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Abstract

In this article we propose efficient techniques for solving fractional dif-
ferential equations such as KdV-Burgers, Kadomtsev-Petviashvili, Zakharov-
Kuznetsov with less computational efforts and high accuracy for both numer-
ical and analytical purposes. The general exp,-function method is employed
to reckon new exact solitary wave solutions of time fractional nonlinear evo-
lution equations (NLEEs) stemming from mathematical physics. Fractional
complex transformation in conjunction with modified Riemann-Liouville op-
erator is used to tackle the fractional sense of the accompanying problems.
A comparison with existing conventional exp-function method and improved
exp-function method shows that the proposed recipe is more productive in
terms of obtaining analytical solutions. The graphical depictions of extracted
information show a strong relationship among fractional order outcomes with
those of classical ones.
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1 Introduction

In recent decades, fractional calculus has become one of the most appeal-
ing research areas due to its numerous applications in mathematics and applied
sciences. The fractional ordinary differential equations (FODEs) and fractional
partial differential equations (FPDEs) can serve as the governing equations for
many real-life phenomena. These equations stem from non-integer order deriva-
tives. Fractional calculus generalizes the concept of classical calculus and opens
a new avenue to ponder. They are used to model viscoelasticity and viscoplastic-
ity (Physics), polymers and proteins (Chemistry), the transmission of ultrasound
waves (Electrical engineering), and human tissue modeling subject to mechani-
cal loads (Biomedical science) and possess key role in many other scientific fields.
Moreover, fractional nonlinear evolution equations (FNLEES) describe the motion
of isolated waves, associated with memory effects due to the presence of fractional
derivatives therein. Thus, for describing the structure of complex physical phe-
nomena, solutions to these nonlinear PDEs are more important their integer order
counterparts.

The nonlinear evolution equation (NLEE) is a partial differential equation
(PDE) with time ¢ and space z as independent variables. These equations cover
several physical phenomena including solitons, vibrations and propagation of
waves of finite speed [9] etc. In recent years, a great deal of research has been
conducted to solve NLEEs of fractional and integer order. These equations stem
from solid-state physics, plasma physics, biomechanics, nonlinear optics, control
theory, mathematical finance and other fields of applied sciences. The literature
incorporates methods such as F-expansion [29], sine-cosine [6], extended tanh-
function [2], Hirota bilinear transformation [14], homogeneous balance [28, 33],
Jacobi elliptic function [4], truncated painleve expansion [31], homotopy pertur-
bation [23], generalized rational function expansion [5] and numerous other for
solving NLEEs. The general exp,-function method [3] is a general version of
the exp-function method, wherein, an arbitrary base “a”, (a # 1), is considered,
contrary to the conventional base “e”. In this paper, we apply the said method
to look for exact solutions of time-the fractional NLEEs by using Maple soft-
ware. The idea of B. Zheng [34] is used for compatibility of the method with the
fractional order sense, along with the application of modified Riemann-Liouville
operator [18] and fractional complex transformation [21]. These two entities are
utilized to transform governing problems into the corresponding ordinary differ-
ential equations (ODEs), which are then solved by using general exp,-function
method for constructing exact solitary wave solutions. Graphical illustration of
the outcomes and a comparative description of the proposed method with exp-
function method [8,13] and improved exp-function method [17] is presented to
demonstrate the efficacy of general exp,-function method. Few core investiga-
tions can be found in references [1,7,10,11,15,20,22,24-27].

Subsequent to a careful review of the literature, authors learned that exact
solitary wave solutions of time-fractional nonlinear evolution equations by means
of general exp,-function method have not been conducted thus far. Also, the



Exact solitary wave solutions of time fractional nonlinear evolution models 85

current effort is aimed to derive the numerical analytical solutions of such highly
complex problems. This article comprises six sections. Section 2 is dedicated
to an extensive mathematical formulation. The General exp,-function Method
is discussed in Section 3. Section four is devoted to obtained analytical results.
Section five offers discussion whereas the last Section concludes a summary of
outcomes.

2 Formulation of the problem

The Jumarie’s modified Riemann-Liouville operator [19] is defined as

ey Jo =7) ([ (1) = f(0)) dr,a <0,
Dif(t) = ﬁ%f@ (t—7)""(f (1) = f(0)dr,0 < a < 1, (1)
[fM@)* " n<a<n+1,n>1.

The fractional complex transformation is defined as
tOé xa yOé
+ L + L + ..., 2
Tla+1)  *Tla+1)  *Tla+1) @)
here the variable £ is a complex variable, L,, n € N, are constants, ¢ is time,
whereas, ¢ and y are differentiable special coordinates. This transformation
changes the given fractional partial differential equation (PDE) into its corre-
sponding ordinary differential equation (ODE) for convenience of the solution
process. Fractional complex transformation can be articulated into different forms
subject to the simplicity and formulation of the governing equation.
The time fractional KdV-Burgers equation [30] reads

§=1

Up + Uy + Upy + Ugge = 0. (3)

Eq. (3) governs weak effects of dispersion u;y,, nonlinear advection wu, and
dissipation u,, observed in a good deal of wave phenomena. Moreover, it reflects
approximations of long wavelengths, wherein, the nonlinear advection influence is
counterbalanced by the dispersion [12]. The fractional order form of Eq. (3) is
interpreted as

gDfu 4wty + Upg + Ugze =0, 0<a <1, (4)

wherein, ;Dj* typifies modified Riemann-Liouville derivative.
The time fractional KP equation is defined as

(Ut + Vluux+y2uxxz)x + V3Uyy = 0, (5)

which governs the waves of shallow water which include weakly nonlinear restoring
forces.

The said equations yield soliton solutions and are generalized description of
the Korteweg-de Vries (KdV) equation [16,32]. The fractional order form of Eq.
(5) is interpreted as

(;Dfu + viuug+1votsgg ) + V3t =0, 0<a <1 (6)
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The time fractional Zakharov-Kuznetsov (ZK) equation [16,32] is defined as
Ut + ViUl + Vyllgey + Valigyy = 0, (7)

and arises in the behavior of ion-acoustic waves (showing weakly nonlinear be-
havior) in plasma holding the ions in their cold state and isothermal electrons in
their hot state subject to the presence of uniform magnetic field. The fractional
sense of time fractional- ZK equation is as follows

gDfu+ Vg 4 Vhugey + Vitgyy =0, 0 < a <1. (8)

3 General exp,-function method

Consider general time-fractional PDE of the form

V< 0% Ou Ou

U,ata7ax7ay,...>zo, O[ER, (9)

where, u is unknown function and V is a polynomial of u, its time fractional
derivative and classical partial derivatives. The fractional complex transformation
(2) changes the Eq. (9) into the ODE

W (ug,u/,u” W, . .) = 0. (10)

The resulted ODE is integrated once or more times while neglecting integration
constant. The general exp,-function method assumes following ansatz

it Aiat
U (f) = Wa (11)

wherein, ¢,, are positive integers, A; and Bj; are constants to be determined. The
positive real number ”a” (a # 1) is an arbitrary fixed number. Alternative form
of (11) is

_Ag ats + ...+ A_Cga’C2§
" Bea®st + ...+ B_a

uy (§)

for determining the analytic solution of a nonlinear problems. The application of
balancing method leads to c3 = ¢; and ¢o = ¢4 so that the presumed solution (12)
takes the form

(12)

A a4+ A a2

= 13
Ul (g) Bcl G;Cl& + ...+ B_C2 a—0257 ( )
on multiplying its numerator and denominator by a~% will give

A+ AC+1Q5 + A,da_(d—i_c)5
U1 (‘S) - —(d ) (14)

B. + BC.HCLE + B_g4a +c)§

Which is equivalent to
Ag + 141@5 + ...+ z4kClk£

up (§) = (15)

- Bg—i—Blaf—l—...—i—BkakE’
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where, k > 0 and for & = 2, above ansatz (15) reduces to

. Ag + Alag + A2a2£
B By + Blaf + B2a2§'

u (§) (16)

Using the simplified ansatz (16) in Eq. (10) forms the exp-function polynomial,
whose coeflicients are equated to zero, resulting in a system of equation. Solution
of this particular system provides various results for which the final corresponding
exact solutions are established.

4 Solution of the problems

This section consists of four subsections with different cases:

4.1 Solution of time fractional KdV-Burgers equation
By using the complex transformation

tOé

U = ux (g), where g = —le +

Loz, (17)

combined with the modified Riemann-Liouville derivative, converts time fractional
KdV-Burgers Eq. (4) into the ODE

—Li(u1) + Louy (u1) + L3(uy)" + L3 (u)® =0, (18)

which is integrated while neglecting constant of integration and then the ansatz
(16) is substituted in the integrated equation, which leads to

E1a5 + E‘QCL2§ + Ega?’{ + E4a45 + E5a5§ + E'(;CIG5 .

0. 19
(By + Bia¢ + Boa?¢)? (19)
Equalizing the coefficients of ™ (n = 1,..., 6.) to zero, gives a system of
equations, whose solution comes up with the following cases
1 L2A1
C N Lo=1L
ase a 1= 57 2 25
A1 B
Ag="22 A= Ay, Ay =0, (20)
By
By = By, By = B1, By =0.
Case b: Ly = —L3ln|a| (Laln|a| — 1), Ly = Lo,
By = By, B1 = B1, By =0,
(21)

Ag = 2Lsln |a| By — 2L2 (In|a|)? By,
Ay = 2B Loln |a| — 2B L2 (in|a|)?, As = 0.
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Case ¢: Ly = —2L3Ina| (2Laln|a| — 1), Ly = Lo,
By = By, By =0, By =0,
Ao = 4Laln|a| By — 8L2 (Ina|)? Bo,
Ay =0, Ay = 4Lsln |a| By — 8L3 (In |a))® Ba.

1Lo A2 A2 By

Case d: Ll = Lg = LQ, Ao = 7,/11

Ay = As, By = By, By = By, By = Bs.
- 3
2L3In |a| (Laln |a| — 1)’
By = By, By = By, By = B,
Ay = 3Loln |a| By — 3L2 (in]a|)® By,
A1 = =3Lsln|a| (Laln |a] — 1) By,
Ay = 3Laln |a| By — 3L% (In]a|)? Ba.
Case f: L; = —L3ln la| + L3 (In |a])2, Ly = Lo,
By = By, By = By, Ba =0,
Ao = —2Laln |a| By + 2L2 (In|a])? Bo,
Ay = —2LsIn |a] + QL% (In |a|)2 By, Ay = 0.

Ly = Lo,

Casee: L; =

Solutions for above cases (20)—(25) will respectively be

A1 Bg wit®+Lox
B, + Aja

_ ABy
2 BQ ’ B2 B BQ

)

u171 (x7 t) = BO + Blawlta+L2x b
P 22 B
YT BT (a+ 1)
2Lsln \a| (1 — Loln \a]) (BO + Blaw2ta+L2x)
’LLLQ (-’E, t) = (BO T Blaw2ta+L21.) )
_ L3inlal (Laln]a|] — 1)
B I'(a+1) ’
4Lsln |a| (1 — 2Laln |al) (By + Baast"+2127)
Uu1,3 (5137 t) = (BO T BQCstta+2LQI) y
4L3In |a| (2Lsln |a| — 1)
wa =
¥ T(a+1) ’
( t) B A]%ljo + A]%1231G%W4t“+L2x +A2aw4ta+2L2m
u1,4 x, - BO +Bla%w4t(x+]_’12x + B2aw4ta+2L2x
LoAs
Wg=—————
YT B(a+1)
3Lslnlal (1 — Loln |a]) (Bo + B1a™* + Bya™)
U15 (.%', t) =

(B() + BlaKl + BQCLMl)
K = %wgta + Lox, M1 = 3wot™ + 2Lox,

)

(24)

(26)

(27)

(28)

(29)

(30)
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2Lsln|al (1 — Loln |a]) (Bo + B1a? + Bya™?)
(Bo + Biak2 + BQCLM2) ’ (31)
Ko = wot® + Lox, My =2 (OJQta + Lgl') .

’U,1,6 (ac, t) =

4.2  Solution of time fractional Kadomtsev-Petviashvili (KP)
By using the complex transformation

ta

U = U (g)af: —le

+ L2x + L3y7 (32)

and modified Riemann-Liouville derivative, Eq. (6) is transformed into the ODE
—LoLy(w)” + L3 (u))® + ui(u)") + vaLd ()@ + v3L3(ur)" =0,  (33)

After integrating twice using similar procedure as discussed before, following
cases are figured out.

_ 12u3L3B1 + A1 L3

C . L Lo=1Ly, L3=1L
ase a 1 9 LoB1 , L2 2, L3 35
A1 B
Ag =20 Ay = Ay, Ay =0, (34)
B
By = By, By = By, By = 0.
L2 — LA 2
Case b: L1: 373 VQLQ(HM) 5 LQZLQ, L3:L3,
2
L2 (1 ’B L2 (1 ’B
A():A(), A1:—2l/2 Z(n’a‘) 17A2:_2V2 2(”’@‘) 27 (35)
141 141
1 A
By = —*%, By = B1, By = Bo,
2vyL5 (In|al)
L2 — LA (1 2
Case c: L1:V3 3 V2L2(n|a|) y Lo = Lo, L3 = L3,
2
2 2
AOZ_}VQL% (Inlal) B%,A1:4V2L% (In|al) Bl7 (36)
2 Bovyg 21
L2 (1 ’B 1 B2
A2=—2y2 2 (I |a) 2 By=-=L,B, = B),B; = Bs.
1241 4B2
Cased: Ly =Ly,Ly = Lo,L3 = L3, By = By, By = B1, By = Bs,
By (—L2L1 + V3L§) (—Lng + Vng) B,
Ag= -2 5 LA = =2 5
1/1L2 1/1L2 (37)
—LoL L2\ B
A2:—2( ol +v3 5) 2‘

%1 L%
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Solutions for above cases (34)—(37) are respectively

A1 By wst®+ Lox+ L3y
5ot Aia

uz,1 (z,1) = By + Bjawst®+Llez+Lsy ' (38)
1 (2V3L§Bl + All/lL%)
Wy = ——
T2 LBl (a+1l)
Ao — 205 L3 (In|al)? (BlaKgu_lem)
UZQ (x, t) = 1 A
—§Wﬁ|a‘)z + BchK3 + BQCLM?’
K3 = wgt® + Loz + Lay, M3 = —2 (thO‘ — Lox — L3y) , (39)
(yng — wIi(n |ay)2)
we = — )
LQF (Oé + 1)
L (In|al) B3 5 ((nlal)* (2815~ Baas)
<V2 (-5 ) + 213 B (40)
Uu2.3 (:177 t) = 1 B,2 I Iv; )
13724—31(1 3 4+ BoaMs
( t) 2 (L2L1 - V3L§) By + BlaK4 + BQCLM4
u X =
2.4 ) I/lL% BO + BlaK4 + B2aM4 3 (41)
—L
Ky = wit® + Lox + Lyy, My = 2w7t® + Lox + My, w7 = o
Ia+1)

4.3 Solution of time fractional Zakharov-Kuznetsov (ZK)

By using the complex transformation (32) and modified Riemann-Liouville
derivative, ZK Eq. (8) is converted into the ODE

—Ly(u1) + vy Louy (uy)' 4+ V4L3(uy)" + v4 Lo L3u} = 0, (42)

which is integrated once and using similar procedure as discussed before, following
cases are figured out.

1 A
Case a: Li = iuiLgB—i, Ly = Lo, L3 = L3,
A1 B
AO:%’ A1:A17 AQZOa (43)
By = By, B1 = By, Bo =0.
Case b: Ly = vy L3 (In|a|)* + V4L Ly (In|a])®, Ly = Ly, Ly = Ls,
o plinlal) Bo (413 + 1 13)
0 — v ’
B (1 2 1/L2 /L2 (44)
n|a 1% + v
A1:2 1( |’) (VIZQ 33),142:0,
1

By = By, By = By, By =0.
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1 A
Casec: Ly = fuiLng, Ly = La, L3 = Ls,
2 By
A2B0 A2B1 (45)
0 B2 y 1 BQ ; 2 25

By = By, By = By, By = Bs.

Solutions for above cases (43)—(45) are respectively

A1 By + AIGUJSt"‘+L21+L3y

us1 (x7 t) = = 3
, BU + Blawsto‘+L2x+L3y (46)
1 V{LQAl
Wg = —; >
® T 2B T (a+1)
_ 2(inal)? (VL3 + V4LF) (Bo + Bya!" Hhavthay)
u3,2 (I7t) - I/{ (BO + Blawgto‘+L2x+L3y) )
LL3 (In|a])? + v4L3Ls (In|a]) )
vaLs (Infal)” + v3L3Ls (Inal)
W= T (a+1) ’
<AEBO + AgBla%mefa"'L?x"'Li”y + A2aw10t°‘+2L2x+2L3y>
2 2
uz3(z,t) = )
( ) (BO + Bla%wmt&—&-sz-i-L:ay + B2aw10ta+2Lgac+2L3y> (48)
o= Vil2As
U7 T B (a4 1)

4.4 Solutions by means of exp-function method and improved
exp-function method

aibo w11t +Lox
by + ae

ug (2,t) = by + bjewrt+Lloz ’
e (49)
wll — a1 1T/ 4N
2010 (o + 1)

bO _ blewlzt(’JrLyc

bO + blewlgto‘—l-LQI’

U4’2 (.%‘,t) = —2L2 (LQ — 1)

50
L3(Ly —1) !
wig = —=———
12 Ma+1) "’
ugs (x,t) = a_jewst®—lor 4 % + %6_(“3”_];2:6)
4,3\ b= b_jewst®=Laz 4 by 4 pre—(wist®—Lox) 7 (51)
Loa_
ors — 201

Qb_IF(Oé + 1) ’
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bo (L2 — 1) + (L + 1) (b_ye~@ni®Thaw) 4 gurat®FLor)

U4,4 (CU; t) = —2L2 b_le—(w14t&+L2z) + b() + b16w14t04+L25L‘

)

(52)
wis — L% (LQ + 1)
YT T+
a_lewl5ta—L2$—L3y + al:ij
51 (:E’ t) B b_1€w15t°‘—L2m—L3y + bg ’ (53)
T (VlL%a,l + 21/3L§b,1)
1= 2L2b,1F(Oé + 1) ’
y (x t) _ alli)il*lewl(}ta—[/zx—l/gy + % _I_ale—(wlgta—LQ.r—Lgy)
5,2\ b_lewlﬁta—LQZE—LBy +bg + ble—(wlgt‘l—ng—Lgy) ) (54)
- (alylL% + 21/3L§b1)
16 2L2b1F(O[ + 1) ’
s 3 (2.1) —205 L3 (b_qe*7t" ~l2v=lsy 4 gq 4 ble*(wnt“*Lﬂ*Lsy)) |
7 %1 (b_1€w17ta_L2m_L3y + 4'/1/12% + b1e—(w17t°‘—L2=’B—L3y)) (55)
2
_ V3L§ — Z/QL%
Y= Th(a+1)
% +a16—(w18t°‘—L2I—L3y)
U6, 1 (ZE;t) — bO + ble,(wlstafLmeLgy) 3 6
VL (56)
Wig — vilaay
¥ o M(a+ 1)
a_lewlgta—Lgx—L:gy + a;lb() + al:lbl e_(WIQta_LQ-'E_LSy)
_ -1 1
6,2 (:L" t) - bilewthngfosy + bo + ble*(wlgta*[QlE*LS?j) ’ (57)
w o V{Lgafl
Yo T(a+1)

Here, Egs. (49)—(52) , Eqgs. (53)—(55) and Eqgs. (56)—(57) represent the
solutions of KdV-Burgers equation, KP equation and ZK equation respectively.
The solutions computed by improved exp-function method are as follows

bO o ewgota+2L2x
Uz,1 ($7t) = _4L2 <2L2 - ]‘) bO + ew20t*+2Loz’
58
o 4L2(2Ly — 1) (58)
_ a2b0 +a2bleWQ1ta+L21‘ +a2€w21t0‘+2L21
7.2 (LE, t) N by + ble‘*’zltu+L2$ + ew21t*+2L2x ’
Loay (59)
YT M a+ 1)
3 e a
b _ b Swiot®+Lox 3wi2t*+2Lox
wps (2,) = —3Ly (Ly — 1) X~ e (60)

bO + ble%UJthQ+L2$ + e3w12to‘+2L2$’
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blewmto‘-i-Lzm _ eQ(wlzta-i—sz)
_ _ 61
’LL7,4 ($, t) 2-[/2 (L2 ]-) blewlzta_;’_LQx + 62(w12t0‘+L2x) ) ( )
a1bg wa2t*+Lox+L3y
ug 1 (1) = b, T a1€
e by + byewezt*+loatlay (62)
oy — —(CL1V1L% + 2V3L§bl)
22 —
2L2b1I‘(a -+ 1) ’
agby | agby ,— 3 (wast®+Laa+Lsy) —(wast*—2Lax—2L3y)
ug.s (1) = by T by € 2 + age
2\ bo + ble—%(wz3t°‘—L2x—L3y) + bye—(w23t*—2Loz—2L3y) (63)
w angL% + 2V3L§b2
23 =
LgBQF(Oé + 1) ’
—vaj ta e~ (w2at®—Lox—Lay) _ 2v3L3bo 6—2(w24t°‘—L2m—L3y)
321/2L%b2 1 V1
8,3 (l‘,t) - via viai (w24t —Lox—L3y) 2(waqt®—Loxz—L3y) ’
—(w24t*—Lox—L3 —2(w24t*—Lox—L3
602Lib, T 4s12° +bae (64)
w I/3L§ — 1/2L421
24 = 7 1N
LQF(O{ + 1) ’
a1bo wig+Loz+L3y
ugq (z,t) = o+ e (65)
9,115 by + byewis+Laaz+Lsy
azby | asbi ,—%(w2s—Lox—Lsy) —(was—Laz—L3y)
T R T o
9,2 Ly b)) = — (w5 —Loz—Lsy) —(was—Loz—L ’
bo + bre” 2w L2t Lay) 4 p)e—(was—Laz—Lsy) (66)
w ViLQCLQta
25 = T 1/ 1N
bQF(Oé + 1)

In which, Egs. (58)-(61), Egs. (62)-(64) and Egs. (65)-(66) represent the
solutions of KdV-Burgers equation, KP equation and ZK equation respectively.

5 Discussion

Three dimensional multiple plot of solutions of the investigated physical mod-
els are constructed by considering the orders a = 0.5, 0.75, 0.85 and 1, depicted
in red, yellow, blue and green colors respectively. The attained solutions are ob-
served to be of 2-soliton type, namely singular and dark-bright soliton (shown in
Figure 1(a)). Another 2-soliton type soliton is also observed in Figure 3 known
as periodic and singular soliton. Further, the graphical results comprise 1-soliton
solutions (shown in Figures: 1(b), 2(a)), kink solution (shown in Figure 1(c)) and
kink-like solution (shown in Figure 2(b)). Apart from Figure 3, all the other Fig-
ures show that the solution curves of the said orders are very close to each other,
reflect subsequent memory patterns and are thus more important for dealing with
the physical aspects of governing equations.

Table 1 shows the comparative description of general exp,-function method,
exp-function method and improved exp-function method regarding the number
of verified solutions, established for each investigated governing time fractional
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NLEEs by using symbolic computation. The general exp,-function method is
observed to be more dominant tool for its provision of more solutions as compared
to the aforesaid methods.

In all the cases, applications of the problems are highlighted so that the linked
physical facets can be better comprehended. In some cases, newly computed
solutions are also validated by comparative analysis with already existing solutions
(for limiting cases of the problems). This study reveals a strong connection among
fractional and classical response (solution) curves of the governing equations in
each case and can be very supportive to unveil several unreported physical aspects.
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Figure 1: Pictorial view of solitons of fractional order KdV- Burgers Eq. (4).
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6 Conclusion

Exact, semi analytical and even numerical solutions of the problem of frac-
tional sense are not very common in the existing literature. In order to fill the
said gap, the general exp,-function method is observed to provide more play
types of new and verified closed from solutions as compared to the conventional
exp-function method and improved exp-function method. Moreover, graphical
representation of solution for different fractional orders along with the classical
ones show that the recommended analytical tool is valid, reliable and effective. It
is to be highlighted that fractional order NLEESs are rarely tackled by using the
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general exp,-function method in the literature and therefore it can contribute an
essential role in future study due its promising applicability.
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