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Abstract

In this review paper, we present some basic notions and properties of
quaternionic exponentially dichotomous operators. Some perturbation re-
sults of quaternionic exponentially dichotomous operators are illustrated
which will help to consider the exponential dichotomous solutions to quater-
nionic evolution equations through semigroup theory.
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1 Slice quaternionic Banach algebra and multiplica-
tive quaternionic linear functionals

The notion of quaternions that is a noncommutative extension of complex

numbers is a mathematical concept introduced by Irish mathematician Hamilton
in 1843 and it has been widely applied to both pure and applied mathematics and
physics (see [1, 18]). Quaternionic algebra has been widely applied to dynamic
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equations on time scales (see [16, 25, 27]), differential and difference equations
(see [9, 24, 29]) and fuzzy dynamic equations (see [26]), etc.

The further development of spectral theory has deeply promoted the develop-
ment of the theory of operators and dynamic equations (see [4]).As a core notion
in dichotomy spectrum theory, exponentially dichotomous operators are the nat-
ural evolution operators of first order linear homogeneous differential equations
in an arbitrary Banach space in which causal effects will have influence on both
future and past events (see [5, 10, 11, 17, 19, 20, 21, 22]).

Based on the theory of quaternionic operators and spectral theory on .S-
spectrum (see [3, 6, 7, 8, 12, 13, 14, 15, 23]), in this paper, we will present some
perturbation results of quaternionic exponentially dichotomous operators. For
more details, one may refer to [28].

Firstly, we begin with the fundamental knowledge of quaternionic space H.

Definition 1 ([8]). The algebra of quaternions space H is given by the elements
1,4, 7, k satisfying the following relations

P=2=k=-1, ij=—ji=k, jk=—-kj=1i, ki=—ik=]j.

Then a quaternion q is denoted by g = qo+ 1t + q2J + @3k, g € R, 1 =0,1,2,3,
while the conjugate and the norm of q are given by

7=q0—qii — q2j —ask, gl =/q7=+/q :\/q8+q%+q%+q§-

The real part and the imaginary part of q are denoted by Re(q), Im(q), respectively
and ¢~t = q/|q|®. For the convenience of later discussion, we let S be the 2-
dimensional sphere of purely imaginary unit quaternions, i.e.,

S={g=qi+q@j+akcH: ¢ +q¢+q=1}.

To each quaternion q it is possible to associate an element in S:

I — &EEZ% if Im(q) # 0,
q

any element of S otherwise.

Given I € S we denote by Cy the complex plane R+ IR containing elements of the
form x 4+ Iy, x,y € R. Obviously, the imaginary unit I, determines the complex
plane Cy, containing p.

Based on the notion of two-sided (i.e., bilateral) vector space, the quaternionic
linear operator can be defined and classified as follows.

Definition 2 ([23]). Let V' be a two-sided vector space on H. A map T : V =V
is said to be a right linear operator if

T(u+v)=T(u)+T(v), T(us)=T(u)s, forallsecH, and for all u,v € V.
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The set of right linear operators on V is both a left and a right vector space on H
with respect to the operations

(sT)(v) = sT'(v), (Ts)(v)=T(sv), forallsecH, and for allveV.
Similarly, a map T : V — V is said to be a left linear operator if
T(u+v)=T(u)+T(v), T(su)=sT(u), forallsecH, and for allu,v € V.

The set of left linear operators on V is both a left and a right vector space on H
with respect to the operations

(T's)(v) =T(v)s, (sT)(v)=T(vs), forallseH, and for allveV.
Now we state the quaternionic version of Cauchy kernel formula.

Definition 3 ([7]). Let s,q € H, the so-called left slice Cauchy kernel and right
slice Cauchy kernel are defined as follows

St (s.q) = —(¢* — 2qRe(s) + |s]*) " (g — 3),

and
Si'(s,q) = —(q—35)(¢* — 2qRe(s) + [s|*) 7.

From the literature [14], for I € S, there exists a real *-algebra isomorphism
pr : C — Cj as follows:

@1(x+zy):x+ly, x,yGR.

Now we introduce some notations. Let M be a complex Banach algebra, then
define My, := {m:m0+m1I 1 €8,m¢ € M,sz,l} and M$ = {m e My, :
ml=1Im,I € S}, we can expand the complex Banach algebra M to a quaternionic
Banach algebra My, and introduce a slice quaternionic Banach algebra as follows.

Definition 4 ([28]). Let D C C and M be a complex Banach algebra with unite
element e. If M§ over the field ¢1(D) is a quaternionic Banach space, then M is
called a slice quaternionic Banach algebra (or s-quaternionic Banach algebra) for
I €S. Generally, if M§ over the field ¢1(D) is a quaternionic Hilbert space, then
M¢ is called a slice quaternionic Hilbert space (or s-quaternionic Hilbert space).

Let M$ be a s-quaternionic Banach algebra with unit element e and Z be a
commutative Banach subalgebra of M satisfying e € Z and mz = zm for m € M$
and z € Z. Let Y be a closed subalgebra of M¢. Then by Z ® Y we denote the
algebraic tensor product of Z and Y, i.e.,

Y= {Zzgygzzgez,ygey,ne%r}.
=1

For the convenience of discussion, some following basic definitions will be
introduced and we assume that Z ® Y is a dense linear subspace of M.
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Definition 5 ([28]). Let Z C M (I € S) be a commutative s-quaternionic Banach
algebra, @1 is a bounded linear functional on Z, if for any 21,292 € Z,

pr(z122) = pr1(z1)p1(z2).

Then g is called multiplicative linear functionals for I € S. Let U be the set of
all continuous multiplicative linear functionals on Z.

Next, we will give some basic properties of s-quaternionic Banach algebra
which shall be used in the later discussion.

Definition 6 ([28]). Let M be a s-quaternionic Banach algebra and m € M, if
there exists m™1 € M§ such that

then m is called invertible. Define the S-spectrum of a m € M$ as follows
or(m) :={seCy: m? — 2Re(s)m + |s|%e is not invertible in M, I € S}
and for s ¢ o1(m), define Rs(m) = Sy'(s,m).

Theorem 1 ([28]). Let M$(I € S) be a s-quaternionic Banach algebra, if m € M
satisfies |mllye <1, then e —m is reversible and (e — m)~! = > ezo mé.

Corollary 1 ([28]). Let M$(I € S) be a s-quaternionic Banach algebra, m € M.
(1) (e—tm)™t —weast—0.

(2) For mq is invertible in Mg and m1 € M7 such that |[mi|ns < ||m51|];/[1?,
then m = xg + mq s tnvertible and

m~t = (e +mgytmi) tmg .

(3) Rs(m) is continuous function on Cr\or(m) respect to s.

Theorem 2 ([28]). Let M$(I € S) be a s-quaternionic Banach algebra, for any
m € M§, s,q € Ci\or(m), the following properties holds:

(1) Rs(m)Ry(m) = Ry(m)Rs(m);
(2) Rs(m) = Ry(m) = (¢ — s)Rs(m)Ry(m).

Corollary 2 ([28]). Let M$(I € S) be a s-quaternionic Banach algebra, m € M
and so € Cr\or(m),

%(Rs(m)) ‘S:so = _(Rso (m))2

Theorem 3 ([28]). Let M(I € S) be a s-quaternionic Banach algebra, for m €
MG, then
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(1) forany f € (Mf)*, the function F(s) = f(Rs(m)) is s-regular on Cr\oy(m)
and F(s) = 0 as |s| = oo.

(2) or(m) is a nonempty compact set on Cr and r(m) < [|ml|ye, where r(m) =
SUPseo(m) |5|

In what follows, a sufficient condition is given to guarantee the s-quaternionic
Banach algebra M9 is isometric and isomorphic to Cj.

Lemma 1 ([28]). Let M$ (I € S) be a s-quaternionic Banach algebra, if M is a
field, then M$ is isometric and isomorphic to Cy.

A proper and maximal ideal of a s-quaternionic Banach algebra has the fol-
lowing property.

Lemma 2 ([28]). Let M (I € S) be a s-quaternionic Banach algebra and J be
a proper ideal of M$, then J is contained in some mazimal ideal of M$ and any
mazimal ideal of M$ is closed.

By using a closed proper ideal of the s-quaternionic Banach algebra, one can
obtain a new s-quaternionic Banach algebra through a quotient algebra in the
following theorem.

Theorem 4 ([28]). Let M be a s-quaternionic Banach algebra and § is a closed
proper ideal in M§. Then quotient algebra M§/J is a s-quaternionic Banach al-
gebra with the unit [e].

Lemma 3 ([28]). Let Z C M§ (I € S) be a commutative s-quaternionic Banach
algebra, for any mazximal ideal N in Z, there exists a unique continuous multi-
plicative linear functional pr such that N = Ker .

According to Lemma 3, the following theorem will justify the compactness of
the maximal ideal space of Z for I € S.

Theorem 5 ([28]). Let Z C M§ (I € S) be a commutative s-quaternionic Banach
algebra, the set of all maximal ideals of Z is a compact Hausdorff space for any

IeS.

According to Theorem 5, the set U of all multiplicative linear functionals on
Z is compact, we say U the maximal ideal space of Z, then we introduce the
following definition.

Definition 7 ([28]). Let Z be a commutative Banach subalgebra of s-quaternionic
Banach algebra M§ for I € S and U be the mazimal ideal space of Z, for every
o1 € U, define ¢y, : Z@Y — MS as follows

n

n
Sor | Y zeve | =D wr(ze)ve.
¢=1 e=1

Then M$ is said to be realizable as a tensor product of Z and ) if and only if ¢y,
extends to a bounded linear operator on M$ for each ¢ € U.
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According to Definition 7,
¢<P1 (M?) - 9, (¢<P1>2 = ¢¢717 d)@[ (mlmQ) = d)@[ (m1)¢901 <m2)

for my1, mo € M. Thus, ¢, will be called the multiplicative projection associated
with the multiplicative linear functional ¢j.

From the properties of the s-quaternionic Banach algebra and the maximal
ideals, one can obtain a basic lemma as follows.

Lemma 4 ([28]). Let Z C MS (I € S) be a closed commutative Banach algebra
with e € Z. If J is a mazimal left (resp. right) ideal in M$, then JNZ is a mazimal
ideal in Z.

Based on Lemma 4, the following Allan-Bochner-Phillips Theorem of the
quaternionic version can be established.

Theorem 6 ([28]). Let M (I € S) be a s-quaternionic Banach algebra with the
unit element e realized as a tensor product of a commutative subalgebra Z and
some subalgebra Y, where e € Z. Let U denote the mazimal ideal space of Z.
Then m € MG is left (resp. right) invertible in M$ if and only if ¢, (m) is left
(resp. Tight) invertible in'Y for each ¢y € U.

2 Perturbation results of quaternionic exponentially
dichotomous operators

The following concept of the semigroup in quaternionic version was introduced
by F. Colombo and I. Sabadini (see [8]), which will be used to analyze the expo-
nential dichotomy of evolution operators in this paper.

Definition 8 ([8]). Let X be a two-sided quaternionic Banach space and t € R,
then we call {E(-)} a quaternionic strongly continuous semigroup on quaternionic
Banach space X if the function E(-) : [0,00) — B(X) having the following prop-
erties

(1) E(t+s) = E(t)E(s) fort,s >0,
(2) E()x:[0,00) = X is continuous for x € X,
(3) E(0) =7Jx.

In addition, if the map t — E(t) is continuous in the uniform operator topology,
then we call the family {E(-)} a uniformly continuous quaternionic semigroup in

B(X).
We introduce the concept of the quaternionic bisemigroup as follows.

Definition 9 ([28]). Let X be a quaternionic Banach space, by a (strongly contin-
uous) bisemigroup we mean a function E(-) : R\{0} — B(X) having the following
properties:
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(1) Ift,s > 0 we have E(t)E(s) = E(t+s) and fort,s < 0 we have E(t)E(s) =
—E(t+5s).

(2) For every x € X the function E(-)x : R\{0} — X is continuous, apart from
a jump discontinuity in t = 0. That is,

lim ||E(t)z — E(0%)z||x =0, z€X.

t—0t

(3) E(0T)x — E(07)x =z for every x € X.
(4) There exist M, \ > 0 such that |E(t)[|px) < Me M for t € R\{0}.

Definition 10 ([28]). Let {E(t)}i>0 be a quaternionic strongly continuous semi-
group, the infimum of all A\ € R satisfying ||E(t)|lsx) = O(eM) as t — oo, is
called the exponential growth bound of {E(t)}i>0 and denoted by A\(E).

Proposition 3.1 in [28] implies that E(0") and —F(0~) are bounded comple-
mentary, we may introduce the concept of the constituent semigroup of a bisemi-
group {E(t)}ier\ oy as follows.

Definition 11. Let {E(t)}iecr\foy be a strongly continuous bisemigroup, then
we call the operator P = —E(07) the separating projection of the bisemigroup
{E(t)}er\foy- The restriction of E(t) to Ker P is a quaternionic strongly contin-
uous semigroup on Ker P, while the restriction of —E(—t) to Im P is a strongly
continuous semigroup on Im P. These two semigroups are called the constituent
semigroups of the bisemigroup {E(t)}er\ {0} -

Definition 11 indicates that we can describe the exponential growth bounds of
{E(t)}+er\foy through the exponential growth bounds of its corresponding con-
stituent semigroups, hence we introduce the following notion.

Definition 12 ([28]). Let E; : [0,00) = X;(j = 1,2) be the quaternionic strongly
continuous semigroups, and both have a negative exponential growth bound, we
define the strongly continuous bisemigroup {E(t)}er\foy on X = X1 @ Xa by

FE1(t) ® 0x,, t>0,

E(t) — 1( ) @ X2

OX1 D ( - E2(7t))a t< 07
which has {E1(t) }i=0 and {E2(t)}+>0 as its constituent semigroups. For the pair
of exponential growth bounds of a bisemigroup {E(t)}teR\{0}7 we denote the pair
of (necessarily negative) exponential growth bounds of its constituent semigroups

by:
{AL(E),\_(E)}.

For the exponential growth bound A(E) of a bisemigroup { E(t) };er\ {0}, we denote
it by

AE) ¥ max {\_(E), A\ (E)} <0.
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Definition 13 ([28]). Let T (Ker P — Ker P) and —T_(Im P — Im P) stand
for the infinitesimal generators of the constituent semigroups of the bisemigroup
{E(t) }er\foy on X, then the linear quaternionic operator T(X — X) defined by

D(T) ={zs ®a_:2p € D(Ty),v_ € D(T-)},

T(xy®a) =T (x4) - T (z-)

is called the (infinitesimal) generator of the bisemigroup {E(t) }ier\ {0}, since
T(X — X) is closed and densely defined, then we define the constituent Laplace
transform formulas as follows:

Spl(s, Ty )z :/ e ' E(t)ry dt, wx € Ker P, Re(s) > A\ (E),
0
Sgl(—s, T )z_ = —/ e'E(—t)z_ dt, z_ €Im P, Re(—s) > \_(E),
0

where both of Ay (E) < 0, which imply the Laplace transform formula

Spl(s, Tz = /OO e ' E(t)r dt, M (E) < Re(s) < —A_(E), (1)

— 00

where the (Bochner) integral converges absolutely in the norm of X. From now
on we will write E(t,T') for the strongly continuous bisemigroup with infinitesimal
generator T'.

In what follows, we introduce the concept of a quaternionic exponentially
dichotomous operator.

Definition 14 ([28]). A closed and densely defined linear quaternionic opera-
tor T(X — X) on a quaternionic Banach space X is called exponentially di-
chotomous if it is the infinitesimal generator of a strongly continuous bisemigroup

{E(t) hier\foy on X.

Definition 15 ([8]). Let X be a two-sided quaternionic Banach space.

(i) We denote by KT(X) the set of right linear closed operators T : D(T) C
X — X, such that
(1) D(T) is dense in X,
(2) D(T?) € D(T) is dense in X,
(3) T — 57 is densely defined in X.

(ii) We denote by K=(X) the set of left linear closed operators satisfying (1) and
(2) and such that T — J5 is densely defined in X .

(iii) We use the symbol K(X) when we do not distinguish between K*(X) and
KE(X).
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We can obtain that T? — 2Re(s)T + |s|*I : D(T?) C X — X is a closed operator.
If T € K(X) we denote by ps(T') the S-resolvent set of T' as

ps(T) = {s € H: (T? — 2Re(s)T + |s|*7)~! € B(X)},
and og(T) = H\ps(T'). Now, we denote by Qs(T) the operator
Qs(T) := (T? — 2Re(s)T + |s?0) ™" where Q4(T): X — D(T?).

Moreover, let A be an operator containing the term Qs(T)T (resp. TQs(T)) and
let s € ps(T'), we will denote A the operator obtained from A according to substi-
tuting each occurrence of Qs(T)T (resp. TQS(T)) by TQs(T) (resp. QS(T)T).

Definition 16 ([28]). Let X be a quaternionic Banach space and SL(X) = {T €
K(X):TI =1T,I € S}, a quaternionic operator T is called slice quaternionic
operator on X if T € C3(X), where

CHUX) ={T eX(X): T=Ty+1IT1,I €S,T) € S{(X),l =0,1}
and (C?(X) is called a slice operator space with respect to I € S.

Naturally, we introduce a convolution of functions on s-quaternionic Banach
space and it will be used later.

Definition 17 ([28]). Let M§ (I € S) be a s-quaternionic Banach space, ¢, €
C‘?(M?) be Bochner integrable functions on R with values in M, the convolution
of v and 1 is denoted by ¢ * 1 and defined as follows

o0

() (1) = / D(r)(t — 1) dr = / o(t — TY(r) dr.

—00 —00

o0

Theorem 7 (Convolution Theorem on s-quaternionic Banach space, [28]). Let
M$(I € S) be a s-quaternionic Banach space, ¢, € C‘;(M?) be Bochner integrable
functions on R with values in MG, let £(p), £(1)) be the Laplace transforms of ¢
and 1, respectively. Then

L(e®)L(¥(t) = £((¢ *¥)(1)).

Next, an additive compact perturbations of the quaternionic exponentially
dichotomous operators will be taken into account.

Theorem 8 ([28]). Let Ty € C5(M$) (I € S) be a quaternionic exponentially
dichotomous operator on s-quaternionic Banach space M$ and H be a compact
operator on M§ such that T = Ty+3H € C3(MS), D(T) = D(Ty). Suppose that the
hyper-imaginary azxis I € S is contained in the S-resolvent set of T. Then T is a
quaternionic exponentially dichotomous operator. Furthermore, E(t,T)— E(t,Ty)
is a compact operator in the limits as t — 0F.

To obtain the perturbation theorem of the quaternionic exponentially dichoto-
mous operator, we need the following two lemmas.
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Lemma 5 ([28]). Let M§ (I € S) be a s-quaternionic Banach space, suppose a
map K : R x M7 — M$ such that

(1) K(-,m) € LY(R,M$) for every m € M5;

(2) K(t,symi1+sameo) = s1K(t,my1)+s2K(t,ma) forsy,s2 € Cy, I €S, my,mg €
MS, and a.e. t € R.

Then there exists a unique bounded linear operator H on L'(R,M$) such that

oo

(Hor)(t) = / K(t—7.61(r)) dr ()

—0o0

for integrable simple function ¢r(I € S), while the norm of H is bounded above by

sup [ ().

Imllacs =100

Lemma 6 ([28]). Let M§ (I € S) be a s-quaternionic Hilbert space and let K :
R x M$ — M$ be a quaternionic map such that the assumptions of Lemma 5
holds, then the linear operator defined by (2) for each integrable simple function
é1 extend to a unique bounded linear operator on L*(R, M$) with norm given by

|H||gowey = sup SIE(m,m) ||| yee »
o) mHM:LTEEH [ I lee
where -

K (r,m)] = / e T R (t,m) dt, I € S.

Theorem 9 ([28]). Let T € C3(M$) be a closed and densely defined linear operator
on the quaternion Banach space X satisfying the conditions (a) and (b). Then
T is a quaternionic exponentially dichotomous operator if and only if there exist
E:R x X — X and constants r > 0, M > 0 such that for every x € X we have
E(-,z) € L*(R, X) and

1B, )| oo r,x) < Me™ M| x,

and for some n > 0, we have the Laplace transform formula

Sﬁl(s,T)x:/ e *'E(t,x) dt,

—0o0
where x € X, s € {s € H: |[Re(s)| <n} NCy,.

Now we will establish a perturbation theorem of a quaternionic exponentially
dichotomous operator as follows.

Theorem 10 ([28]). Let Tp € C3(M$) (I € S) be a quaternionic exponentially
dichotomous operator on s-quaternionic Banach space M$, and let 3 € B(M$) N

C3(MS). Then there exists 6 = 6(Tp) > 0 such that [H B owg) < o implies T =
Ty + H is a quaternionic exponentially dichotomous operator.
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The following proof is from reference [28].

Proof. Let Ty be a quaternionic exponentially dichotomous operator on a s-
quaternionic Banach space M¢, according to Theorem 9, for M > 0 and a fixed
r >0,

IE(t, To)mlae < Me "mllae:, ¢ € R\{0}, m € M.

Thus, for 0 < € < r, we have

2M c
[ et tomlyg @< G g
o i r—e

Now, for each § € (—r,r), consider K (-,m) = engHE(-, To)m, then K (-, m) satisfy
the conditions (1) and (2) in Lemma 5. Thus, for integrable simple function
¢r(I €8), the operator

(Hsor)(t) = /_ " TIIE (- 7, To)gu (r) dr (3)

is bounded on L'(R,M$) with norm satisfying

L < 2MbeH”B(M§).

|Hsllsoe = sup / O

[Imlle =1

2MHJ{”B(MC)
— <

Therefore, ||H||poe) < r/2M and 0 < b<r— 2M || H |5 ey imply —

1. Hence, consider the integral equation as follows
oo
SF(t,m) = / E(t —7,To)HF(r,m) dr + E(t,To)m. (4)
—0o0
Then, we have
|SFi(t,m) — SFy(t,m)| 5. =

| [ B ntmericram ar - [ gte - Toscngm) ar

Mg
(o)
g/ | B 7. Tyl dr- | Fi(tm) — Fa(tm)
2M J-C (&
900 1, ) ey
r—36

According to the contraction mapping principle (see [2]), (4) has a unique solu-
tion F(-,m) € LY(R,M$) for every m € M$ and note that F(-,m) is strongly
measurable for each m € M$. Thus, we obtain

F(t,m) = /_OO E(t —7,To)HF(r,m) dr + E(t,To)m. (5)



30 Ravi P. Agarwal, Haoyun Liu, Zuxu Liu and Chao Wang

Then for [|H||gps) < r/2M,

1Pt m :H /_Z B(t — 7, To)KF(r,m) dr + B(t, TO)mHm

Mg

<|| [ B myserem ar], - |[EETml

I

o0
<M”9{HB(M?)/ I (m,m)|lnese "1 dr + Mem 1 m)ae.
—00
Thus, there exists ¢ : R — R such that the norms of (5) are dominated by

B(t) — MI|H st / =I5 (r) dr = Me~[mflas,

—00
where

5(t) = M||m|e el (r—2M 55 xcs))
r = 2M || H || ove)

is its unique solution. Then

Mlimlag — —juir—2pm13lh o))
r = 2M || 3|5 ()

[E(£,m) |l Bng) <

for a.e. t € R and each m € M¢. Moreover, similar to the proof of Theorem 8, we
have

o0

Sz (s, T)m :/ o5t [E(t,To)m + /OO E(, TO)&M (t—7)dr| dt,

—00

where 5%, (t) = HF(t,m), noting that

/_OO E(1,To) ¢y, (t —7) dr = /_Oo E(t — 7, T))HF(r,m) dr

which implies that
o0
S=1(s, T)ym = / e tE(tm) dt,  [Re(s)| < — 2M]||H o)
—00
By Theorem 9, it follows that T is a quaternionic exponentially dichotomous
operator. This completes the proof. ]

To obtain the most general result for perturbation theorem on s-quaternionic
Hilbert space, we need the following Parseval’s Theorem in quaternionic version.

Theorem 11 ([28]). Let M(I € S) be a s-quaternionic Banach space, f,g €
LQ(R,Mﬁ), then

| s = o [ sl@)T0] a (©

where g(t) is the conjugate of g(t), F[f(T)] = [T e ™ f(t) dt, I € S is the

o
Fourier transform on s-quaternionic Banach space M.
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The following result is the most general perturbation theorem on s - quater-
nionic Hilbert space.

Theorem 12 ([28]). Let Ty € C3(MS) (I € S) be a quaternionic exponentially
dichotomous operator on a s-quaternionic Hilbert space M§, H € B(Mf)ﬂ@?(M?),
and T =Ty + H. If

= {s € Cr: [Re(s)| <1} C ps,(T)

for some n > 0 and S;zl(s,T) s bounded on Q,IW then T is a quaternionic expo-
nentially dichotomous operator.

The proof progress presented in the following is from reference [28].

Proof. Let € € (0,n], m € M, then B, Ty)m : R — M¢ is Pettis integrable.
Therefore, according to Lemma 6, for any 0 € (—¢, ) the operator given by (3) is
bounded on L%(R,M$) with norm bounded above by

sup ||[W (s — 5) IeSs, (7)

- j c)y
seIR HB(MI)

where W(s) = J — Sy'(s,Tp)H, |Re(s)| < e. Thus, for each 6 € (—e,¢) the
operator H; is bounded on L? (R, M§) with norm bounded above by (7). From
the proof of Theorem 8, we have W~(s) = J+ Sy* (s, T)H for [Re(s)| sufficiently
small, then

def

Mz = sup ~HW_1(5) < 00, Se [—n, 7). (8)

W s e

Next, recall the integral equation (5). Then for & € (—¢,e), eg|t|F(-,m) €
L% (R, M$) and F(-,m) satisfies

/°° e F(t,m) dt = W (s)Sz" (s, To)m = Sz (s, T)m, )

—00

where m € MY, |Re(s)| < e. By the hypothesis (7) and Theorem 11, we have

> 2 231 1 Bl
| WPy =5 [ m

— 00

_ 2
H/ e 2t O P (7 m) dr dt
1 ~
(zﬂ)/ 1S5 (=5 + Tu, Tyl du
(M~) ~
(2;) | ISR+t Bl da

/ |E(t, To)m||32v[§ezg|t‘ dt < oo,
—0o0
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where m € M$, I € S.
Note that for e’!l F(-,m) € L2 (R, M$), any 6 € (—0,6) and each m € M¢, by
Hoélder inequality, we have

1 o 1
/ S F(t,m)|vie dtg[/ =200l dtr[/ P (- m) |5 dtr

1
1 © 5 :
< | [ Mt Tomiz 4
2(5 — g) L/ =0
1 M def ~
S milse; < @lmile.
V26— 0) Vr =0

I

Since

F(t,m) = E(t,Ty)m — /OO E(1,To)HF(t —T,m) dr,

then, from the proof of Theorem 10 we obtain

Mlimlbe 22150 org))
)

= a.e. t € R.
r — 2ul|H]|p e

[E(E,m)llaeg <
Then by Theorem 9, we have T is a quaternionic exponentially dichotomous op-
erator. This completes the proof. O

Since the significance of perturbation invariance of quaternionic exponentially
dichotomous operators and their comprehensive applications, the further investi-
gation of their related properties will be our main future work.
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