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Abstract

The main aim of this study is to obtain a partition of the asymptotic type
of energy of a solution for the mixed problem considered in the context of the
Cosserat thermoelastic media. The concept of asymptotic equipartition is a
notion, frequently used, for differential equations theory. In a simple formu-
lation, this concept is formulated as follows: potential and kinetic energy, for
a classical solution with finite energy, tend to become asymptotically equal
on average, when time tends to infinity.
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1. Introduction

There is a large number of different works which approaches the asymp-
totic equipartition in the case of physical systems whose evolution is governed by
nondisipative partial differential equations of hyperbolic type or systems of such
type of equations. In our paper we study the asymptotic equipartition of energy
for a solution of the mixed problem with initial and boundary values within the
context of the theory of Cosserat thermoelastic media. In our mixed problem
the basic equations are of the hyperbolic type, with dissipation, what we did not
find in the works already published on this topic. In this context, we will use a
dissipative mechanism in order to prove that the equipartition asymptotic occurs
between the mean strain and kinetic energies.
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We will not approach this issue in its abstract version, but we will prefer to
make it concrete in the practical situation of the thermoelastic Cosserat bodies.

The structure of our study is following one. First we will state the basic
equations and conditions, initial and boundary, for the mixed problem in the
context of the linear theory of Cosserat termoelastic bodies. After that, we prove
some identities of the Lagrange type and define some Cesaro means of different
parts of total energy, associated to the solutions of our problem. Based on previous
estimations, we finally will prove some estimate that characterises the asymptotic
behaviour in mean of the different parts of the total energy.

It is necessary to specify that many studies have been published that address
different variants of Lagrange’s identity, such as Levine [6], Rionero and Chirita
[12], Gurtin [3], Marin [11] and so on. There are many published works that use
means of Cesaro type, in different context, as Levine [6], Day [2] and so on.

2. Main equations and conditions

We will work on D, which is a domain of the Euclidian space R, which
in its reference configuration is occupied by a homogeneous Cosserat material.
It is supposed that the domain D is regular and has the boundary 0D and the
closure D so that D = 9D U D. A rectangular system of axes is used and the
Cartesian vector and tensor notation are adopted. Any point in D is identifiable
by its coordinates x; and by t€[0,00), where ¢ is the temporal variable.

If there is no risk of confusion, then the specification of the dependence of a
function upon its temporal variable or on the spatial variables can be omitted.

To describe the evolution of a Cosserat thermoelastic medium, the variables
Um, ¢m and ¥ will be used, that is, the components of the displacement, the com-
ponents of the microrotation and the variation of the temperature, respectively.

The strain tensors are introduced by means of the following kinematic rela-
tions:

Emn = Un,m + gnmk(bk?
Emn = ¢n,m- (1)

The components of stress tensor 7,,,, the components of couple stress g,,,,
the components of the heat conduction vector ¢,, and the specific entropy n are
introduced by means of the constitutive relations. So, if we suppose that our solid
has in each point of the reference state a center of symmetry and is otherwise
non-isotropic, then the constitutive relations have the following form:

Ton = Amnkieht + Bmnkienl + mn (9 + add),

Tmn = Binkiert + Conkiert + Bmn (0 + ), (2)
Im = —9okmn¥ n,

on=a-+dj+ RO — Qmnemn — BmnEmns

where all these equations having place for (¢,z) € [0,00) x D.
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The tensors A,unki, Bmnkls -, in (2) are constants which satisfy the following
symmetry relations:
Amnkl - Aklmna Cmnkl = Cklmru kmn - knm (3)

In the case that the volume force, the volume body couple and supply of heat
are not present, the basic equations in linear theory of the thermoelasticity of a
Cosserat body are, (see [5]):

- the motion equations:

Tmnn = OUm, (4)
Omnn + EmjkTjk = I @ (5>

- the equation of energy:

dm,m = —o%1), (6)

where these equations having place for (¢,z) € [0,00) x D.

The notations used in the previous relations have the following meanings:
o-the constant density in the reference state, ¥g-the constant temperature in the
initial state, I,,,,,- the inertia tensor and &;;,-the Ricci’s tensor, i.e., the alternating
symbol.

In order to designate the differentiation of a function with respect to time ¢
a superposed dot is used, and a subscript preceded by a comma designates the
differentiation of a function with respect to the corresponding spatial variable.

The constants g, I, and ¢ satisfy the conditions:

0>0, Y9 >0, I, >0. (7)

From the Clausius-Duhem inequality, that is, the inequality of entropy pro-
duction, the following conditions are obtained:

doo—h >0, kpinTmTn >0, Vo, (8)
from which the positive definition of tensors Ak, Crmnkl, kmn i deduced, that
is:

Amnklxmnxkl > kOxmnxmna kO > 07 vwmn = Tnm,
Cmnklxmnxkl > klxmnxmna kl > O; vxmn = Tnm, (9)
EmnTm®n > koXmTm, ko >0, Vg,.
According to a suggestion from [11], it can be supposed that:

a>0,h>0,da—h>0. (10)

In order to complete the mixed problem, the following boundary conditions
are prescribed:
Um =0 o0n [0,00) X D1, Ty = Triknik = 0 on [0,00) x 9DY,
¢m = 0o0n [0,00) X OD2, 0 = oping = 0 on [0,00) x D3, (11)
¥ =0o0n[0,00) X D3, q = qing = 0 on [0,00) x 0D,
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where 0D1, 0Dy, 0D3 and 0Df, 0D, 0 DS are subsets of 9D and their complements
with respect to 9D, so that:

0Dy U 8D‘f = 0Dy U 8D§ = 0D3 U 8D§ =0D,
oD N 8Df =0D9 N 8D§ =0D3N 8D§ = @,

and n; are the components of the unit outward normal to 0D.
For the same mixed problem, the initial data are attached, in their most
general form:

Q'Sm(O,x) = qﬁ}n(x), 9(0,z) = 190(96), '19(0,1') =9 (x). (12)

If we take into account the constitutive relations (2), from equations (4), (5)
and (6), we are led to the following system of differential equations:

00m = AmnkiChin + Bmnki€hin + Cmn (00 + ad ),
Lnn®n = Bunki€hin + Connki€hin + Bumn (00 + ad )

+emir(Ajknient + Biknien + i (0 4 ad)), (13)
h) = —dd + Qmnémn + Bmnémn + kmn® mn,

where all these equations having place for (¢,z) € [0,00) x D.

An ordered array (v, ¢m, ) is called a solution of the mixed problem in the
thermoelasticity of Cosserat bodies, considered in the cylinder Qy = [0,00) x D,
if it satisfies the system of partial differential equations (13) for all (¢,z) € Qy,
the boundary conditions (11) and the initial data (12).

In the conditions in which it is assumed that meas 0D, = 0 and meas 0Dy = 0,
it was found that there is a family of motions, which are rigid, and a temperature
null that satisfies the equations (13) and the boundary relations (11). As such,

the initial data v, ¢¥, vl ¢L  can be decomposed as follows:

v), = o+ VO ok = ok VL

m =

0 0% 0 1 1x 1
in which v9*, ¢%, vl* ¢ can be computed knowing that V0, ®0 V1 &L

verify the following equations:
/ oVodV =0, / 0(Emnken Vi + ®1,)dV =0,
D D
/ oVlav =o, / 0(Emmrtn Vi + ®L)dV = 0. (15)
D D

If the case that meas 0D1 = 0 and meas 0Dy # 0, then only must be imposed
the conditions:

/ oV2dv =0, / oV3idv =o0.
D D
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In the last situation, that is, meas 0D3 = 0, it was found that there is a set of
null motions and constant temperatures, which verify the equations (13) and the
boundary conditions (11). This is the reason why the initial temperature data,
90, 99, can be decomposed as follows:

90 =9* + 70 9° =9* + T, (16)

where the constants 9* and ¥* can be computed so that:

/ 7%V =0, / T'av = 0. (17)
D D

3. Preliminaries

The set of scalar functions which admits derivatives up to the n-th order
in D, these being continuous on the domain D, is denoted by C™(D). We define
the norm for a function u € C™(D) by:

n
[Jull = Z Z mgx |u7111k|

k=0 1i1,i2,...,ik

The set of vector functions with six components, each being an element of
C™(D), is denoted by C™(D). For a vector function w € C"(D), w = (wy) , k =
1,6, the norm is defined by:

6
1wl =" llwkllcn(p)
=1

Let us denote by |||/, (p) the norm induced by the following inner product:

(u, V)w,, (D) = Z/ Uiy igVsir..ipgdV.
k=0"D

The completion of the space C™(D) in relation to this norm is a Hilbert space
denoted by W, (D).

Now, we denote by ||.||w, (p) the norm induced by the following inner product:

6
(v, W)w., (D Z (Vk, W)W, (D
k=1

The completion of the space C™(D) in relation to this norm is denoted by
W.,.(D). For a Cartesian product of some normed spaces, the norm will be the
sum of the norms of the factor spaces.

In what follows, we will use the next notations:
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CY(D) ={we CY(D):w=0 on dDs; if meas D3 = 0, then JpwdV = 0};
CY (D) = {(vm, dm) € CY(D) : vy =0 on Dy, ¢y =0 on ODy;
if meas 0D1 =meas 0Ds = 0, then

fD ovpdV =0, fD Q(Emnkwnvk + ¢m)dv =0;
if meas D1 =0 and meas 0Dy #0 = fD 0V dV = 0};

Wi(D) = the completion of the space C'(D) by means of -l (D)3
W!(D) = the completion of C!(D) by means of Il-llw, (D)

In the relations above W, (D) is the known Sobolev space, see [1], and the
notation W,,(D) = [W,(D)]® was used. It should be emphasized that assumption
(8) guarantees validity of the Korn’s inequality that follows, [4], for all (w, ) €
Wi (D),

/D[Amnklemn(waw)ekl(waw) + 2Bpnki€mn (W, e (w, ¥)

+Cmnkl5mn (wa ¢)5kl(wa @Zj)}dv > (18)
> my / (wmwm + W nWmn + Ymm + wm,n¢m,n)dv,
D
where mq > 0, mq1 = const. and
emn(wv ¢) = Wpm + 5mnkwka
5mn(wa @b) = wn,m-
Under the hypothesis (8), for all € € Wy (D) the following Poincare’s inequality
holds
/ Emn€ m€ndV > mg / £2dV, my > 0. (19)
D D

If simultaneously we have meas 0D1 = 0 and meas 0Dy = 0, it will be seen
that the decomposition of solution (vy,, ¢m,?) is useful, as follows:

Um = V5, 4 L5, 4 Wiy Gm = &F, + L0, + U, U = X, (20)

where (W, ¥m),x) € W1 (D) x Wi(D) is a solution of the system of equations
(12), with the boundary conditions (11) and satisfying the initial data:

O =UY 0y = UL, oy = B0, by = %, x =0°, x =9°, on D, at t =0.

Consider now that meas 0Dz = 0. As such it is possible to use the decompo-
sitions (16) and (17) as well as the energy equation (3) in order to obtain a new
decomposition of the solution ((vy,, ¢m), ) as follows:

U = i, G = ) = 9 1L e (1)

where ((Um, ¥m), X) € W1(D) x Wi(D) is a solution of the system of equations
(12), with the boundary conditions (11) and satisfying the initial data:

Wm, :Vrgawmzvﬂlwwm :¢2n7¢m :¢%n7X:TO7X:T17

on the domain D, at the initial moment ¢ = 0.
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4. Some auxiliary identities

In the present section a few evolutionary identities, of integral type, will be
obtained. These will be the basis of some relations, which in turn, are essential
for obtaining the equipartition of the total energy, of asymptotic type. Thus, in
the first theorem a law on energy conservation is proven.

Theorem 1. Consider a solution ((Vm, dm), ) of the mized problem defined by
the equations (13), the boundary conditions (11) and the initial data (12). It is
also assumed that the initial data satisfies

(Vs> $m) € Wi(D), (v, bp) € Wo(D),0° € Wi(D), 0" € Wy(D).

Then the following law of energy conservation holds:

E(t) = ;/D[va (t)i)m (t) ""Imném (t)¢n (t> +Amnklemn (t>ekl (t)
+Brnki€mn (t)gkzl(t) + Cmnklgmn(t)skl(t) + akmnﬁ,m(t)ﬁ,n(t) (22)
+d9?(t) + ahd*(t) + 2h9(2)D(t)
t — h)9%(s 5=
+ /0 /l)[kmnﬁm(s)b",n(s)—l—(da h)9<(s)]dVds=E(0),

fort €[0,00).

Proof. Considering the equations (12); and (12)2 we get

P [vavm + Imn¢m¢n} = <Um7—nm + d)mo'nm) -
2 dS ,n
_Amnklemnékl _ankl (Emnékl + émnekl) - Cmnklgmnékl - (23)
—Qmn, (19 + cmé‘) émn — Bmn (19 + omé) Emn-
Now, we take into account the equation of energy (12)3 and obtain:

Qmn (19 + oaé) mn + Bmn (19 + oaé) Emn
1d

1d 7, L
= (402 + Ao 9, + @B + 200 (24)

- [kmnﬁ,nw n oné‘)} + K 0 + (dov — B) 2.
,m

Finally, we integrate the equalities (23) and (24), over a cylinder [0,¢] x D and
take into account the boundary conditions (11) and the initial conditions (13).
Thus, we find the desired conservation law (22). O

Theorem 2. Consider a solution ((Vm,dm),?) of the mized problem defined by
the equations (13), the boundary conditions (11) and the initial data (12). It is
also assumed that the initial data satisfies

(Vs bm) € Wi(D), (v, b1,) € Wo(D),9° € Wi(D), 9" € Wy(D).
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Then the following identity holds

5 / [0 (5 (1) + Lo ()30 (1) AV +2 / [(da — h)O2(1)

D
,m

o ( /0 " (§)d£> ( /0 t &,n(g)d5> 2k () ( th9,n(£)d§>]dv

0

=2 /Ot /D[va(S)Um(S) + Imn¢m(8)¢n(s) — Amnklemn(s)ekl(s)

~2B,nitemn(8)k1(5) = Connkimn (8)r(s) — d02(s) — 2h0(s)9(s)

—ah¥%(s) — akmn? m(5)0 (s)]dV ds + 2/ [0020%, + T 6L] dV
D

4 /D (do — B)(WO)2(1)dV — 2 /O /D (a — on)[0(s) + ad(s)|dVds,  (25)
where

0 0 1 0 0 0 0 0 0o _0 0
o =a-+ dy” + hd" — CmnCmn — /angmn7 €mn = vn,m + emnk‘bk? Emn = ¢n,m'

Proof. First, by using the equations (11), we obtain

d . :
%[vavm + Imn¢m¢n] = (Uanm + Qbmo'nm),n — Apnki€mnChi

—2Bnki€mneki — CrnklEmnEll — Oénm('l9 + aﬂ)enm (26)

After that, the equation of energy (12) is used to reach:
(8 + D) + B (9 + 60) e = b9 /0 9 (€)E + 0]
— ki ® ¥ g+ Ko (9 m+ 00 1) /0 Sﬁ,n(g)dg— [k (0 + @) /0 Sﬂ,n(g)dg],m
+ k[0 m /O ) 0 1 (€)dE + 0 ¥ ) + (da — h)0D (27)
+kmn® m /O sﬁ,n(g)dg + d0* + ahd? + 2090 + (a — on°) (9 + ad).
From (26) and (27) it results

d .
ds [vai)m + Imnﬁbm(bn] = (UmTnm + Cbmanm),n

—Apmnkiemneil — 2Bmnki€mnerl — Crnki€mneri

+00mUm + Imnd)m(ﬁn + [kmn('ﬂ + 0“9) /S ﬂ,n(‘ﬁ)dﬂ,m (28)
0
(a0 0+ i 0 [ O [ (0,10,
0

— / 0 o (€)dE — d¥? — ahd? — 2000 — (da — h)VD.
0
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An integration of the identity (28) over B x (0,t) , followed by the use of the
boundary conditions (10), the initial conditions (13) and the symmetry relations
(5), lead to the identity (25) and the proof of Theorem 2 is complete. O

Theorem 3. Consider a solution ((Vm,om), ) of the mized problem defined by
the equations (13), the boundary conditions (11) and the initial data (12). It is
also assumed that the initial data satisfies

(Vo> &%) € Wi(D), (v, 0p,) € Wo(D), 9 € Wi(D), 9" € Wy(D).
Then the following identity holds
v v ' a — 2
2 /D [0 (5 (1) + Lo (03(1)] AV + /D (da — h)9%()
+kmn< / ﬂ,m@)ds) ( / ﬁ,n@)ds) +2akmnﬂ,m<t>< 0 ﬁ,n@)df)]dv
= / 0[vnvm (20) + 00,6 (26)] + Lyn [0, & (28) + Gy n (20)]dV (29)
D

2t

- / [(do — R)°Y(2t) + ki, ( i ﬁ,n(g)d§>]dv

D
+/0t/D(a—gno)(z9(t+ $)=0(t = 5)+a [(t + )= (t — )] aVids.

Proof. Consider u,(x,s) and w,,(z,s) as twice continuously differentiable func-
tions with respect to time variable s. It is easy to see that

d

s [0 (um(8)tm(8) — tm(s)win(s))] = o [um(8)Wm(s) — tim(s)wm(s)],

such that, by integrating over [0,t] x D, it results
/D 0 [t (1)t () — iy (1)t ()] dV = /0 /D Olttyn ()i (5) — i (8 (5)] AV ds
+ / 0 [t (0)yn (1) = i (0) 0 (0)] AV (30)
D

By setting um(z,s) = vmn(x,t — s), wn(z,s) = vz, t+5s), s € [0,t], t €
(0, 00), the relation (30) becomes:

v Um = v Um, vl U
2 /D 00 (£ (£)dV /D 000, 5 (28) + VL (20)] AV
n /0 /D otm(t + 8)im(t — 5) — vm(t — 8)im(t + 5)|dVds, (31)

for ¢t € (0, 00).
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Similarly, for ¢ € (0,00), we have
2 / Lo (£)dn()dV = / Lo 62, (28) + 6 60 (20)]dV
D D
t .. ..
+ / / Lol dm(t + 8)n(t — 5) — bt — 8)fn(t + 5)|dV ds. (32)
0 D

The inertial terms that appear in the last integrals of the relations (31) and
(32) can be eliminated. For this purpose the symmetries (3) and equations (13)
are used and obtained:

O[Vm (t + 8) i (t — 8) — vy (t — 8) Uy (t + 8)] + Lnn [ (t + 8)dn(t — 5)
—m(t — 5)¢n(t + )] = [m(t + S)Tnm(t —8) = U (t — 8)Tam(t + 3)],n
+ [Pm(t + 8)onm(t — ) — dm(t — 8)onm(t + )] , (33)
+[nmenm(t — 8) + Bamenm(t — $)][0(t + s) + ad(t + 5)]
—[nmenm (t + 5) 4 Brmenm (t + 8)][0(t — s) + ad(t — s)].

Now we consider the enrgy equation (12)3 and deduce:
[Ctnmnm (t — 5) + Bumnm(t — 3)] [w +5) +ad(t+ s):

~ [Cnmnm(t + 5) + Bumenm(t + )] [9(t = 5) + ad(t - 5)]
+(a—gn°)[ﬁ(t—s)—ﬁ(t+s)+a( (t—s) — (¢ )

(da = h) [9(t = $)(t +5) = Dt + 5)d(t - 5)|

o [mn(t +5) ( - ﬁ,n(g)dg> Dt —s ( T ) (34)

0
B ﬂ,n(g)dg> Dt — $) Dt + 5)

+akmn [ﬂm(t + ) <
0

+akpn [ﬁm(t —5) < /0 w z97n(§)d§> — Dt + 5)0 n(t — 8):
+ <1<:mn [79(75 — )+ ad(t - s)} /0 " ﬁ,n(g)dg>

,m

- (kmn [ﬁ(t +8) + ad(t + s)} /0 o ﬁ,n(fg)c@)

, m

We now substitute (34) into (33) and we use the boundary conditions (10) in
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order to obtain the following identity
2 / [0V ()0 () + L b () ()] AV = / [0 (vmtm (2t) + D vm(21))
D D
t
0 ; i0 0 90t
i (a2 +380uC0) | av+ | [ (amen®) ole+ ) =000 =

va (it + )=t~ 9))] dVder/t/D [(da—h);s(ﬁ(t—irs)ﬁ(t—s)) (35)
%(kmn / (e / o d§) ki (f + 5) /0 e

t+s
+ 0k g (t — ) 9 ({)dﬁ} dVds.
0

If we use the initial data (13) in (35), we obtain the desired identity (29),
which concludes the proof of Theorem 3. O

Other applicable results can be found in [9-15].

5. Equipartition of total energy

In order to obtain the asymptotic partition of total energy, the main aim of
this section, we will use the estimations (22), (25) and (29) and we will take into
account the hypotheses from Section 2.

We start by considering the identity (22) from which we can identify several
types of energies, as follows:

Ke(t) = o / / 100m(8)0m(8) + T (5)hn()]dV ds,

Lot)= o [ [ nstemn($)61ss) + 2Bumstcon(5)206)
+Cmnkl€mn( )Ekl( )]dVdS,

)= 21t/ / aKmnd ,,(s)0 5 (s)dVds, (36)
1 2
)= 2— d19 s)dVds,

Tro(t) = — 5 / / ahd?(s)dVds,
- /O | o (€)= )i €)hav s,

which are Cesaro means of various energies.

With the help of these Cesaro means, the main result of the present study can
now be formulated and proved.
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Theorem 4. It is supposed that are satisfied the hypotheses formulated in Section

2. Then, no matter how the initial data:
(U9n7¢?n) < Wl(D)v (Urlm(b?ln) S WO(D)7 e Wl(D)7 9 e W()(D),
are chosen, the following two limits occur:
tliglo Po(t) =0, tlggo Tko(t) =0.

Furthermore, it is proven that:
(i) if meas ODs # 0, then
lim T (t) = 0;

t—o00

(ii) if meas 0Dy =0, then

tlglgloTC(t) =3 /D g(dﬁ + h*)dV;
(iii) if meas 0Dy # 0 and meas 0Dy # 0, then
tlif& Kelt) = tllglo Le(®),
lim Sc(t) = B(0) 2 lim Ke(t) = £(0) =2 Jim Le(t)
(iv) if meas D1 = 0 and meas 0Dy = 0, then
tliglo KC’(t> = tliglo LC(t) + 5 /D[vaym + Imn(zsm(bn]dv,a

t—o00

1 L.
lim Sc(t) = E(0) — 2 lim Ko(t) + / (0050 + Lo 2 1dV
t—o0 2 D

t—o00

1 .
= B(0) - 2 Jim Lo(t) ~ 5 [ (o057, + Lnndiudilav
D

(37)

(39)

(40)

(41)

(43)

Proof. To obtain the limits (37), the hypotheses from Section 2 and the conser-

vation law (22) are used.
First, with the help of the assumptions hypotheses (10), it is obtained:
d9?(t) + ahd?(t) + 2h0(t)0(t)
= (@) + m) + e~ i)
RN
= g (19(75) + oa?(t)) + é(da — h)93(t) > 0.
Then, considering (22) and (36), it is deduced that:

Tro(t) < %ha (do — h) ™! E(0),

Pe(t) < 5 E(0).

(44)
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Finally, the relations (37) are obtained by letting ¢ — oo into (45) and (46)
and using the criterion of increase for limits.

(i) If it is assumed that meas D3 # 0, then it is easy to show that ¥ € W, (D).
After that, with the help of the Poincare’s inequality (19) and the equality (22),
it is obtained the estimate:

/ t / d¥?(s)dVds < 4 / Y / Ermn® m (8)0 5 (s)dVds < iE(O). (47)
0 JD m2 Jo D

m2

If relations (36) and (47) are taken into account, the conclusion (38) is reached.

(ii) Let us assume that meas 0D3 = 0. Based on the decomposition (21) and
the fact that xy € Wy (D), the following identity are deduced:

/Dﬁ?(t)dV:/D(ﬁ + 0 )2dv+/DX2(t)dv

h hooy dt h? ... dt
/Dd(ﬁ +0")9" exp h)dv+/Dd2(ﬁ) exp(-27)dV. (48)

If the relations (36) and (48) are used, the next relation is reached:

1 /1 : 1t
Tc(t):2/Dd(d19*+h19*)2dV+2t/O /DdXZ(s)dVds

B / W e (a0* + niyav (49)
P A

1 d B3 .5
+4 11 —exp(—2ht)]/Dd2(z9 )2dV.

If the Poincare’s inequality in (19) is taken into account, then based on the
equality (22) and the fact that xy € Wi(D), it is obtained the following estimate:

1 t d t
= dx?(s)dVds < Ky o (8)x o (8)AVd
2t/0 /D X“(s)dVds < 2tm2/0 /D X.m(8)X n(s)dVds

d t d
/ / Ermn? m(8)0 n(s)dVds <
2tma Jo Jp ’ ' 2tmy

E(0). (50)

It is arrived to (40) by letting ¢ — oo in (49) and considering (9) and (50).

If the law of conservation (22) and the relation (44) are used and the assump-
tions in Section 2 are taken into account, the following estimates are reached:

1
/D??Q(t)dv < 20— hE(O), t €[0,00), (51)
[ e0m0(t) + T )6,)] 4V < 2500), ¢ € [0,00), 52)
/ t / . (T)0 0 (1)dV 7 < E(0), t € [0, 00), (53)
0 JD

t ) 1
/0 /Dﬂ?(r)dv <o hE(O), t €10,00). (54)
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Now, we consider the equalities (25) and (29) in order to obtain:

/ / va Um +Imn¢m( )(an( ) mnklemn( )ekl(s)
2anklemn( )gkl( ) Cmnkl£mn<3>€kl(3)]dVdS

/ / d192 )+209(s) 9 (s )—amé?(s)—akmnﬁ,m(s)ﬁ,m(s)}dVds

~5 [vavm + L@, oL1dV — — / — h)(°)2dV (55)

U D[Q(Umvm(Qt) + 0,0 (26)) + Lnn (DB (20) + 60,00 (28))]dV

%t /0 t /D (a— on°) (ﬁ(s)+a§(s))dvczs+4it /D (da—h)*9(2t)IV

2t 1 t
tkutly [0+ 4 [ [ @= oo+

—9(t —s) + a%(ﬁ(t +5) + 9(t — s))]dVds.

If the initial data (13) is considered and the definitions (36) are taken into
account, the from previous relation (55) it is deduced:

Kel(t) - Lo(t) = 1/[(da—h)(19°+a(a—9n )] [9(2t) — 9] dv

2t
/akmnﬁ U n(s)dVds + - //hﬁ s)dVds

—27 (000 vk, + Loy dn] AV + Tio(t) — Po(t)  (56)

+4it /D [Q (Vpy0m (2t) + V0, 0 (28)) + L (gb}ngz)n(gt) + ¢9n€5n(2t)>] v

+Te(t 4t / / a—on’) [9(t + s) + 9(s)]dVds.

On the integrals from the right-hand side of the equality (56) the inequality
of Schwarz-Cauchy is used. Thus, with the help of the estimations from (45)-(47)
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and (51)-(54), the following evaluations are obtained:

g [ Jevhoh T ot )av) < g o (R ohh )+ o (65,084 01 v

‘ |
2t
L[ (e 1) (9 + afa — on)] [0020) — o) dV’

D

<L [ ([0~ 10" +ala—on")]*+2(s")]av + E(0);

o«
— 8t 2t(da—h)
1

1
2t 2
‘4115 / / k99,0 1 (5)dV ds <( / / ak:mnﬁ?mﬂ?ndVds)
0
2t 1/« 5
( / / kit (s)dVds) §<E(O) / akmnﬁomﬁondVds> - (57)
2\ 2t D o
’1/ / hi(s)d(s)dVds| < (/ / h*( stds)
tJo Jp
1 29 : 20\? h
- < (= E(0);
><t</0 /Dhﬁ (s)dVds) _(t> L B(0)
1

= /D [Q (010 (28) + 020 (2)) + Tom (qs}ngbn(zt) n ¢9n¢n(2t)ﬂ dV‘
< L [
8t /o

(iii) Now, we suppose that meas 0D1 # 0 and meas D, # 0. Taking into
account that (v, ¢m) € Wi(D), it is deduced that, for 7 € [0, 00), the relations
(7), (18), (22) imply that:

[ [0tmm () + oDV < [ (s (rhea(r)
D

1Jp
2k
+2B ki €mn (T)er(T) + Crmki€mn (T)er (7)] AV < EE(O) (58)

1
0vn VY + Ln o @] AV + +E0).

and thus it is obtained that:

> /D [0 (Uhvm(2) + 00,5m (20)) + L (91,60 (20) + 65,6 (20) )| dV\
1 1,1 1 k
< 5 |, [00hh + Inndh0h] AV + - B(0). (59)

Now, it is assumed that meas 0D3 # 0. Thus, it is deduced that:

t
t) + 41t/0 /D (a—on®) [9(t + s) + 9(s)]dVds

—l% (/ot/D (a—QU0)2 dVds) : </Ot/D[79(t + s)+79(s)]2dVds> : (60)

<10ty + (5 [ - apav) oot

< Tc(t)

to\»—t
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In order to obtain the relation (40), we will consider the estimations (57), (59)
and (60) and the relations (17) and (49) and we will pass to the limit in (56), with
t — oo.

Let us assume now that meas dD3 = 0. By using the assumptions (16), (17),
(21) and the expression of n° (as in Theorem 2), from the equality (49) it is
concluded that:

4t/ / a—on’) [O(t + 5) + 9(s)|dVds

= ﬁﬁ* <d19*+ hﬁ*)[ (—2‘:)—1} av (61)

ju/ —19* dﬁ*+h19*) [exp( — ]dv+//dx (s)dVds

—lf// amneg)nn—l—ﬁmnsgm—dTo—hTo} [X(t+ s)+x(s)]dVds.

In equality (61) the inequality Schwarz - Cauchy is applied and considering
the relation (51), it is deduced that:

lim {Tc(t) + 5 /O t /D (a— o) [9(t + 5) + 79(3)]dVds} 0. (62)

The conclusion (40) can be again obtained by using the relations (37), (57),
(59), (62) in (56). It is not difficult to obtain the relation (41) considering the
Cesaro means in (22) and considering the relations (37), (38) and (40).

(iv) Let us consider the last possibility: meas 9D; = 0 and meas 9Dy = 0.
In this situation the decomposition (20) is used and are took in consideration the
relations (14), (15) and the fact that (v, ¢m) € Wi(D). Thus, it is deduced
that:

1 0 - 0 ; _ i * ex * 1%
1/, [vavm(%) + Imn¢m¢n(2t)] dV = m /D [vavm + Imn¢m¢nj| dv

1 N 1 .
by [ emnin + bandndi] av e o [ [oViwm(2t) + Lundly(20] av. (63)
2 D 4t D

Considering that (wm,,¥m) € Wl(D), with the help of the Korn inequality
(18), the next estimate is obtained:

- @%uwxw%%mwmﬂw</mmmmumw
+2Bnki€mn (T)Exk1(T) + CrnkiEmn (T)Exki (T)] AV
_k / Apnitmn(7)ew (7) + 2Bumiienn(T)er(7) (64)
mi1 Jp

2k
+Cmnk15mn(7)5kl(7)] av < 7E(0), T E [0, OO),

m1
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in which were used the notations: €., = Wnm + €nmkVk, Emn = Vnm-

If the limit in (57) is used, with ¢ — oo, and are considered the limits (37), the
estimates (57), (60), (64) and the equality (63) it is arrived to the relation (42).

At the end, to obtain the relation (43) there are used the Cesaro means in
the law (22) and there are considered the limits (37), (38), (42) and the estimate
(57). In this way, theorem 4 is completely proven. O

6. Conclusions

If we consider the initial data for which v}, = gb;‘n = 0, then it can be estab-
lished, from the relations (40) and (42), that it is insured the equipartition of
asymptotic type, in mean, of the strain and kinetic energies.
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