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Abstract

In this work we continue with the study of smooth Gauss-Weierstrass,
Poisson-Cauchy and trigonometric singular integral operators that started
in [Anastassiou, G.A., Intelligent Mathematics: Computational Analysis,
Springer, Heidelberg, New York, Chapter 12, 2011], see there chapters 10-14.
This time the foundation of our research is a trigonometric Taylor’s formula.
We prove the parametrized univariate L, convergence of our operators to the
unit operator with rates via Jackson type parametrized inequalities involving
the first L, modulus of continuity. Of interest here is a residual appearing
term. Note that our operators are not in general positive.
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1 Introduction

We are motivated by [2], [3] chapters 10-14, and [4], [1]. We use a trigono-
metric new Taylor formula from [4], see also [1]. Here we consider some very
general operators, the smooth Gauss-Weierstrass, Poisson-Cauchy and trigono-
metric singular integral operators over the real line and we study further their L,,
p > 1, parametrized convergence properties quantitatively. We establish related
parametrized inequalities involving the first L,,, p > 1, modulus of continuity with
respect to Ly, p > 1, norm. We provide detailed proofs.

Other important motivating articles on the topic are [6]-[10].
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For the history of the topic we mention about the monograph [5] of 2012,
which was the first complete source to deal exclusively with the classic theory of
the approximation of singular integrals to the identity-unit operator. The authors
there studied quantitatively the basic approximation properties of the general Pi-
card, Gauss-Weierstrass and Poisson-Cauchy singular integral operators over the
real line, which are not positive linear operators. In particular they studied the
rate of convergence of these operators to the unit operator, as well as the related
simultaneous approximation. This is given via inequalities and with the use of
higher order modulus of smoothness of the high order derivative of the involved
function. Some of these inequalities are proven to be sharp. Also, they stud-
ied the global smoothness preservation property of these operators. Furthermore
they gave asymptotic expansions of Voronovskaya type for the error of approxima-
tion. They continued with the study of related properties of the general fractional
Gauss-Weierstrass and Poisson-Cauchy singular integral operators. These prop-
erties were studied with respect to L, norm, 1 < p < oco. The case of Lipschitz
type functions approximation was studied separately and in detail. Furthermode
they presented the corresponding general approximation theory of general sin-
gular integral operators with lots of applications to, the under focused till then,
trigonometric singular integral.

2 Part I: On Gauss-Weierstrass smooth singular inte-
grals

By [1], [4], for o, 8 € R with af (a® — %) # 0, and f € C*(R), a,z € R, we
have the following general trigonometric Taylor formula:

B3sin (a (z — a)) — a3 sin (8 (z — a)))

f @)~ f(a) f’()(

af (% —a?)
cos(a(z —a)) —cos (B (z — a))
B2 _ a2 )

" Bsin (o (z —a)) —asin (B (z —a))

f/m(a)"‘( 2+ﬂ2)f“( )> 2 g2 a(z—a) — o2 sin2 B(z—a)
e e () (7))
o L [0+ 08 1)+ 0 1)

_ (f//// ((l) + (a2 +62) f// (a) +a2ﬂ2f(a))}
[Bsin (a(x —t)) — asin (8 (x —t))] dt.
Forr € Nand n € ZT, we set
o (_1)17j ( ,] >4j_nv J = 11 T (2)
R () e
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that is

ZO&j =1. (3)

Here we consider all f, f/, f/, f, f® € L, R) N C (R), 1 < p < co.
For z € R, £ > 0 we consider the Lebesgue integrals, so called smooth Gauss-
Weierstrass operators

1 o - 2
Wie(f,x) = —/ Z a,; f (x4 jt) | e € dt, (4)
v )\ &
see [5], W, ¢ are not in general positive operators, see [5].
We notice by
%/ et =1, (5)
™ —00
that
Wiy (¢, ) = ¢, where c is a constant (6)
and
Wie () — (Z i Ui @) e’fdt) W
Denote by
wi (f,h), = Sup 1f (@ +8) = f (@), (8)
[t|<h

the first L, modulus of smoothness of f, 1 < p < 0.
By (1) we get that

3 sin (ajt) — o3 sin (B
Flet i)~ £ @)= f () (ﬂ )

(cos ajt) — cos Bjt))

52 _ o2
a Bsin (ajt) — asin (ﬁ]t)
i ( ol (57 - )

s o (oo (7)o (5)
+/”ﬂ (59 )+ (02 + 82) 1" () + 028 (5))

aB (B
- (f<4> (2) + (a2 + B2) " (2) + 026/ (x) )|
[Bsin (a (z + jt — s)) — asin (B (x + jt — s))] ds,

(9)

or better,

3 sin (ajt) — o sin (B
Flatt) = o) = /(@) () S 00

+ P (@) (Cos (aujit) — cos (ﬁjt))

32 — o2
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"y BSin (ajt) — asin (ﬁ]t)
o ”( o (%~ o?) )

2(fD (@) + (a2 + B2) " (@) [y . 5 [t st
+ (aﬁ)Q (5%_a2) (5 Sin (;) — o’ sin (;))
er/oﬁ [(f(4) (m+z)+(a2+62)f//($+z)+a252f(x+z)>

— (1D @)+ (@4 52) 17 () + 0282 (@)
[Bsin (a (jt — 2)) — asin (B (jt — 2))] dz.

(10)

Furthermore it holds

T

. [ () 3 - . . 3 - : .
aj[f(@+jt) — (@)= —27m =) |8 ) _aysin(ajt) —a” > a;sin(Bjt)
S0 161 () [ S st oS inn)

Jj=0

BJ;N_(JZQ) [z_: a; cos (ajt) — Z Q5 COS (ﬁjt)] (11)

7=0

2(fW(z)+ (> +8%) " (z , ' it . ' 8jt
(aﬁ)2(62—042) ) (5 jZ::Oajsmz (;) —a jzzzoajSIHZ (;))
+m r aj/ojt [(f(4)(x+z)+(042"‘»32)f”($+2’)+a2ﬂ2f(x+z))

=0

(
n (M) {520@ sin (ajt) —aZa] sin 6175)]

— (19 @) + (0 + 82) 1 (@) + 062 (@)
[Bsin (a (jt — 2)) — asin (B (jt — 2))] dz,

or better

Z% (x4 jt) — f ()] =

L 3 s a;sin (ajt) — o s ;i sin (87
<a5(52_a2)> [5 g J (aujt) jgo J (5]0]

< " (x > [Za] cos (ajt) — Zaj cos (5jt)] (12)
§=0
f(d) T . ' r . '
i <m(-)>) {BZ sn(agt) 3 asin wm]

2(fW (z) + (a® + B8%) f" (z)) 9 oosin? (29 2 . o sin? (P
+< (aB)? (82— a2) B;)Js (2) JZOJS <2>
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(59 @4 ) + (02 + 82) 57 o+ ) + 0B (o + )

+
=)
)
=
[\v]
I
o
N
=}
.
<.
s—

_ (f(4) () + (0424',62) 7 (z) +04232f($))}
[Bsin (o (t —w)) — asin (5] (t — w))] dw.

1 _—
R:=R(t):= m;aﬂ

/Ot (59 @+ jw) + (02 + 82) " (x + juw) + @22 (w+ jw))  (13)

— (19 @) + (4 52) 1 (2) + 0?62 (@)
[Bsin (aj (t — w)) — asin (Bj (t —w))]dw, VteR.
We set
By (z) := Wee (f,2) — [ (2)

(artim) [P e ([ i)

(o (omone ) ([omone )
() e ([ 74
HGT | D (R CRORT

- 1 * (Bt e
—azjgoajﬁ (/_Oost (2)6 Sdt)]

| S

1 ° e

Next we simplify E; (x):
We observe that

oo

[e%s) Py 0 +2 +2
/ sin (ajt) e dt = / sin (ajt)e” € dt + / sin (ajt) e” € dt. (15)
—0o0

—00 0
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Notice —oc0o <t < 0= o0 > —t > 0. So that

0 t2 0 2
/ sin (o) e Ll dt = / sin (0 (— (=) e~ ‘2 d (=)

— 00 — 00

0 s 0 -
= f/ (—sin(aj(—t)))e” €d(—t) = / sin (aj (—t))e” €d(—t) = (16)

—0o0 — 00

0 .2 o) .2
/ sin (ajt) e” €dt = 7/ sin (ajt) e € dt.
0

oo

So that
o0 f2
/ sin (ajt)e” €dt =0,

— 00

and all sine integrals in (14) are zeros.
Furthermore we have that

o0 it t2 o0 it t2
/ sin? <O‘j) e dt = 2/ sin? <O‘J> e dt
. 2 o 2

oo ()7

(Le =i o, and 58 = 3))
—2\/ sin? (B1z) e ® dx—Z\/ Ve~ G (eﬁrf ) (17)
_ V7€ -82\ _ a2 25
= (=) = ( )
That is

and similarly,

Next, we treat

= 2\/5/0OC cos ((aj;/é) t) e_<ﬁ)2di (20)

—2\[/ cos (B1x)e "’”dx—Q\/ feT N e e

That is

o0
/ cos (ajt) e et = ke~ 16, (21)

—0o0
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and similarly,

/OO cos (Bjt) e” €dt N 1]6. (22)

—0o0

Hence, we have the simplified expression,

Ey(z) =Wy (f2) — f(z) — ( 5];”(922) [Z & (6_(121]:€ - fﬂij:&)] -

=0
(et o () o o)
- ﬁ [ O;R(t) e dt. (23)

It follows a parametrized L, (p > 1) approximation result for W, ¢, £ > 0.

Theorem 1. Let a, 3 € R with af (o — %) # 0, and let all f, f', f", f®), f@ €
L,(R)NnC(R), 1 <p < oo. Hereq>1:%+é:1;§>0,m€R. Then

=0

(P ) [ 1) 1)

||E1 (J?)Hp = Han (f7 .1?) _ f( ) (5J;H_( 632) [Z . (e_ a21jé25 B e_g’?:g)

Jj=

P

(élajf)qzl-z%
< L {Z JIJP“( 1) r(3p+1)>] (24)

(VT)7 182 — 02| (g +1)7 (p+
o (f<4 (02 +0) "+ @B L E) E= () =0,

as & — 0.
Above T' stands for the gamma function.

Proof. Call the function
Fi=f® 4 (a® + 6%) f" + a5 . (25)
Then, we get
1 . i
R=R®= 5o ;)ajj/() [F (z + jw) = F (@)] [Bsin (aj (t —w))  (26)
—asin (8] (t —w))] dw,V t € R.

We isolate and study

1::/0 [F (x4 jw) — F (2)] [Bsin (j (t — w)) — asin (85 (£ — )] dw, ¥teR. (27)



60 George A. Anastassiou

For ¢ < 0, we have that

0
/ [F (2 + jw) — F (2)] [Bsin (o (¢ — w)) — asin (6 (¢ — w))] duw

/|F (x 4+ jw) — F (z)||Bsin(af (t — w)) — asin (57 (t — w))| dw (28)
<2allgls [ 1P+ jw) ~ F @) w0

0
— 2|8 / F (2 —j (~w)) - F ()] (~t — (~w)) d (~w)

t<w<0=-t>-w=:02>0)
0

= —2|all8]J » |F (z = j0) = F (x)| (=t — 0) db

=2|a||ﬁlj/o_ \F (z — j6) — F ()| (=t — 6) dof

Il
=2laflj ; |F (x + sign (t) jO) — F (x)| (|t] - 0) do

So, we have proved that

Il

1| < 2]apBlj ; |F' (2 + sign () jO) — F (x)| ([t| - 0)dO, ViteR, (29)
and, by (26),
|R ()] ‘52 Epa Zl%IJ \F (z + jsign (t)0) — F (z)[ (|t| - 0) 0, (30)
VteR.

By (14), we have
1 > _

Hence it holds (p,q > 1: 1)

o0
/ By (2)P da =

Q=

ot

[ (=
NN )
S

< r|2paz>|p/: (/Z [il'“ﬂ‘f @

It P
. ( ; |F (z + jsign (t)0) — F (z)| (]t| — 0) d9>] e_fdt> dx

@J‘ﬁ-

I A
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p—1
(by Jensen inequality) 1 op /00 /OO T o
= o] g
VRET ot ) | ) (Z_: f
" 1 o,
. Z|aj\j2 (/ |F (z + jsign (t) 9)—F(x)(|t|—9)d9> e €dt | dx
j=1 0

p—1
2P (Z |04jj2> .
j=1 .
[Z o 52

VREIE -l | &

/: (/_Z (/Olt |F (x + jsign (t) 0) —F(a:)|pd9>
. (/Otl (It — 0)7 d@) ! e_fdt) da:]

(33)

(e g,

TR -l ) |5

/_O; (/_O; (/Olt |F(;v+jsign(t)9)—F(x)|pd9>

+2
. ‘t|(‘I+1)(P*1) e*?dt) dﬂ?}
p—1
2» (Z Oéj|j2>
j=1 )

VAE(B = P (g + 17

. —i]aju?/: (/Olt (/_D; |F (2 + jsign (1) 6) —F(a:)|pdx> d9>

e e_%dt}

[ - oo [t] 0\ 7P 2
< S oyl 52 ( w (F \/53) d9> T o~ gy (34)
_j_zl ! /—OO /0 ! \/g P
» r . e [t] .79 p (a+1)(p—1) 2
gcwl(F,ﬁ)p{;mju?/_m(/o (1+¢g) cw)mq DSt

p+1 [ZIaJIJ/ (1+\[|t>p+1_1]

AR e—%lt}

(call ¢:=

e (£
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< 2pc\f
=

_ 2p+1 (\/E)
(p+1)
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oo t2
( ) [Z| J‘J \[ s} / |t|p+1 ‘t|(q+1)(p71) e_ﬁdt]
— W1 (F f) [Z|aj|jp+2/ t(q+1)(p—1)+(p+1)e—t§dt] (35)
j 0

:2p+1 (\/E) W (F \/) (\[)SPJrl

(p+1)

Jj=1

(p+1)

(p+1)

+1 2p+1 ,
< %wl F7 \/g)

(p+1)

2P+1c(\/g)2p+l
= Ty @ F, \/g)

op+1 2p+1 .
T B[S
j=1

r p—1 i
(Z Iaj|j2> 92p+1
j=1

(p+1)

S [ () e

r oo
2
Z |0‘j|jp+2/ 3Pe™" dx

Z|a |]p+2 </ 3pe—= d$+/173p612dx)]
1

(36)

— . 1 )
Z |a]| jp+2 </ xSde + / x3p6$d$>]
j 1

p+2 o0 3w
Z|Oéj|.7 <3p+1) _|_/ %P dx)]

(3p + 1))] (37)

:ﬁ‘ﬂg_aQ‘P(q_i_l)p—l(

+1)

§Pwy (F, \/E)z

[Z| il ( Gy tL et 1))]

r p—1
S ag| 2| 2%t
j=1

" VRl g

w1 (f(4) + (a 4+ /62) f// + 0426 f, \/g)pfp7

proving the claim.

It follows a consequence.

fpr )

p+1)
(38)

O]
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] (39)

Corollary 1. (to Theorem 1) It holds

_B2%52%¢
16

171, |
HWT§(f)_pr§(I)1( |62 042| [ZI ]|

@I + (a®+ 32 " 2,2 " 52,2
N L S O S (e B
(0‘5) |ﬂ2 - O‘2| j=0 j=0
as & — 0.
Above @1 () is as in (24).
Proof. Directly from (24). O

Next comes the L; approximation by W, ..

Theorem 2. Let o, 8 € R with o8 (a2 — 52) £ 0, and let all f, ', f", @), f& ¢
Li(R)NC(R); £ >0, x € R. Then

1B @)l = W (1o0) — ) 5 [Z a (e - )] -

Jj=0

(fr e ){wz%(le z')az%(leﬁ%ff)]

7=0

1

(fm O‘2> [Da” ( “5>]“’1 (F9+ (07 4 87) " + 0?82, VE) ¢
=0y (§) =0, »
as & — 0.

Proof. We have (F is as in (25))

/_O;|E1 )|dx(3—1)/ (1 /mR(t)et:dthx
L[

t
(?f \/7|52_a2| (/ {Zmﬂjz </0 |F (z + jsign (t)0)
—F (2)| (|t — 0) d6)] e_%dt> dz

21 [ T ' 0o e |£] o 2
< W_;Mﬂf/_@(/_@( ; |F (z+jsign (t)0) —F(ﬂﬂ)|d9>t|e ¢ dt>dx]

= mg |aj|j2/_‘:</olt(/_1F (x+jsign (t)6) — F(x)dx) d¢9>|tet€2dt]
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s S [ ([ (562 ) et
S\/ﬁ|ﬁ2_a2| LZ:JOZJJ /_Oo</0 w1 F,\/E\/g 1d9 |t|e dt

George A. Anastassiou

< e (), St [ ([ (4 ) )t
— i (FVE), :Zam/ (11+ 5227 |t|e—fdt}
= e (PVR), zaj(/ tetare g [T e gdt>]
- e (), [ S (0 [ () o
2T
= e (B, évm ([ e J/mxd)} (43
e () [Smt ([ s [
o)
e, [ (o) 4]
— i (FVE), me 3 +925)] (a4)
(RO ) ), [z o] ﬂﬂ;)] |
The claim is proved. .
We give
Corollary 2. (to Theorem ) It holds
W (1) = 7l < 02 @) + 0 {D ol (&5 )] (45)
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. <||f<4>||1 +(0* +57) ||f”||1>
(aB)* 15 — 02|

Jj=0

r 2,2 r 2,2
522%(1—6_ 4E>—a22aj (1—e_ﬁ45>‘—>0
§=0

as & — 0.
Above W1 (&) is as in (40).

Proof. Directly from (40). O

3 Part II: On the smooth Poisson-Cauchy singular
integral operators ([5])

Let @ €N, 8> % and f € C? (R). We define for x € R, ¢ > 0 the Lebesgue
integral

LY aif (e t)
Mg (fiz)=W [ =——at, (46)
—00 (t25+§25)5

where the constant is defined as

wo L@aer (a7)

L) T (8- %)

We assume that M, ¢ (f;z) € R for all z € R. We will use also that

1
M, ¢ (f; ) WZ% (/ flz+jt) t2a+52a)dt> (48)

We notice by W [%°_

— §2 7 dt =1 that M, (c;x) = ¢, c constant, and
t Dt+ @

1
Me (f;x) — (Zaa/ x + jt) — f ()] Wé%)ﬁdt). (49)

We set
Es (.’L‘) = MTE (fvx) - f(.’L')

- (Oéﬁ(fﬁ;(> [ﬁgz% (/ sin (ovjt) M)
_ asjé:oajw (/: sin (8jt) ww‘j;q)ﬁ)] (50)
() S ([ )

4 > dt
— a; W cos (Bjt) ————
% </—oo O s 52a>ﬁ>]
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_ L o i (i) B
(aﬁ (8% — ) [52 ’ (/ (at) (t2a+§2a)5>

: o dt
_azajW (/_Oo sin (8jt) A(tza +£2a)ﬂ>]

7=0
- (2 (fD (@) + (a® + B%) " (x)))
(@B)? (82 — a?)

LS (o () )
o ([t (3) )

7=0

= T§ f7
;g// az [ (cos (ait) — cos (Bjt)) M)] (51)
( (SO @) + (®+8) " (@ )))
(045)2( a?)

*° dt
=W R(t) ——. 52
L R0 s 62

It follows a parametrized L, (p > 1) approximation result for M, ¢, £ > 0.

Theorem 3. Let o, 3 € R with aff (o — 2) # 0, and let all f, f', f”, @) @) ¢
L,(R)NC(R), 1 < p < 0. Hereq>1:%+%:1;§>0,$€R. Assume @ € N,
B> 32—;1. Then

1o (@)ll,, = [|1Mre (f,2) = f (2)

o @\ o [ (e
- (ﬁQ _ a2) w [Z Q; </0 (cos (ajt) — cos (Bjt)) 7@2& N £2a)5>] (53)

7=0

- (4 (fD (@) + (a® + B%) " (x)))
(@B)® (8% - a?)

w ) T | oo . (Oé‘]t) dt _
|:ﬂ jgoaj </0 Sin 9 7(t25+§25)5




Parametrized trigonometric derived L, degree of approximation 67

. Z% (/ st (%) @WH

=

ar} ()T (5 (%)) 1 S
“lorF@ent @ et (L) (- ) (Z““) (;“lj

i (F0 4 (02 +57) 17 +a?BE) € =2 (6) 0,

as &€ — 0.

Proof. By (52), we have (@ € N, g > %£1)

1
By (z) = W/_OOR(L‘) Wcﬁ.

Hence it holds (p,q > 1: % + % =1),
P
oo o0 e} 1
E Pdx = w —d d
o0 o0 P
w R 7,d d 4
</ ( JLL = t) : (54
1
w b _dt|d
= / (/ (t2@ + 525)5 t) v
(30) 2PV o0 r 5
< |32 — a2|p/oo (/Oo Lz_;aﬂ]

o r
. </ \F ( + jsign (£) 8) — F ()] (|t| — 6) d@)] 1ﬁdt> dz
0 (t2a +§20¢)

(by Jensen inequality)

2W R Bl , .
Sﬂz_a2|p/oo </oo (Zl|aj|]2>
[t] P 1
o |F (x + jsign (t)0) — F (x —0)df ——=dt | dz
[D 12 (/ (s + sign (1)6)  F ()] (It - 0 )](tmfm)ﬁ t)
<W (Zaﬂjz) ﬁ [Z |Ozj|j2/jo (/oo (55)

It] I¢] q
(/ |F(a:+jsign(t)0)F(x)|pd6‘> (/ (|t6‘)qd9> 1ﬁdt> dx]
0 0 (t2@ 4 £2a)
p—1
- (;am ) TG [D%lj [(].
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]
(/ |F' (z + jsign () 0) — F (z)[” d9) (a1
0

p—1
op
(call p := o
a (Z'“) 7l (g

—p [Z_:ajlf/: (/ (/Z |F (2 + jsign (t) 0)—F(x)lpdw) de>

. ‘t|(Q+1)(P—1) 1 dt]
(t2a +£2a)

[l O\ P
0 (a+1)(p—1) 1
<p [Z s 7 / </O (F,ﬁ : )pd9> It| (t2a+€2a)5dt]
]
< pwr (F,€)) [Z || 52 / (/0 (1 + J;) d9> |t|(q+1)(p—1) Wdt]

ldt> dx]
(t29 4 525)5

(56)

i) @re-1y 1
= pw1 (F,€), Z| J|.7/ <1+€|t> — 1 [t] Wdt
28 pEwr (F, ) P+, (a+1)(p—1) !
G+ 1) [Z| J|j§p+1/ 27 [¢] Wdt (57)
e (B4 15~ e [T ooy
_ . —d
27+ pe Py (F )P | & izeapamiir [ () 1 t
— , a O I S (4
ey P /() IR (¢)
(@7 )
(58)

2p+1p§2p—263+1
(p+1)

(by [13], p. 397 formula 595)

w1 (F7 f)g

T o0 1
> layl g7+ [/ w?’pdw]
= 0 (@t1)

B 2p+1p€2p72EE+1w1 (F, g)g
(p+1)

(] [T T (B (52
L “ e ]

2p+1£2p—2aé+1
(p+1)

=
- ) 2P p
(W (; ;15 ) Ve 1),,1) wi (F, )0

iz | [LEE)T (- ()
. |:ZOéj|] ] [ oal’ (B) ‘|

j=1
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(47) 2P+1£2p72ﬁﬁ+1 (B) a§2a5 1 ) p—1
= (q+1)p—1(p—|—1)|ﬁ2_a2|p< (%)1—\( ) (Z| JJ) (59)
r |2 F(‘D’pﬂ)l"(ﬁ (3p+1)) ,
. [Z |aj| 7 +] ( 7T ) wy (F, &)
= 4rep r X p- N
(¢+ 1" (p+1)[2 — 2T (55) T (B _Qg (Z JIJ) (2_] il )

( 3p+1
1

3
_ 4PP((%)F(B ( ‘| (Zla]u )

wi (F, ),

(p+1)(g+1)" V82 — T %

: (Z g 72 | (f<4> (04 57) f" + 021 E) €,
=1 P
(60)
the claim is proved. O

Next we give a consequence of Theorem 3.

Corollary 3. (to Theorem 3) It holds

Mg (f) = fll, < P2(§) +

11, (ﬂQ ) [ZMJ/ |cos (aujit) — cos (Bjt)] = 52&) ]+

<4 Hf(4)Hp + (a2 +62) Hf//llp)
(@B)? |82 — a?|

as & — 0.
Above o (£) is as in (53).

Proof. We have

5] ) ) dt
W/O |cos (ajt) — cos (B7t)] m
=2W - sin <(a+ﬂ)jt>‘ sin((aﬂ)jt>’ dt —
0 2 2 (¢ +€25)ﬁ
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co [Tt plitlecplit__dt
2 (120 4 ¢2m)P

_ Wle? - %52 /°° t2dt
0 (t2a

2 + gza)g
W 2 _ Q2| ;2 _ [e%e] 2
_ |OL ﬂ |.7 53_2(15/ zodx _ (62)
2 0 (1+a2)

(by [13], p. 397, formula 595)
_ lo?—p?]5? (r( (B)ag* ! )53 wl () LB —26) ()

2 ESTHERES 20t (7)
LS FANC LGRS ST
T o) et

Furthermore, we have that

W/OO sin? (agt) Lﬁ
0 2 (tza + §2E)f8

a?j? [, dt
<W L 64
4 /0 (t2a +§2a)ﬂ ( )
- < r (B) ag ! ) @ 3253—2a5 (/oo 22dx >
() T(B-3)) 4 0 (14 227)°
_ r(8)ag o?* T (55) T (B - 5%)
T T(B-3)) 4 2aT ()
_ o (D) T(B=-55) )
== (F(;a)l“(ﬂzla) £ =0, asé—0 (65)
The proof now is clear. O

Next comes the L; approximation by M, ¢.

Theorem 4. Let o, 3 € R with af (o® — ?) # 0 and let all f, f, f", @), f4)
Li(RYNC(R); £ >0,z €R. Here@w €N, > 2 =. Then

1B (@)l = [|1Mre (f,2) = f () =

2f" (x) - e _ , dt
<ﬁ2 — a2> W {Z a; </0 (cos (ajt) — cos (Bjt)) M)]

Jj=0

- (4 (fD (@) + (a2 + 82) f" (I))>
(aB)’ (52 = o?)

W [ﬁQZ%% (/OOO sin’ <Ogt> (ﬁaim)ﬁ)
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- (IBQ—QQIF(i)F(ﬁ—$)> [Z'J () =) "
5r(@)r (3]

wi (fO + (a2 +87) £+ a2B2£.€) €2 = Wa () =0,

as & — 0.

Proof. We have that (F' is as in (25))
dt
—=]d
<W/ (/ RO o

B0 2W [ [ | dt
SW OO(/OOL_1|%J ( |F'(z+jsign (t)0)— (x)|(|t|9)d0>](152mr52a)/3)dx

(67)

oW < gt 1
B — a7 OO(/ [Z |aj] j ( |F (x4 jsign (t) 0)— (x)|d9>|tw)dm_
= & - a;| j2 - N T + jsign —F(x)|dx Mi_
S | 17 (/ ([1re s -r s >d9>(t2a+€2a)a_
WS, “' t]dt
|62_a2| Z| J|] ( ( ) ) t2a 5204) ]

IN

<
2W 't‘ It] dt
< |52_a2|w1 (F,€) Z‘O‘JU ( > 7@2&4—5%) ]
_aw 2 It
= G a () Z\am " (0+ % ) e ] (69)

4w
:‘|52_a2|wl (F,§)1 ‘Oéj|.7 <t+ ) t2a+€20¢) ]

AW <t t3dt
= ———— F ] 2
|ﬁ2—a2|WI( 75)1 ;\%U [/0 (25 + EQQ 25/ t2(y_|_€20( ”

__w Lol esmoan T 2Pdr G [T @Pdr
|52a2|w1(F,f)1[Z|ag|J lf /0( —+-2£ /( 7)5 (69)

j=1 1+ .Z‘Qa)ﬁ 25 0 (14 2@

4W§3 20‘6 r2dx i [~ r3dx
15—l lzl%lj Vo v ey 2, (1+x2a>"H
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(by [13], p. 397, formula 595)

4 I (B) a¢? T LITETBE-L) TR (B-2)
— |32 —a2| (F(zla)l‘ﬁ_zla)>w1(F,€)1ljzl|aj] [ P (B) Jr% p— (B) ‘|]

(70)
2 3\ jo(2\. /= 2
P GG {Z“J"’ PG >F<ﬁ)ﬂ
The claim is proved. O
It follows the related result.
Corollary 4. (to Theorem /) It holds
Mg (f) = fll; < W2 (&) +
1 (eam ZQIEZMA/ wmcwt—mamw(ﬁw+éﬂ] ()

(aB)?|8% — o2

: < (ajt dt
w [,62]20 |Olj‘ (A sin2 <2> = +€2a)ﬁ>
- Bijt dt
+ o? j in ( > ) —0
o Jgo ‘Oéj| (/ S 9 (tQE N 526)5 ]

as & — 0. Above Uy (§) is as in (66).

%<4Hf |, + (e +5%anM>

Proof. Directly from (66), and see also the proof of Corollary 3. O
4 Part III: On the smooth trigonometric singular in-
tegral operators ([5])

Let £ >0, f € C?(R), z € R, B € N; we set

)\ 2P
Tre(fiz) = %/OO (Z o, f (z +jt)) (smt(g>) dt, (72)
- \

where

oo sin(i) 0 _ poo ~t2ﬁ
)\::/_w< f) dt:2§1_25/0 (Sl?) dt (73)

(by [11], p. 210, item 1033)

sz—1
— k) (B+E)!

— 9¢l- 28, ﬁgi
=1
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Denote
sz— 1

CEDICEDN

_ B
A =27 (—1)ﬂﬁz (— )k
k=1
that is _
A= Mg
We suppose that T;.¢ (f;x) € R for all x € R. Clearly, again it is

(0

and T,¢ (¢; ) = ¢, ¢ constant, and

N
Toe (fi) Zo‘a/ 2+ t) — [ (@) (Smfﬁ)) at |

We set

73
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WP
=Tre (f,2)—f(2)— ( 2 (@ ) ZO@ /_oocos (ajt) — cos (Bjt)) (Sl 55)) dt

- (4 (fD (z) + (a2 + 82) f" (m))> 1
(@B)” (82 — a?)

X

: 52204 / sin (O‘Jt> (Sjn(é))wdt (79)
o . 2 t

{0

j=0

n(8))"
[ R (Smt{ ) . (30)

It follows a parametrized L, (p > 1) approximation result for T;.¢, £ > 0.

Theorem 5. Let p,g > 1 : %%—% =1,8€Nand § > % ([-] the ceiling of
the number), § > 0, Ay is as in (74).
When A € N is even we define

. )7F (2B g e k?ﬂ X~11n (2k)
YR T @B A1) (Z ZIE + )] )

| bz, if X is even,
Vx = { Yoy, if Xisodd [

Let a,B € R:aB(a® = B%) #0; f, 1, fO, fW € L,(R)n C (R); £ > 0,
z € R.

and we set
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Then

||E3||p =|Tre (f,z) = f (2)

2" (@) 1| o , (s (8) N
_<ﬂ2—a2>)\ ;)aj /0 (cos (ajt) — cos (Bjt)) " dt

- (4 (f@ (z) + (a2 + B2) f" (I))> 1
(aB)” (82 - a?)

{522% (/ () (“)d)

4.25 r _ ’
< — T T Z|%U ZI%\J”” (81)
AP B2 =2 (g+ 1) (p+1)7 \j=1 =1

E 1
1y k;QB 41n(2k:)

=1
wr (f<4 + (o +62) "+ a®B2f, g)p =3 (€) 20, as 0.

=

Proof. By (80) we have (3 € N: 3 > %)

I
8

&
=
Q.

3

I
I
? 8

—

> =

o
g/_o; (i/(: R (D) (Smt(g)) dt) do (83)
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(30) op o0 oo
< - -
T B2 —a?fP A </-oo </_oo

r 1l ?
: [ZMJ? ( ; |F (x + jsign (t) 0) — F (x)] (|t| — 0) d9>]
7

=0

p—1
(by Jensen’s inequality) 9P oo o r
< 2 2|P / / Z |aj ‘ j2
|ﬁ -« ‘ A —00 =0\ j=0

r ]
' [ZIajf( i |F (z + jsign (t) 0) — F ()| (|t| — 0) df
j=0

N——
=

<

(jz_:oaﬂ]) \62—042\7’
T oo - |t‘ |
' [jz_%'a” /_oo (/_oo < ; |F (z+ jsign (t)0) — F ()| d9>

RN
~</Itl(lt—9)"d9> (Sl <§)) dt) dx] (84)
0 t
p—1
:l T ;| 2 2
4 (2—: m) 7= (g 17
. - ol 52 b - . T+ jsign — F(x)]P
[D T /m(/ ( \F (z + jsign (1) 0) — F (2)] cw)

§=0 o0
28
in(t
DD (Smt(i)) dt) dx]

p—1
1 [ < 2P
(call p:= + laj| 5 —)
A g ’ 182 —a2[” (¢ + 1)P "

_ {Z | 52 /O; ([I </°; \F (z + jsign (£)0) — F(a:)|pdx> d&)

> =

Jj=0
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23
. t
@+n)e-1) [ (Z)
-t ; dt

25
[t] 0\ P sin ( £
<p Zlam /- (/ (ref) de>|t|<q“><p‘”( t@) | (35)
p

Wi (F’ 5)2

28
: (Y v (0(6)
Z|aj|j2/ / <1+) de | [¢|¢ =D dt
=0 —oo 0 f t

_ &
(p+1)

r 00 . p+1 sin (&
) J (g+1)(p—1) (5)

g o 1+ =t -1

j:1| ]|J[ <( §||> >|| P

: t
2Pu€w1 F§ r sin (E)
T LT e

€p+1

= pwi (F7 S)g

(p+1)

_ 28
pLpe—p L 00 sin (i)
_ 20 pg P (F E)p Z|%‘Up+2 / e+ (p=1)+(p+1) ( ¢ ) dt
_j:1 0

(p+1) 0

2+ vwn (F6)) [ & o ey (5 (6)
= p Z|aj‘jp+2f3p—25+l/ ()
_j:1

2P+l g 2=+, (F. &) [ ] o sinz\?
- 7P E | g2 / 3P ( ) dx 87
(p 4 1) ~ ‘ J|] 0 ( )

g2, (R ET: )| 72
= j
(p+1) = ]

1 . 28 oo . 28
. [/ e (smx) dm—i—/ 3P (smx) dx]
0 r 1 x

< op+1,e2p= 2ﬂ+1w1( Z| |72
< ;1]
(p+1)
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2p+1‘u€2p—2ﬁ+1w1 (F, 6)5 r e
88

i sinx 26 & sinx 26
. / x3< ) dx+/ 21371 () dz
0 € 0 €

(we use [11], p. 210, item 1033)
2p+1 ,5210 2’8+1w1 (F§
B (p+1) (Z | J””)
~(28)! &, e KPP (2R)
'[(8@5_4)!2(” B-mr @)
ey (FL ), D
B (p+1) (Z|0‘j|] “)
—(28)! & s kPt (2k)
Ks 23_4)12(_1) (B—k)! (B+k)! Vs
3 oyl s? - = (39)
=0 182 — 2P (¢ + 1)
_ 22p+1 i|04‘| 9 p-1 ip‘\ 2
M a2 (g )7 )\ Y PR

_(23)! B 2k 28— In (2k)
{(8(254)!2(—1)5 (5k)!(5+k)!)+w[3m

The claim is proved. O

w1 (F7 f)z §2p < 0.

Next we give a consequence of Theorem 5.

Corollary 5. (to Theorem 5) It holds

1Tre (f) = £l < ®3(6) +

2
9¢2h—1 sin ( L
—|—Hf”||p ()\ |22 2|> Zlaﬂ/ |cos (ajit) — cos (B3t)] ( <€)) dt

. A fDN L+ (@2 +82) 11, e25-1
(aB)® |82 — 2| M

T [e’e] it sin (E) 2
.| g2 , an2 (X ¢
8 JZ:;)M]\ /0 sin ( 5 ) ( " ) dt | +
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T fo%e) . 1 t QB
a2;|ag‘| /O SinQ(ﬁz‘]t) (Sln55)> dt || —0, (90)

as & — 0. Above ®3 (&) is as in (81).
Proof. We have that

52571 00 (sin (é) ) »
/ |cos (ajt) — cos (Bjt)| | ———= dt
0

A1 t
252571 oo
DY /0

: 28
an (2 20) g (2= 000 (Sm t(é)) .
_ . <f) 28
28071 % Ja+ Bl jt la — Bljt [ S \€
e s (2(0)°,

2
B—1 .2 _ A2 oo sin (L
_¢ o 5|j2/ t2( (5)> dt
0

A1 2 t

_525—1 3—2B’a2_ﬁ2|.2 > rt\? bln(é) zﬁdt
ST (e o)

[ee] . E 2 2 2

£2 |a2—52’ _2/ o ((sinz 2 £ ‘a -8 ’ o

S ) gp= 21 =0 0.
)\1 2 J 0 * X v )\1 2 J 1/112 ’ 3455

Furthermore, we have that

2/ 23
p— . t p— . t
2B8-1 oo . sin ( & 281 2.2 oo sin ( £
—gA / sin? (?) (lt(f)) dt < —fA —O‘Z / £ (t(f)> dt (92)
1 0 1 0

52 042j2

A 4

P19 — 0, as§—>0.

The proof now is clear. O

Next comes the corresponding Lq approximation result.

Theorem 6. Let 3 € N: 5> 2, and o, B € R: af (a®—B%) £0; f, 1, 1", [,
fWeLi(R)NC(R); £ >0, z € R. Then

1Eslly = ITve (f,2) = f (2) =

AN
(5) 5 [T | [ (costain - cos(siny ( 9) a (93)

=0
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0
< [4] [Z o] 72 [wu + gumu o (F9 4 (07 +87) "+ 02877 .6) €

182 — a2\ =
=: \113 (f) — O,

as & — 0.

Proof. We have that (F is as in (25))

/ | By (2)] da & /Z (i /O;R(t) (Sint(é))%dt

S [3 e (410 o
< (/ [Dam (/ F s+ sign (1)9)
<] (/ [ il (/ F (o + sign ()0

AL
—F(2)|d0) |¢] (Smt(g)) dt) dw]

T - a2|A[Z|J|3/ (/tl(/ |F (x + jsign (t)0)

W
_F(2)| dz) do) |¢] (Smt(ﬁ)) dt]

rnle

—F ()| (|t] - 0) d0)] (
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28
2 - o [ I¢l 36 sin (é)
< 132 =a2|x Zlajlf/_oo (/O w1 <F7§§>1d9> It] ( ; dt

Jj=1

ANNE
Sﬁwl(ﬂf)l Zlajlj/ (/0|<1+j€9)d9>|t| o t(ﬁ)) "

AN
:ﬁm(ﬂf)l Zlozjlj/ <|t+ % )|t| (bl t(é)) | (95)

28
4 r , [ j sin (g)
_mwl(ﬂﬁ)l ;lajlj /O <t+2§t>t(t dt

28 28
sin (% . 00 sin &
§ 13
- o Q\A wi(F, &) § ;| 52 /0 (t<))cizf+2‘7g 0t3( 5)>dt
3-28 : 28 oo . 28
i (0 {Zw () weng [ () d”

(we use [11], p. 210, formula 1033)

452 T 5 ]
= mm (F7§)1 [Z_g |aj‘] [¢12 + 21/}23]] < 00. (96)

The claim is proved. O

We finish this work with the following result.
Corollary 6. (to Theorem 6) It holds

1T (f) = fll; < W5 (€)

2B—1 sin (&
+HfNH1 ()\ ng 2> Z‘a”/ |COS a]t —COS(ﬁjt” ( (5 )
28

AL+ @+ ) I\ s [ e ey (0 (E)
+< (B 5 — |2 [ () [—7) «
28
T sin L

+a2jz::0|aj| /0 sin2 (ﬁg )( t(&)) dt || = o,

as & — 0. Above U3 (§) is as in (93).
Proof. As similar to Corollary 5 is omitted. O

28
dt (97)

\_/
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