the initial data, on the time T, and on the coef-
ficients of such equation, we prove the well-posedness of the classical solutions
for the Cauchy problem, associated with this equation.
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1 Introduction

In this paper, we investigate the well-posedness of the following Cauchy prob-

lem:
Opu + Oz f(u) + ad3u + B20%u
+8(0;u)? + Kud?u +42u =0, 0<t<T, x€R, (1)
U(O,$) = Uo(ﬂf), r eR,
with
a75757K77€R7 B#O' (2)

On the flux f(u), we assume
FECR), [f(w)]<Co(l+uf), ueR, (3)

for some positive constant Cj.
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On the initial datum and on the coefficients, we assume
UOEH2(R), uo;,—éO

and one of the following

2(2~42+3)T
(297 +3) B2 — (6 — 26)* [[uol 2 (m) (eﬁz - 1) >0,

B2 (27% + 3)

4 2(272+3)T ’
fuollay (¢ 7 ~1)

2 s T(272+3)+\/T2(27+3)2+2TA log(A+1)(6—2r) o1 2
B = supasg Tog(A+1) ’
4 2 2
16A]uol|} 2 5 (207 +3)T
log?(A+1) )

6 —2k|* <

0 # 2k,

0+ (6 —2r)* = BfS, for some B € <O, inf 4~0
2BA ||ug|72 () T8 — log (A + 1) |2

< log® (A+1) — 16AB |[uo 12 (37* +3) T,
27 +3=F (6 —2k)®, for some, F > 0,8 # 2,

_TAHu0||4LQ(R)+\/T2A2||u0H8L2<R)+2ﬂ6Tlog(A+1)F
2TF 32 )

(5 — 2:%)4 <inf 459

fu) =au® +bu®, b#0, a#0,
d=dr, y=-h*#0, 2<0, B=-2 (ar)#(0,0),

~lluol} 2 gy +1/Glluoll 2 ) +243

;

[0zu0l| 2 gy < 5 :
40333
A1 = 3
16243 AT
V2a2+k2\e rZ -1

Observe that, if 32 = T, Condition (5) reads

(6 — 2)" [luoll 72 gy 2(292
?43) _q
” 272 +3 (e ) '

Taking
f(u) = au® + bu? + cu?,

Equation (1) reads

Ot + Oy (au2 +bud + cu4) + a@iu
+ B20%u + §(0yu)? + Kud?u + y02u = 0

(10)

(11)

(12)

(13)

and models the spinodal decomposition of phase separating systems in an external
field [21, 43, 62], the spatiotemporal evolution of the morphology of steps on
crystal surfaces [26, 36, 54] and the growth of thermodynamically unstable crystal
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surfaces with strongly anisotropic surface tension [27, 28, 29]. In the case of a
growing crystal surface with strongly anisotropic surface tension, the function
u represents the surface slope, while the constants a, b and ¢ are the growth
driving forces proportional to the difference between the bulk chemical potentials
of the solid and fluid phases. Equation (13) is also deduced as a small-slope
approximation of the crystal growth model obtained in [20].

Taking b = ¢ =0 in (13), we have

O+ adpu? + adu + [0 + §(0pu)? + kud?u + v0%u = 0. (14)

It is known as the Kuramoto-Velarde equation and describes slow space-time
variations of disturbances at interfaces, diffusion-reaction fronts and plasma in-
stability fronts [8, 24, 23]. It also describes Benard-Marangoni cells that occur
when there is large surface tension on the interface [32, 60, 63] in a microgravity
environment. This situation arises in crystal growth experiments aboard an orbit-
ing space station, although the free interface is metastable with respect to small
perturbations. The nonlinearities, caused by 6(9,u)? and kud?u, model pressure
destabilization effects striving to rupture the interface. (14) is deduced in [59]
to describe the long waves on a viscous fluid owing down an inclined plane, and
in [19], as particular case of (13), to model the drift waves in a plasma. From a
mathematical point of view, in [34], the exact solutions for (14) are studied, while
in [53], the initial boundary problem is analyzed. In [8, 7], the authors prove the
existence of the solitons for (14). Instead, in [49], the existence of traveling wave
solutions for (14) is studied. In [33], the author analyzes the existence of the peri-
odic solution for (14), under appropriate assumptions on a, «, 3, 0, k and . The
well-posedness of the Cauchy problem for (14) is proven in [52], using the energy
space technique and taking a = 0 and, in [12], through a priori estimates together
with an application of the Cauchy-Kovalevskaya Theorem and under assumptions
(3) and (4). Finally, in [17], the well-posedness of the classical solutions of (14) is
proven under appropriate assumption on the initial data, of the time T, and the
coefficient .

Observe that, in [52], under assumption a = 0, the author gives some suitable
conditions on «, (3, §, k and 7 and prove the local well-posedness of (14). Instead,
in [12], assuming (4), the well-posedness of the Cauchy problem for (14) is proven,
for each choice of 8, T and wug, while, in [17], the well-posedness of classical
solutions is proven, under appropriate assumptions on 3, T'and H'— norm of the
initial datum. Hence, in this paper, we prove that it also possible to prove the
well-posedness of classical solutions of (14), under appropriate assumption on 3,
5, k, T and L?— norm of the initial datum.

Taking § = k = 0 in (14), we have

dyu + adypu® + addu + B2 + y9%u = 0, (15)
that was also independently deduced by Kuramoto [38, 39, 40] to describe the
phase turbulence in reaction-diffusion systems, and by Sivashinsky [56] to describe

plane flame propagation, taking into account the combined influence of diffusion
and thermal conduction of the gas on the stability of a plane flame front.
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Equation (15) can be used to study incipient instabilities in several physical
and chemical systems [5, 30, 41]. Moreover, (15), which is also known as the
Benney-Lin equation [2, 47], was derived by Kuramoto in the study of phase
turbulence in Belousov-Zhabotinsky reactions [44].

From a mathematical point of view, the dynamical properties and the existence
of exact solutions for (15) have been investigated in [22, 35, 37, 50, 51, 61]. The
control problem for (15) are studied in [1, 4, 25], respectively. In [6], the problem
of global exponential stabilization of (15) with periodic boundary conditions is
analyzed. In [31], it is proposed a generalization of optimal control theory for
(15), while in [48] the problem of global boundary control of (15) is considered.
In [54], the existence of solitonic solutions for (15) is proven. In [3, 57, 12, 18], the
well-posedness of the Cauchy problem for (15) is proven, using the energy space
technique, the fixed point method, a priori estimates together with an application
of the Cauchy-Kovalevskaya Theorem and a priori estimates together with an
application of the Aubin-Lions Lemma, respectively. Instead, in [16, 45, 46], the
initial-boundary value problem for (15) is studied, using a priori estimates together
with an application of the Cauchy-Kovalevskaya Theorem, and the energy space
technique, respectively. Finally, following [9, 42, 55], in [10], the convergence of
the solution of (15) to the unique entropy one of the Burgers equation is proven.

The main result of this paper is the following theorem.

Theorem 1. Assuming that
e (2), (3), (4) and one within (5), (6) (7), (8), (9) hold
or
e (2), (4), and (10) hold
there exists a solution u of (1), such that
uwe HY((0,T) x R) N L>®(0,T; H*(R)) N L*(0, T; W2*(R)). (16)

Moreover, if f € C?(R), the solution is unique and if u1 and ug are two
solutions of (1), in correspondence of the initial data ui o and uzg, we have that

s (8, ) — wa(t, M oy < € luro — uzoll gy - (17)
for some suitable C > 0 and every 0 <t < T.

Theorem 1 improves the results of [17] and [52], because it gives some condi-
tions on L?— norm of ug, 3, 0, x and T, to guarantee the existence of classical
solutions for (1), under Assumption (4). Moreover, it shows that, if

d =2k (18)

and, in particular, if
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the solutions of (1) verifies (16) and (17), for every 8 and T (see Lemma 1).
Finally, the argument of Theorem 1 relies on deriving suitable a priori estimates
together with the existence result in [12, 14, 11]. Unfortunately, our arguments
do not provide any blow-up results but only local-in-time existence criteria.

The paper is organized as follows. In Section 2, we prove Theorem 1, under
assumptions (5), (6), (7), (8), (9) and (18), while, in Section 3, we prove Theorem
1, under assumptions (10).

2 A priori estimates

In this section, we prove Theorem 1 assuming (5), (6), (7), (8), (9), and (18).
We prove some a priori estimates on u. In what follows we denote with C' and
¢ the positive constants independent on the parameters.

Lemma 1. We have that

2(272+3)¢
e : 52 ) (6 — 2r)* 2(22243)e 1
1 + 5 5 (& ES -1 > 4 ) (19)
Tt Mg | P22 +3) o oo
for every 0 < t <T. Moreover, if (5) holds,

lut, )72y <C. (20)

t
[ l2uts. [ s < (1)

0
[ owuts, )l qey ds <C (22

for every 0 <t <T.
The proof of the previous lemma is based on the following result.

Lemma 2. For every t > 0, we have that

/|u(t,x)](6zu(t,x))2dx
R

Sﬂl!ﬂ(tj')llp [0z ut, HLz 11070t )| 2 ry

(23)

Proof. We begin by observing that

[0zu(t, )|l L2 (r) :/R&Euﬁwudm: —/Ruﬁiudm.

Therefore, by the Hélder inequality,

10zu(t, )| 72 (g < /R |ul|2uldz < |u(t, )| 2 Hafcu(t»')Hp(R)' (24)
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Again by the the Holder inequality,

(b x) =2 / wyudy < 2 /R [ul|Buldz < 2 Jult, ) g 19a(t, ) e

Hence,
lualt, Mooy < 2 lult, M2y 1000t ) 2y
which gives
1 1
[Ju(t, ')”LOO(R) < V2 [l (t, ')HEQ(R) |0 u(t, ')HEQ(R) . (25)
From (24) and (25)
/RW(@:M)QCISB <t ) poe gy 10w0(ts ) 72wy
< ults )l poory 1t M 2w H82 ')HL2(R)
3
<V2|fult, )22 gy 10zult,- HL2 @) 11970t )| L2 gy
this is (23). O

Proof of Lemma 1. Let 0 < t < T. Multiplying (1) by 2u, an integration on R
gives

d 9 /
U =2 [ woudz
Gt ey =2 [ uo,

—2/uf’(u)8xudx —2a/u8£udm—252/u8§udx
R R R

=0
—2(5/ u(@mu)Qdac—%a/ u28§ud:r—2fy/u8§udx
R R R

:2a/amuagudm+252/8xu82ud:c
R R

—2(0— 2/&)/ u(Opu)dr — 27/ ududx
R R
= — 9242 H@%u(t, -)HiQ(R) —2(0— 25)/ u(Opu)?dr — 27/ ududz.
R R

Consequently, we have that

d 2

g 1t Mzzy + 267 070t )| 12 e)

(26)

=—2(0—2k) / u(Opu)dr — 27/ ud>udz.
R R

Due to (23) and the Young inequality,

2](5—2m|/ |u|(Dpu)*da
R



On a Kuramoto-Velarde type equation 115

3
< 2V 18 — 2]t ) Fa ey 10wtaCt, ) oy 10208 o

< 2(9 g22/<)2
(6 — 2r)*
s

20| / | 0Pulda

- L5

It follows from (26) that

a3y 10wt ) gy + 6 (|02t )| 32 g

IN

2
Ju(t, )”L?(R + [[Ozult, )HL2 ®) T B || u(t ')HL2(R)

|p62u »da:< (e, ) e +fH82 e

d B2 2
% Hu(t> )H%Q(R) + ? Haiu(tv ')HLQ(R)
(27)
27 5 —2r)!
< 2t ey + S ey + Nt
Due to the Young inequality,
2
|| Oz u(t HLz /8 udgudr = —/ ududx < Q/R \giu 53””;
2
gw (e, )2y + g o2t My
Consequently, by (27),
d 2
i [Ju(t, )HL2 (R) "’ HaQ ')HL2(R) (28)
28
292 +3 §—2r)!
< 22 e, ey + E o e M
Denoting
292 +3 §—2r)t
Jut ey = X, 0= 22 6= BEF o)
(28) and (29) give
X
P < 6x(0) + x°0), (30)
which gives
1 dX(t)S 2 s (31)

and
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Consequently, by (31) and (32),

d -1 —2¢
i () * o <2 (%)

Multiplying (33) by e?t*, we have that

2t
eﬂltd( _ >+ —26e” < et

dt \ X2(t) X2(t) — ’

that is oy

d [ —e"

| =g ) < 202*07

ﬁ(ﬁ@>—2e

Therefore,

d €2£1t

S ) > 20t

ﬁ(ﬂm>— >

Integrating on (0, t), by (4) and (29), we have that

im_iz_é (e%”—l),
X2(t) X} 2

that is,

v

e2€1t €2 2011 1
- 42 —1) > —. 34
X0 " a (6 ) X2 (34)

Using (29) in (34), we have (19).
Assume (5) and we prove (19). By (19) and (34), we have that

Ge? 4 0y (2 — 1) X2(t) 1

v

0 X2(t) G
Therefore,
0LXP(t) 2
< X¢§. 35
(1e200t 1y (e2t — 1) X2(t) — 0 (35)
Hence,

0XEE) <X20e200 4 X2, (e%t ~ 1) X2(¢)

§X§€162£1T + XSEQ (62£1T - 1) X2(t),

which gives
(51 — X20y (e%T - 1)) X2(t) < X20,e207. (36)

Thanks to (5) and (29), there exists a constant C' > 0, such that
CX2(t) < X20,247T, (37)

Using (29) in (37), we have (20).
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We prove (21). By (27), we have that

d
i [Ju(t, )HL2 (R) + HaQ ")Hi%R) <C

Integrating on (0,t), by (4), we get

B [t 2
yu(t,.)||§2(R)+6/0 Hagu(s,.)HLZ(R ds < ||uo| 72y + Ct < C,

which gives (21).
Finally, we prove (22). Thanks to (20) and (24), we have that

[0z u(t, - HL2 < CH@ u(l HL2(R)

Thanks to the Young inequality,
[0zt MLy < 5 + 5 1020t ) 2y
An integration on (0,¢) and (21) give (22). O

Corollary 1. Fiz T > 0. If (6) holds, then we have (20), (21) and (22).

Proof. Let 0 <t <T. We begin by observing that, by (5), we have that

(272 + 3) 32

4
(6 — 2k) 2(242+43)T ’
luollzz@y (e 7 —1
(R)
Therefore,
(29* +3) 5 (29* +3) 52
T 4 2(272+3)T <0-2k< 4 A 2(2¢243)T ’
ol (¢ 7 ~1) fuollay (¢ 7 ~1)
which gives (6).
Finally, arguing as in Lemma 1 we obtain (20), (21) and (22). O
Corollary 2. Fiz T > 0. If (18) holds, then
A A 2(272+3)T
e, My < ol bage ™ (39)

for every 0 <t <T. Moreover, we have (21) and (22).

Proof. Arguing as in Lemma 1, we have (19). Thanks to (18) and (19), we obtain

that
1 1

>
— > 2(292+3)t 7
u(t i
lu(t, M 72m) [woll 2@y e 7
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Hence,
A A 2(2«,2+3)t 2(272+3)T
2 o)t 4 2 es)t
utt Mz < ollbeye ™ < luolliagye @ .
which gives (38).
Finally, arguing as in Lemma 1, we have (21) and (22). O
Lemma 3. We have that
62(Z1+>\)t 52

+
lult, 2@ €+ A

[uoll 72 (w)

for every 0 <t < T, where \ is a positive constant and {1, {2 are defined in (29),
respectively. In particular, if (7) holds and taking

A= Al |luo|f2my, A>0, (40)
(20) holds. Moreover, we have (21) and (22).

Proof. Let 0 <t < T. Arguing as in Lemma 1 we have (30). Let \ be a positive
constant. By (30), we have that

d)it(t) S OX () + LXP(t) < (014 X) X(8) + LX3(1).

Arguing as in Lemma 1 we obtain (39).
Assume (7) and (40) and we prove (20). We begin by observing that, by (39),
we have

([1 + )\) 62(€1+>\)t +€2 (62(€1+>\)t _ 1) ||u(t’ )HAIL,Q(R) . 1
(6 + ) flult, )| 72w  uol 72

Therefore, we get
(04 X JJult, )72 < luollzag (G + ) eV
Ty <e2(£1+)\)t — 1) | (t, .)||i2(R)
< Juol|}2 gy (61 + A) 2BHNT
+ o HuoH‘iQ(R) (62(41+/\)T — 1) u(t, ')HiQ(R) .

Consequently,

01+ X = o o [Fagzy (2T = 1)] Ju(t, ) o)
le [luoll > gy (01 + A) 2N

In order to have (20), we require that

A— ALy ||U0Hi2(R) (ez(élﬂ)T - 1) > 0. (41)
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By (40), we obtain that

4
L2 (0AB oo ) )T

A+1-— >0

Y

which gives

log(A+1
14 Al ol < BT, (42)

Thanks to (29), (42) reads

292 +3  Aluolza (0= 20)" _log(4+1)
2R 5 =T

(43)

Hence, we have that

log (A+1) B* — 2T (29 + 3) % — 2T A |ug|| 2z (6 — 2r)"*

T >0, (44

which is guaranteed by (7).
Finally, arguing as in Lemma 1, we have (21) and (22). O

Corollary 3. Fiz T > 0 and assume (8). We have (20), (21) and (22).
Proof. Let 0 <t <T. Arguing as in Lemma 3, we have (43). We consider
(6 —2x)*=BB%, B>0, 6+ 2k
Consequently, (43) reads

272 +3
32

Hence, we have that

log (A+1
+ BA ||uo|| 2 () B < (2T)

2BAT Huo||i2(R) Bt —log(A+1)B*+2(*+3)T

T <0. (45)

which is guaranteed by (8).
Finally, arguing as in Lemma 1, we have (21) and (22). O

Corollary 4. Fiz T > 0 and assume (9). We have (20), (21) and (22).
Proof. Let 0 <t <T. Arguing as in Lemma 3, we have (44). We consider
72 4+3=F(5—2x)°, F>0.

Therefore, (44) reads

log (A+1) 84 = 2TFB2 (6 — 25)° — 2T A |Juo| L2 gy (5 — 2r)" -
2T 32 =
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that is
2TFB? (5 — 2k)° + 2T A |Ju|| 2y (5 — 26)" — log (A + 1) B* g

2T 32
Consequently,
(6 — 20)* < —T Aol 12y + /T2 A2 o]l 32 gy + 28T log (A + 1) F (46)
= ITF 32 ’
which is (9).
Finally, arguing as in Lemma 1, we have (21) and (22). O

Lemma 4. Assume one within (5), (6), (18), (7), (8), and (9). Fiz T > 0, there
exists a constant C > 0, such that

[ll oo 0,7y ) < C- (47)
In particular, we have that
2 2 ' 3 2
Haﬂﬁu(t7 ')”LQ(R) + 26 /0 Haxu(37 .)HL2(R) ds < C, (48)
for every 0 <t <T. Moreover,
t
| 1ot s < € (49)

for every 0 <t < T.

Proof. Let 0 <t < T. Multiplying (1) by —20%u, an integration on R gives
a4 |0z ul(t, )| =—2 [ ududx
dt Z ? LQ(R) - R T
:2/ f’(u)@xuagudx—Qa/ 8§u8§’udx+2ﬁ2/ O*udtudx
R R R
- 26/(8xu)28£udx + 2/-@/ u(0%u)?dx — 2 H@gu(t, -)HiQ(R)
R R
) / F () dgudPudz — 267 || 0u(t, )| 7
R
N R T T
R
Therefore, we have that
0t ) e + 26 2u(e,
at T AR 2 Ul w)

= 2/ f ()0 ududx + 2&/ w(O2u)dx — 2v || O2ult, ')H;(R) . (50)
R R
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Due to (3) and the Young inequality,
2/ | (w)]|0pu||0u|de < 2C’0/ (L4 Ju| + [u* + |ul®) [0yul|02u|dz
R R
< Cy ||0zul(t, )HLz +C’o/u2(8xu)2dx+00/u4(8xu)2dx
R R
Gy / uO(0,u)da + 4C0 [|02u(t, )| ey
R
< Co l|9wu(t, M2y + Co lull Lo ((o,1)xry 190t (ts 72wy
+C0/ ut (1) da:+C'0/ ub(9pu)?dx + 4C Haiu(t,-)HiQ(R)
R R
2
2FG/R |ul(93u)?dx < 2|k [|ull oo (0.7 xr) || O ult, M2
Consequently, by (50),
d 2 21|93 2
7 10zult, Nza@) +26%[|0zult, )| 2 )
< Co [18zu(ts )2y + Co llull 7o 0,1 sy 10xt(ts ) 2z (51)

+ <4Co + 2|y| + 2|k| HUHLoo((o,T)xR)> [O%ult, HL2(R)
+Co/u4(8zu)2dx+00/ u® (O, u)%dz.
R R
[13, Lemma 2.6] says that
2
/Ruﬂr(axu)?dx < 4 flult, )y 020t ) 2o - (52)
Hence, by (20) and (52), we have that
2 2
CO /Ru4(axU)2d$ SCO ||u(ta ')HiQ(R) Hagu(t, ')HL2(R) < C Hagu(ta ')HL2(R)

Co | u5(8yu)*dw <Co ||ull} /4376 2d
o [ 0800 dn <Co ulf o my.m) [ 0*0rda -

2
<Co ||u||i°°((0,T)><]R) ||U(t, )H%Q(R) H@%u(t, ‘)HLQ(R)

2
<C[ullFos (0.1 xRy ||l Mo
It follows from (51) and (53) that
ot )2 + 262 [0Pult, )|
gz 192Ul )2 (m) L2(R)
< Co [18zut, ) T2gr) + Co lull 7o 0,7y xy 10x0(ts ) 2wy

+C (1 + HuHLOO((O,T)XR) + HWLOO((O,T)xR)) H@gu(t, ')Hiz(R) :
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Integrating on (0,t), by (4), (21), (22) and the Young inequality,
t
2
ot ey + 28 [ o2t sy o
2 2 ! 2
< [19xto 72y + Co (1 + lulFe 0.7y xm)) /0 [0su(s, MFamyds  (54)

t
+C (1 + |ullZ oo (0.7 xR) + HUHLOO((O,T)XR)) /0 [re=Es ')H2LQ(R) ds
<C (1 + HUH%W((O,T)XR)) .

We prove (47). Due to (25), (20) and (54),

[l 0.7y Ry < C\/l + [|ullFoo ((0,7) xR)-

Hence,
4 2
[ull oo 0,1y xRy — C 1l 700 (0.7yxr) — € <0,
which gives (47).
(48) follows from (47) and (54).
Finally, we prove (49). [15, Lemma 2.3] says that

2
0zu(t, )| ) < 6 (||U(t7 Wiz + 10zut, ')”%%R)) [reAe Nz -
Therefore, by (20) and (48), we have that
2
|0zu(t, )| L1y < C||OFult, M2 -

Integrating on (0,t), by (21), we obtain (49). O

Lemma 5. Assume one within (5), (6), (18), (7), (8), and (9). Fiz T > 0, there
exists a constant C > 0, such that

2 2 Ea T 2
o200 ey + 5 [ o83y s <C, 5)
10z ull oo (0,1) xRy <O (56)
for every 0 <t < T.

Proof. Let 0 <t <T. Multiplying (1) by 20%u, integration on R gives
4 H@Qu(t )H2 = 2/ Itudyudz
x ’ 2 - x
dt L2(R) R
=— 2/ f(u)Opudiudr — 2a/ Iudtudr — 23 H@;Lu(t, -)HZLQ(R)
R R

—25/(8$u)28§udx—2/1/ ud udiudr — 27/ D2udtuda
R R R
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= 2/ I (u)Opudtudr — 22 H@;lu(t, -)HiQ(R)
R

—25/(8$u)28§udx
R
- 2/{/ udrudiudx + 2y H@i’u(t, -)H;(R)
R
Consequently, we have that
d 4 2
a7 103t )2y + 26 [[03utt )2 ey
= —2/ f(w)Opudtudr — 25/(8xu)28§udx (57)
R R
2, o4 3 2
— 2/@/Ru8$uaxud1: + 27 ||Oult, -)HLQ(R) .
Due to (47), (48) and the Young inequality,
2/R|f'(u)||axu|a;*u|dx < 2| |0 /R 0,u]|0ulda
< c/ |0pu] |0 u|da = / ‘Ca’”“
R R| B

8% 2
< C0, U( )”L2(R 5y Haa:“(t?')Hm(R)

’58;114 dx

<C+ 3 " otut. Mz

2
2|6\/(8xu)2|8§u|dx g/ t a v)
R R

262
S@H@x’u( s R)Jrﬁ |8z u(t ')Hm(m)’

2Jx| /R [ul| 02l |0kl dz < 2] [[ul] oo 0.1y /R 02|04 ul dx
2
gc/m%“l!a;‘urdm:/ 'Car“

R r| B

2
< O Ru(t, ) gy + 2 020t ey

‘ ‘584u| dx

|58§u‘ dz

It follows from (57) that

d 32
@ 19zu(t,) !\Lz(R + 5 19zutt, )12y

< C 4 2 10t ey + € 020, ey + 211 102000 e

Integrating on (0,t), by (4), (21), (48) and (49), we get

2
o200 ey + [ 19505 5
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2 2 252 t A
S HaxUOHLQ(R) + Ct + BQ/O ”8xu(s7 ')||L4(R) dS
! t
+C /0 102u(s, )| 2z, ds + 21 /0 0, )22 ds < C

which gives (55).
Finally, we prove (56). Thanks to (48), (55) and the Holder inequality,
(Bpu(t,z))? :2/ |0, u|02u|dy < 2/ |0pu]|0u|da
—00
<2[|0zult, ) r2(m) [8Zu(t HLQ(R) <C

Hence,
2
10z ull 00 0,1y xR) < C

which gives (56). O

Lemma 6. Assume one within (5), (6), (18), (7), (8), and (9). Given T > 0, we
have

t
2 4
/O |25, )|y ds < €. (58)
for every 0 <t < T.
Proof. Let 0 <t <T. We begin by observing that
H(‘?ﬂ,&L(L-)Hi4 /82 u)dde = —3/ Dpu(D?u) 203 udz. (59)
Due to (56) and the Young inequality,
3/|8xu|(8§u)2|8§u|d:n
R
1 4 9
<3 020t ) o ey + 3 A(axu)2(a§u)2dx

1 2
<3 [0Zu(t, )| Ly + 3 1007 o (0.7 ) |OSu(t, M2

d2ul(t, ) !

LNl HL4(R)

If follows from (59) that
1
5 [02u(t, )|y < C@) [03ult, )72,

Integrating on (0,t), by (48), we have (58). O

Lemma 7. Assume one within (5), (6), (18), (7), (8), and (9). Fiz T > 0, we
have

2 1 [t
8 020tt. ay + | 100t ey ds < . (60

for every 0 <t < T.
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Proof. Let 0 <t <T. Multiplying (1) by 20;u, an integration on R gives
d 2
o (B2 02t ) oy — 7 Nwult, ) e
= —2||0sul(t, -)H%Q(R) - 2/ I (w) 0y udpudz — 2a/ D3udpuda
R R
—2(5/(8xu)26tudac—2/<c/ u@%u@tudaﬂ.
R R

Therefore, we have that
d 2
% (ﬁQ Hagu(ta ')HLQ(R) -7 Haﬂcu(t’ )H%Q(R)) +2 Hatu(t? )”i%R)
= —2/ I (w)9pudpudz — 2a/ Iudpudx — 25/(8xu)28tuda:
R R R
— 25/ ud>udsudz.
R

Thanks to (47), (48), (55), (56) and the Young inequality,

2 [ 1/ (w)lul Pruldo
R
< 2Hf/HLoo(—c,c)/R|8w“|‘6tu|d3«" < C/R|3xu|\6tu|da:
1
< C0sult, Fam) + 5 10t ) |72
1

< Ot 5 |0ult ) 2y
2|a|/ |8§u|]8tu\d:c

R

21|53 2 1 2

< 202 [20(t,) [}y + 3 10000y
2|5]/(8xu)2|8tu|dm

R

< 210 10ull oo 0.7y xry [ [Ovul|Oulda

R
gC/ |0z u||Opu|dx
R
2 1 2
< Cll0ults iz + 5 195t Iz m)
1

<C+ 5 |Gt ')H%Q(R) )
2|,.;|/ (/|02 | Oyulda

R

< 20 el o (0.1 80 /R 02ul|dyuldz < C /R 02ul|Opulde

125

(61)
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8tu

ZQ/R V3

<C+g ||<9tU( Mzam)

Jﬁcagu

1
2 de < C HOQ )Hiﬂ(R) + g ||8tu(t7 )H%Z(R)

It follows from (61) that

d 1
7 <ﬁ2 |02ult, ')Hiz(R) — 7 [|0zuf(t, ')H%%R)) t5 10u(t, )| 72 m)
<O+ a? |0t ) amy

Integrating on (0,t¢), by (4) and (48), we have

B [[02u(t, )2y — 7 100t ) 2agey / 9, )32 ds
< 82|20 2 sy —’yHazuoH%z(R)—i-Ct—i—2a2/0 02u(s, )2 gy ds
t
< B H@%uoHi2(R) + [V 10w 22y + Ct + 2a2/0 |03u(s, '>Hi2(R) ds < C.

Therefore, by (48),

2 1 [t
B2 Ru(t, ey + 5 /0 [0ru(s, )y ds

<C + 7 |0pult, )72 < C + [l 100ult, )| 72@ < C,
which gives (60). O
Now, we prove the following result

Lemma 8. Assuming that (2), (4), (3) and one within (5), (6), (18), (7), (8),
(9) hold, there exists a solution u of (1), which verifies (16).

Proof. Thanks to Lemma 1, Corollaries 1 and 2, or, Lemma 3, Corollaries 3 and

4, Lemmas 4, 5, 6, 7 and the Cauchy-Kovalevskaya Theorem [58], we have that u
is solution of (1) and (16) holds. O

Lemma 9. If f € C*(R), we have (17).
Proof. We begin by observing that Lemma 8 gives the existence of a solution u
of (1), such that (17) holds.

Arguing as in [17, Theorem 1.1}, we have (17). O

Proof of Theorem 1. Theorem 1 follows from Lemmas 8 and (9). O
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3 Proof of Theorem 1 assuming (10)

In this section, we prove Theorem 1 assuming (10). Thanks to (10), (1) reads

Oru + 2audyu + 3bud,u + adu + [20%u
+4k(0pu)? + kud?u — h202u =0, 0<t<T, x€R, (62)
u(0,x) = ug(x), z €R.

We prove some a priori estimates on wu.

Lemma 10. Estimates (21), (47), (49) hold. Moreover, we have that

16¢35%¢

e hZ N 2 (a* + K?) 616252/3215 L 63)
2 2 4 2 2h2(5 36
(21920t Fa ey + Bllutt, ) e )
1
> 27
(2 19:0l32z) + 3 lluollLsqmy )
2100ty ) |32y + Bt ke < C, (64

for every 0 <t <T.
Proof. Multiplying (62) by —0%u + ¢3u3, we have
(—Gg%u + E%ug) Oru + 2a (—8§u + €§u3) uOyu + 3b (—Q%u + é%ug) u?0pu
+ o (—02u+ 3u?) Bu+ B2 (—02u + 3u®) Opu (66)
+ 4k (—02u + GGu®) (0,u)? + k (—02u + (3u®) udiu
— h? (=02u + (3u®) O2u = 0.

Observe that

d (1 Iz
/R (—0%u + £3u®) Dpudx = T (2 0zt )72 () + ZS [[u(t, ‘)Hi‘%R)) :

2&/
R

Sb/ (—3£u + f%ug) u?dpudr = —Sb/ u? O, ud ude,
R R

—02u + (3u”) ududs = —2(1/ udyud>udz, (67)
R

a/ (—02u+ (3u*) Bude = —3a€§/ w0y ud udz,
R R
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32 / (=02u + L3u®) Dyudr = B }|a§u(t,-)\\;(R) — 3032 / w0, ud>udz
R
= 6{ 52/ u(0pu)20>udz + 30332 Hu u(t, -)H;(R)
2
= —20358” || 0, ult, )HL4 r) + 36567 [|ult, ) Oult, ')HL2(R)7
4%/ (—Ogu + K%u?’) (Opu)’dr = 4/{6%/ u3(8xu)2d:v,
R R
n/ (—&%u + K%us) ududr = —m/ u(0%u)*dx — 4&63/ u?(0,u)%dz,
R R R
— h2/ (—=02u + (3u?) D2udx
R
= h?[|07u(t HL2 + 30203 ||u(t, -)dpult, )| 2w
Integrating (66) on R, by (67), we get
d (1 2 2
(31000t ey + 5 Bt Mg ) + 52 020t e

+ 36367 [|ut, )O2u(t, )| oz
+ 3h2£3 Hu(ta )a:tu( 9 ')HLQ(R)

+h? | Ot ')Hi2(R)

=3 (b+ at3) / w0 ududr + 2a/ udpud>udx
R R

+ 20232 || 0, ult, )||L4 +n/u(6§u)2dx.
R

Thanks to (10), we have that

d 2
= (210.u(t mpm+wﬂm Wiacey) +46 03u(t, |z

+ 12662 [[u(t, 02u(t, )| gy + 457 [|02u(t, )| 2 ) (68)
+ 12h202 ||u(t, ) Opul(t, )”LQ(R

= 8a/ udpududzr + 80352 || 0.ul(t, )HL4(R +4/<;/ u(9%u)*dx
R R

Due to the Young inequality,

2
ozu

dx

8\@]/|u8$uH(9§u\dx—8/\hﬁguazm a4
R

2
< AR5 |lut, Wu<ﬂmew%A%wwwp®7

4|/<a|/|u] (0%u) x—4/ |h£3u82 |

< 20703 ||u(t, ) O2u(

/@6 U
h€3

2
')Hm(R) + thg [0Zu(t, )| 2 g -
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It follows from (68) that

d
= (21900t ) F2qe) eﬂmwm;®)+ww@Muw;®

+ 86282 ||ult, £y + 402 020t )| ey (69)
+ 10R°63 ||u(t, )3 U( Wiz
2 (2a® + K2
< 8638 [ Dault, )| 1 gy (h2£2) 070t ) 2 gy -
3
Due to the Young inequality,
2 (2@2 + K ) 2 (2(12 + K,Q)
2(2 2
= _(22;%/ Opududr < 222;'%/ |0y u| |03 u|dz
_ (2a2 + K ) Oz 3
_Q/R s ’B({)xu}dx
202 + K2 2
= ( h4€§,32) Hal’u(ta )H%Q(R) + 62 Hagu(t’ )Hiﬁ(ﬂ{)

Consequently, by (69),

d
= (2000t ) e fwwnma®)+ww@Mnm;®

+ 86282 ||ult, (t,~)Hi2(R) + 4h2 H@%u(t,~)HiQ(R) (70)
+um%@wu»xwamém)
(2@2 + n2)2

< 8638 Duult, )| ) + AR 10zu(t, )72 gy -
3
Due to the Hélder inequality,

8362 1 0wult, )| 1sgry =867 10wult, )| T gy 10wu(ts ) 2wy

<1662 0,u(t, )3z [|02ult ‘Hm(m)

Thanks to the Young inequality,

64€ ﬁ4 2
8367 10xult, 7o) < —5— 10zu(t, G2y + h® [|05ut, )| 2

Hence, by (70),

d
= (2100ut, ey eﬂmwmb®)+wW@wuw;®
+ 86362 u(t, )02u(t, ) o + 302 [02u(t, ) o gy (71)
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+ 10105 ||u(t, ) Dpult, )HL2 (R)

64€ 54 202 + K2)?
< [0z u(t, ')||6L2(R)+(h4€§62)||awu(tv')”%2(]R)

Denoting

Y () =2 0au(t, M2 + G lult, )z

843 (2a* + K )

by =
TRz 2h12 32

65 =

and using (72),

O 0wt ) 32y < 5 (1008, ) Bz + Bt Ve = Y (0)

Since
2| 0pu(t, )22 < 2[100ult, ) T2y + 6 llult, )7

then, by (72),

6
8 0sut, ) Saqey < (210000, ) ey + 6 Jult, ey = Y2(0).
Consequently, by (71), (72), (72) and (74),

dY (t)
dt

Arguing as in Lemma 1, we get

2
e2lat _i> ls (GQM 1)
Y2(t) }/02 - 54

< 0Y 4+ 6573,

9

that is -
et 55 204t ].
1> _ 1) >
Vi) i (e

Using (72) in (75), we have (63).

We prove (64). We begin by observing that, by the Holder inequality,

B lluollTagry < 6 luolfeo ey luollTer) < 263 luoll72 gy 10wuoll p2(gy

Therefore,

(72)

(73)

(74)

3
2 [10suol|Zary + 43 luollzar) < 21105u0ll T2y + 265 luol 2y 19zuoll 12r) -

which gives

9 2
(2100 l2(z) + 3 ol sy

2
< (200u0132g) + 263 ol 2y 19t oy )
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Denote
2 2 2 3 2
Yio = <2 ||azUO”L2(R) + 243 HUOHL?(R) ||amU0||L2(R)) . (77)

It follows from (72), (50) and (77) that

1 1
— 2 5. 78
X5~ YR 8
Consequently, by (63), (72) and (78),
€2£4t 65 20 1
+*(€ 4t_1> 277
Y2(t)  ly Y2,
that is
e 65 (W - ) V2E) 1
£4Y(t) Y
Therefore,
Y2 (t) <Y2olae®t 4 15V, (e%ﬂf . 1) Y2(t)
<Y2lse®T + 65V (eMT — 1) Y2(t).
Hence,
[54 — LY (e%ﬂ“ - 1)] Y2(t) < Vilae®T. (79)
We require that
04— 6V (e%T - 1) > 0. (80)

Thanks to (72) and (77), (80) reads

2
8€§B4 (2@2 + /4;2) 9
e L

) 3 2 160464T
+28 ol ool (73 ~1) >0

which is verified when

1603p4T

2 2
(2a° + #?) <€ B 1) (2|’8xu0\|%2(R) + 2063 |[uol 22 (g ||3:cU0HL2(R)>

—16658° < 0.

Thanks to (10), we have that

2 ||8:cU0H%2(R) + 203 |\U0||?i2(m) 18zu0| 2y — AT < 0.
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Therefore, by (10), (72), (79) and (80), there exists a constant C' > 0, such
that
Y2(t)
C

< Y12,0£4€2£4T7

that is

Using (72) and (77) in (81), we have (64).
We prove (21) and (65). By (64) and (71), we have that

d

= (2000t )22z + f% lut, Mage ) + 367 03u(t, )
8667 [u(t, )Ou(t, [ 2y + 40 [02u(t, | o,
+10h2zguu< )a ult, )3z < C.

Integrating on (0,t), by (4), we get
t
2 00su(t Wi + 6 It Mgy +36° [ 020l )agey o
t
+8€§62/ Hu(s,-)@%u(s, -)HiQ(R) ds
to
02 [ |02 ) [ ds
’ t
10023 [ u(s,)0ru(s. )

<2 ||8suol|2(z) + 63 luol7s ey + Ct < C,

which gives (21) and (65).
We prove (47). Thanks to (64) and the Holder inequality,

lu(t, z)|* =3 ‘/ u28xudy‘ < 3/ u?|0,ul|dx
<3 [lult, M 7s) 10zult, ) 2z < C.

Hence,
3
||U”Lo<>((o,T)xR) <G,
which gives (47).
Finally, we prove (49). [16, Lemma 2.3] says that

Jo,utt, ) lfaqey < [ (0
R
Consequently, by (47),

18t ) [Ty < ullF e o,y 10202, )Gy < C 1020t )Gy -

Integrating on (0,t), by (21), we have (49). O



On a Kuramoto-Velarde type equation 133

Lemma 11. Assume (10) and fix T > 0. Then
2
B (102u(t.) [y + H* [9u(t. ) ey /H@u W <€ (82)

for every 0 <t <T. Moreover, (56) and (58) hold.
Proof. Let 0 <t <T. Multiplying (62) by 20,u, an integration on R gives

d
= (B 1102t ) oy + b2 I0sult, Faqx))
= 262/ Irudpudx — 2h2/ D*udyudz
R R
= —2||0yu(t, -)H%Q(R) - 4a/ uOzududr — 6b/ u? Oy udyuda
R R

—2a/ aiu@tudx—&i/(axu)Q@tudx— 2&/ ud2udyudz.
R R R

Therefore, we have that
d
(B 02t ) [aqmy + 12 10t ) agey) + 2 00t ) ey
= —4&/ u@wu&gudm—Gb/ uQ&Eu@tud:L‘—Zoz/ ai’uﬁtudx (83)
R R R
—8&/(axu)28tud:c—2/<c/ ud?udyudz.
R R
Due to (47) and the Young inequality,

4|a|/ |u6mu]|8tu|d:v:2/
R

’ vV Dlﬁtu’ dx
4a?

< Dy [[u(t, ) Ozul(t, )HL2 ®) + D1 [[Owult, )H%?(R)

2aulzu

6|b|/Ru2|8xu||6tu|dm§6]b| |u||Loo((07T)XR)/R|u81u||8tu]da:
SQC/ |u3xu|8tu|dg;:2/ ‘Cu@xu ‘\/D13tU‘dx
R

C
< p, It )owut, - M2 + Drllovult, 7o) -

3
2|a|/|a§u|yatu\dx:2/ adu ‘\/ch‘)tu‘dx
R
a? 3 9
< E Ha HL2 + D1 [|Opu(t, )HL?(R)»
4r(0zu)’

8|/<a]/(8zu)28tud:):— 2/
R

16K2
< 7H3 ult, )|z + Dullovu(t, )72
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2| / 2| Opuldar = 2 / [/Bro dz
R

2
< v Nt )0utt, ey + Dr et Ve

2
KuOZu

where Dy is a positive constant, which will be specified later. It follows from (83)
that

d
It (52 H82 HL2(R) +h? [|0xul(t, )HL2 R)) (2 —5D1) [|Orult, - HL2
a’+C 2
< S It )0t Yo + 5 H63 ) e
16/@

K> 2
Ha U( )Hi‘l(R) + Hl Hu(t? )8323u(t7 .)HLQ(R)
Taking D = %, we have
d (2152 2 2
5 (B 1020t ) [y + 12 Nosult, My ) + vt 2o
2
< Cllult, )sult, )| T2y + 5 |0%u(t, )| )
2
+ 80’4’2 Haxu( )HL“(R) + 5"62 H’LL tv 82 .)HLQ(R)
Integrating on (0,t), by (4), (49) and (65), we get
t
2
B2 92000, [0y + 2 1000t ey + [ 10000, )
t
2
< B 0200y + 22100t My +C [ s, 0w, s s
t t
2
+502 [ 005, [y s+ 5082 [ 00u(s. ) f1gay ds
t
+5f@2/ (s, J02u(s, )2y ds < C.
0
which gives (82).

Finally, arguing as in Lemma 5, we have (56), while, arguing as in Lemma 6,
we have (58). O

Lemma 12. Fized T > 0, then

t t
2
. W +28° [ 025, ey ds+ 282 [ N00u(s. ey ds < € (59)

for every 0 <t < T.

Proof. Multiplying (62) by 2u, an integration on R gives

d 9 /
— ||u(t, - =2 [ ududx
77 1w )2 ) Ut
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= — 4a/ w?dpudr — Gb/ u3dpudr — 2a/ uﬁidw
R R R

- 2B2/ udiuds — 8/@/ u(Opu)?dr — 2/6/ w0 udx + 2h2/ ududz
R R R R
:2a/ Dpududz + 2,6’2/ pudiudr — 4&/ u(Opu)?dr — 2h? ||0ult, ')H%E(R)
R R R
2
== 2ﬁ2 Hagu(t, '>HL2(R) - 4/@/Ru(3zu)2d:c — 2k [ Oz ult, ')H%Q(R) .

Therefore, we have that

d 2
i [|u(t, ')H%?(R) + 252 Ha};u(t, ')HL2(R) +2h? |0u(t, ‘)H%?(R)
(85)
= —4%/ u(dpu)?dz.
R
Thanks to (47) and (64),
4r| /]R [ul (Bpu)?dar < 4w ull poe (0,7 ) 10wte(ts ) |72y < C-
Consequently, by (85),
i lut, )13 2y + 262 | 020t )| 1o + 202 [0xult, 7o) < C
dt ULL; )l L2 (R) UL, L2(R) UL, )l p2@m) = ©-
Integrating on (0,t), by (4), we get
t t
2
||lu(t, ')H%Q(R) + 232 /0 H@gu(S, ')HL2(R) ds + 2h? /0 |0z u(s, -)H%z(R) ds
< lluolZ2gey + Ot < €,
which gives (84). O

Finally, arguing as in Section 2, we have Theorem 1.
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