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A NEW SUBCLASS OF HARMONIC UNIVALENT
FUNCTIONS ASSOCIATED WITH ¢-CALCULUS

Saurabh PORWAL *! and Manoj Kumar SINGH 2

Abstract

The purpose of the present paper is to introduce a new subclass of har-
monic univalent functions by applying g¢-calculus. Coefficient inequalities,
extreme points, distortion bounds, covering results, convolution condition
and convex combination are determined for this class. Finally, we discuss a
class preserving integral operator for this class.
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1 Introduction

A continuous complex valued function f = u + iv defined in a simply-connected
domain D is said to be harmonic in D if both u and v are real harmonic in D. In
any simply-connected domain we can expressf = h+ g, where h and g are analytic
in D, called the analytic and co-analytic part of the function f, respectively. The
jacobian of the function f = h + g is given by J¢(z) = [/ (2)|* — |¢/(2)|*. Accord-
ing to Lewy’s theorem every harmonic function f = h+ g is locally univalent and
sense preserving in D is that |h'(2)|? > |¢'(2)|?, z € D. For detail study one may
refer to Clunie and Sheil-Small [5], Duren [7],(see also [1, 2, 8, 15, 18]).

Further, we denote S the class of function f = h + g which are harmonic,
univalent and sense-preserving in the open unit disc U = {z : |z| < 1} for which
f(0) = fz(0) =1 =0.

If f=h+ g€ Sy then h and g are of the form

h(z) :z—l—Zakzk and g(z) :Zbkzk7|b1| <1 (1.1)
k=2 k=1
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It is worthy to note that for g(z) = 0 the class Sy reduced to the class S of
analytic univalent functions. For this class f(z) can be written as

f(z)=2z+ Z apzt. (1.2)
k=2

The following definitions of fractional derivatives are given by Owa [12] and
Srivastwa and Owa [21]

Definition 1.1. The fractional derivative of order X is defined for a function f(z)

by
1L d [ f©)

where 0 < X\ < 1, f(2) is an analytic function in a simply-connected region of the z
plane containing the origin and the multiplicity of (z—&) ™ is removed by requiring
log(z — &) to be real when (z — &) > 0.

Definition 1.2. Under the hypothesis of Definition 1.1, the fractional derivative
of order n + X is defined for a function f(z) by

dTL
Dn-‘r)\ — D)\
z f(z) dZ” Zf(z)7
where 0 < A <1 andn € Ny ={0,1,2,3,...}.

Using the Definition 1.1 and 1.2, Owa and Srivastava [13] introduced the
following fractional calculus operator
Q) : A — A, which is defined as Q f(z) = T'(2 — M2 D2 f(2), (A # 2,3,...),
where A denotes the class of functions f of the form (1.2) which are analytic in
U.

Recently, it has come to know that the concept of g-calculus is widely used
in Geometric function theory. By using the definition of ¢- calculus various new
subclasses of analytic and harmonic univalent functions were investigated by sev-
eral researchers. In this direction noteworthy contribution may be found in [3],
[11] and [16].

The concept of g-calculus were initially introduced by Jackson [9] (see also
[4]). They defined the g-number for k € N in the following way

1—qk
[k}q: 1_q,0§q<1. (1.4)

It is easy to see that [k], can be represented as a geometric series in the
following way [k], = 324 ¢'.
Obviously, limg_,_ o [k]q = 1%(1 and limg_,_1[k], = k.

The ¢-derivative for a function f is defined as

D) = TS g 21,0 20
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and D,(f(0)) = f'(0), provided f(0) exists.
If we take the function h(z) = z* then the ¢- derivative of h(z) is defined as
Dy(h(2)) = Dy(*) = k1 = [k,
Then limg; Dy(h(2)) = limg_1 [k]4(z571) = kzF~1 = 1/ (2)
where R’ is the ordinary derivative
Now, we define the subclass S (o, A, i, q) of Sg consisting of functions f of
the form (1.1) satisfying the following condition

" { =Dy ()] 2Dy @g(2)) } > o (L5)
H(IDy (P h(=))] = 2[Dy(@Pg() + (1 = w{Qh(z) + Pg(2)}

where 0 <a<1,0< u<1,0<A<],0<qg< 1.
Next, we define T'Sg(a, A, i, ) be the subclass of
Su(a, A\, 1, q) for which f(z) = h(z) + g(z), where h(z) and g(z) are of the form

hz) = 2= 3 larl2, g(z) = 3 fbelet, fou] < 1. (L6)
k=2

k=1
It should be worthy to note that for specific values of «, p, A, ¢ on the sub-
classes Sg(a, \, 1, q) and TSy (o, A, 11, q), we obtain the following known sub-
classes of Sy studied earlier by various researchers.

1. Sp(a, A\, pu, 1) = Sy (a, A\, u) and
TSH(a, A\, 1, 1) = TSg(a, A\, p) studied by Porwal and Kanaujia [17].

2. Su(a,A,0,1) = Sp(a,A) and T'Sg(a, A, 0,1) = TSy (a, \) studied by Dixit
and Porwal [6].

3. Su(,0,p,1) = Sy(a, ) and TS (e, 0, 1, 1) = TSy (e, 1) studied by Oztiirk
et.al. [14].

4. Sp(a,0,0,1) = S} (a,) and TS (e, 0,0,1) = T'S}; (o) studied by Jahangiri
[10].
5. Su(0,0,0,1) = S}, and T'SE(0,0,0,1) = TS}, studied by Slverman [19],

Silverman and Silvia [20].

In the present paper, we obtain coefficient inequality, extreme points, distor-
tion bounds, covering results, convolution condition and convex combination for
the class T'Sg(a, A, 1, q). Finally, we discuss a class preserving integral operator
and ¢- Jackson type integral operator for this class.

2 Main results

In our first theorem, we give a sufficient coefficient bound for function in the
class Sg(a, A, 1, q).
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Theorem 2.1. Let f = h+7 be such that h and g are given by (1.1). Furthermore

let
> I 20O+ 3 W20 g <1
k=2

(2.1)

where 0 < a<1,0< u<,0<A<1,0<qg<1 and

T'(k+1)0(2— A)
T(k+1—))

(l)(k? )‘) =

Then f is sense-preserving, harmonic univalent in U and f € Sy (o, A, 1, q).

Proof. First we note that f is locally univalent and sense-preserving in U. This
is because

[ee]
1 (2)] > 1= klaglr*!
k=2

To Show that f is univalent in U, suppose that z1,zo € U such that z; # zo then

‘ﬂzl) —f)| ., 'g<zl> —g(z) | _| 1= 3T bk — #)
h(z2)| — h(z1) — h(z2) 21— 2o+ SV ap (2 — 25)

D = I v e WP/
1—2’;:30 klag| 1 - ’Zz;o [klg(1— Oiﬂ)aa(l M) (k;)\)\ak\

Now, we show that f € Sy (a, A, i, q), using the fact that ®{w} > «, if and only
if, |1 —a+w| > |1 + a — w| it suffices to show that

[A(2) + (1 = ) B(2)| = |A(z) = (1 + @) B(2)| = 0, (2.2)



A new subclass of harmonic univalent functions ... 153

where A(z) = 2[D, (2 h(2))] — 2[Dy(2*g(2))] and

B(2) = uz[Dg(Qh(2))] — 2[Dg( @ g(2)] + (1 — W{Q*h(z) + Pg(2)}-

Substituting the values of A(z) and B(z) in L.H.S. of (2.2) and performing the
simple calculation, we obtain

=|(2-a)z+ Z (1—a)ulkly + (1 — @)1 — p)o(k, Nagz*
- ki ]y~ (1~ a)ulkl, — (1~ a)(1 — )o(k, A
\—az+z (1—a)u[kl, — (1 — @)1 — p)o(k, NagzF|
- ki Hy — (01— )ulkly + (1 - a)(1 — )l )b
> 201 - o)l |1 - Z{ =) = AU =1y, 3o

- Z{ (1= Cj"’_zo‘“ o, o4

>2(1-a rz\[ kzj{ 2~ L=y, )
~ Z{ 01“ zo‘(l )}gb(k:,)\)|bk]] >0, (Using (2.1)).

The coefficient bound given by (2.1) is sharp because equality holds for the
following functions

1-«
—Z+Z{ LI —ap) —a(l - )}¢(1<:,A)x’“zk

o)
l-«
+ ykzka
2 (.0 o) T a1~ 300
where
o0 oo
D el + ) lukl = 1.
k=2 k=1
This completes the proof of Theorem 2.1. O

In our next theorem, we prove that the condition (2.1) is also necessary for
the function f = h + g, where h and g are of the form (1.6).
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Theorem 2.2. Let the function f = h+79g be such that h and g are given by (1.6).
Then f € Su(a, A\, 1, q), if and only if

Z{ (1—ap) — a1 — p) ok, N)ag|

+ Z{ (I —ap) +a(l = p)to(k, Ao <1 -a, (2.3)

where 0 < a<1,0< u<1,0<A<1,0<q¢<1 and
Lk+ 12— N)
Tk+1-X)

Proof. Since TSy (a, A\, i, q) C Su(a, A\, i, q) this gives the if part of the theorem.
To this end, for function f of the form (1.6), we notice that the condition

QS(k’)‘) =

R { 2Dy (2 1(2))] — 2Dy (Pg(2)) } ..
u(=[Dg(h(2))] = 2[Dg(@Pg()]) + (1 = u){ @ (=) + Pg(2)} |~

is equivalent to

(1 —a)z =Y {[k, + (1 —an) —a(l - w)}ké(k, Alax|2"

= > {[K], (1 = ap) + a1 — p)}yé(k, A)|bk| 2"
k=1

9] —

= {4 (1= )}k, Alax|2*
k=2

)

= > ALKl — (1= @)Yk, N)[bi] 2"
k=1

The above condition must holds for all values of z, |z| = r < 1. Upon choosing
the values of z on the positive real axis where 0 < z = r < 1, we must have

(1-a) Z{ (1 —ap) — a(l — p)yo(k,\)|ag|r*1

= 3 0,1 - o) + (1 = )k el

o0

1—2{ ot + (1= )}k, A)|ag|r*

(oo}

=D AKl s — (1= )y, M) b

If the condition (2.3) does not hold then the numerator in (2.4) is negative for r
sufficiently close to 1.Thus there exists a zp = 7 in (0, 1) for which the quotient in
(2.4) is negative. This contradicts the required condition for f € T'Sy(a, A, i, q)

and so the proof is complete.
O
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Next, we determine the extreme points of closed convex hulls of T'Sy (ar, A, i, q)
denoted by clcoT Sy (a, A, 1, q).

Theorem 2.3. If f € clcoT S (a, \, 1, q), if and only if

o

F(2) = {arhi(2) + yrgr(2)} (2.5)
k=1
where hi(z) = z
hi(2) = 2 — L-a 2 (k=23,4,..)
{[klg(1 — ap) — a(l = p)}o(k,A) " Y
gr(2) =z + 1-a ZF (k=1,2,3,..),

{[Klg(1 —ap) + a(l — p)}o(k, A)

o
o > 0,y > 0, (x4 k) = 1.
k=1

In particular, the extreme points of T'Su(a, A, i1, q) are {hi} and {gx}.

Proof. For function f of the form (2.5), we have

f(2) = >0 {xnhi(2) + yegr(2)}

= . - 1-a a2k
; b+ UR)2 g{ (L= ap) —a(l— )teln) "

s 11—« K
*; (K, =am) + a1 — ¥k N

(kg1 — op) — a(1 — p) — .
> ¢ A) { 61, (1 — o) —a(l— ) WW} )

M1 — o) + a(1 - ) 1o
2 o ?lk. ) { [Fa(L— o) + (L — )] 60k, ) } G

o0 o0
—Z k+Zyk=1—x1§1
k=1 k=2

and so f € cleoT' Sy (a, A, 1, q).
Conversely, suppose that f € clcoT' Sy (a, A, 1, q). Set
k(1 —ap) —a(l —
vy = Rz ) Zall 2 1) g\ (= 2,3,4..)

l—«

{k(1 —ap) +a(l —p
11—«

)}qﬁ(k; Nlbel, (B =1,2,3,...).

Yk =
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then from Theorem 2.2, we have 0 < zp < 1(k = 2,3,4,...) and 0 < y; < 1(k =

2,3,4,...), we define
o0 o
m=1-) T
k=2 k=1

and note that by Theorem 2.2, x1 > 0. Consequently, we obtain

e}

F(2) = {arhi(2)) + yege(2)}

k=1
as required.
O

In our next theorem, we obtain the bounds for function in T'Sg(a, A, p, q)
which yields a covering results for this class.

Theorem 2.4. Let f € T'Sy(a, A\, i, q) then
11—« 1+ a(l—2p) | |>2—)\2
”

) < (L4 o)+ (

l+g—a(l+qu) 1+q—a(l+qp) 2
and
-« 1+ a(l—2p) 2—- A
|f<z>|z<1\bl|>r< 1 o Lo bl ) 22202
l+g—a(l+qu) 1+qg—oa(l+qp) 2
=r<l1.

Proof. We only prove the right hand inequality. The proof for left hand inequality
is similar and will be omitted. Let f € T'Sy(a, A, p, q). Then taking the absolute
value of f we have

F < (L4 bal)r+ > (Jar] + [bg])r?
k=2
l—«

g ooy
) Z <{1 +q—a(l+qu)}e(2,\) (lax| + ’bk‘))r2

=1+ ’bl‘)T

1l -«

k
<@t gD S5 (o) ol =)

2{1+q— a(l +qu)

{[klg(1 - oiuzz a(l—p)} |bk‘>¢(,€7 A2

< (Ul GOSN (4 Ll ) 2

2{1+q— (1 +qu)} 1—
11—«  14+a(l=2p) |b1|>2_)\r2
l+g—a(l+qu) 1+qg—oa(l+qp) 2

< (14 |b1|)r + (
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The following covering result follows from the left hand inequality of Theorem
24.

Corollary 2.5. Let f € TSy(a, A\, 1,q). Then

M (=)= +e(-2p]2-N)
{w'||<(1 2(1+q—a(l+qp) (1 2(1+q—a(1+qu)))'bl|>}cf(U)'

3 Convolution and convex combination

In this section, we prove that the class T'Sy (o, A, p, ¢) is closed under convolu-
tion and convex combination. Now, we need the following definition of convolution
of two harmonic functions.

Definition 3.1. Let the function f(z) and F(z) be defined by

Fl2)=2=)lalz" + > el
k=2 k=1

and

F(z)=2—=Y |Apl" + > By~
k=2 k=1
Then the convolution of f(z) and F(z) are denoted by f(z) * F(z) and defined by

(f * F)(2) = f(z) * F(2)

(f*F)(2)=2— > lapl[Alz" + > [bel| Brl|Z*. (3.1)
k=2 k=1

Using this definition we show that the class T'Sy (o, A\, i, q) is closed under
convolution.

Theorem 3.2. For0 < g <a<1,letf eTSy(a,\p,q) and F € TSg(B, A\, 1, q).
Then (f*F) € TSH(O(,)\,,U,Q) - TSH(Ba)‘Han)

Proof. Let f(2) = z—Y 32, lax|2% + 520, |bx|Z* be in TSy (a, A, p, q) and F(z) =
2= 50 |Ak2F + 302, | Be|Z* be in TSy (B, A, i, ¢). Then the convolution (f x
F)(z) is given by (3.1). To prove that (f * F') € T'Sg(«a, A, i1, q), from Theorem
2.2 it is sufficient to show that

Z{{[k]q(l — O‘M) — a(l — M)}HakAk‘(Zs(k,)\)"’
k=2

l1—«a

(0}

Sz F ol i)y, k) <1 -
k=1

Since F' € T'Sy (5, A\, i, q) then by Theorem 2.2, we obtain |Ag| < 1, and |Bg| <1
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Now

Z {[k]q(l B aluz;a(l - :U’)} |akAk‘¢)(]€,)\)+
k=2
3 {[klg(1 - Oiﬂzza(l — W)} b Bil6 (e, \)
k=1

2 {[K]q(1 = Oiuz;a(l -} (a6, A)+
k=2

(a0 = 0 + 1=}
k=1
<1, since (f)(z) € T'Su(a, A, i, q).
Therefore (f * F)(z) € TSy (a, A, 1, q). O

In our next theorem, we prove that the class T'Sy(«a, A, 4, q) is closed under
convex combination.

Theorem 3.3. The class TSy (o, A\, i, q) is closed under conver combination.

Proof. For « =1,2,3,... let fi(z) € TSu(a, A\, i, q) where f;(z) is of the form

o0 o0
2)=z— Z |ag, | 2" + Z b, [Z".
k=2 k=1
Then from Theorem 2.2, we have

> klg(1 —ap) —a(l —
Z{H( p) —a(l —p)}

1 — 4 |ak¢‘¢)(k7)‘)+
k=2
2:{Hﬂl?ﬁzau“»whW%A)§L (32)
k=1

For 7%, t; =1,0 <t; <1, the convex combination of f; may be written as

[e.e]

;tz‘fi( =z- Z <Zt |a, |>Z +Z (Zt |k, !>
Then by the condition (3.2), we have
g{{[k‘] (1—01/11;04 } th!akl

5 [t }z

k=1
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_ Ztl{ Z{{[k](I(l B alﬂ'z_ Oé(l B M)}}|akl|¢(k’7)\)+

: o
=1 k=2
2 A{[k]o(1 —ap) +
> (HH = ey, ok, |
k=1
<> i<t
i=1
Then by Theorem 2.2, we have 2, t;fi(z) € T'Su(a, A\, 1, ). O

4 A family of class preserving integral operators

Definition 4.1. Let f(z) = h(z) + g(z) be defined by (1.1) then F(z) be defined
by the relation

H@:C+1/2“%@ﬁ+ctl/2“m@ﬁ,@>—U. (4.1)
0 0

z¢ z

Theorem 4.2. Let f(z) = h(z) + g(z) € Sy be given by (1.6) and f(z) €
TSula,\p,q) 0 <a<1,0< u<1,0< A< 1and0 < q < 1. Then
F(z) defined by (4.1) is also in the class TSH(a, A, 1, q).

Proof. From the representation of (4.1) it follows that

Since f € TSy (a, A, 1, q), we have

Z{{mqu o) =)y

1

Z{ Lo am o= by ok, ) <

(07

Now

Z{ oo = ol e ok 0+

-«

Z{{Uf]q(l ap) + o1 - )}}C+1

l1—«

[br|p(k, A)

< Z{{[k]q(l B Oéﬂz— a(l - M)}}|ak|¢(k,)\)+
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ap) +a(l = p)}
Z{ T Howl (k. A)
<1
Then by Theorem 2.2, we have F(z) € T'Sy(a, A, i, q). O

Definition 4.3. Let f = h + g be defined by (1.1). Then the ¢- Jackson type
integral operator Fy : H — H is defined by the relation

Fy(z) = Z[C]fl /0 Tty + [C]H /0 Cieg(t)d,t (4.3)

where [c]q is the q- number defined by (1.4) and H is the class of functions of the
form (1.1), which are harmonic in U.

Theorem 4.4. Let f(z) = h(z) + g(z) € Su be given by (1.6) and f(z) €
TSp(a, A\ pu,q) where 0 < a < 1,0 < p<1,0< A< 1land0 < qg<1
Then Fy(z) defined by (4.3) is in the class TSy (o, A, 1, q).

Proof. Let

o o]
2)=z— Y |axlz"+ ) |kl (4.4)
k=2 k=1

Since f € TSy (a, A, p,q), then by Theorem 2.2, we have

Z{ L= = Oy, )t

Z{ Holl = a1 + 610 Z 0y ik, 3) <

From the representation of (4.3), we have

IR S PRI S o S < R
Falz) == Z;[k+c+1]q‘ « k+;[k:+c+1]q|bk -

e
[|

since

[k+c+ 1]y —[clq
k+c ' c—1 '
DY
i=0 k=0
k+c '
s
i=c
[C]q 1.

k 1 _—
= k+c+1]g> [y = Tte+], <
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Now
Bt o) bl
ki (k)4 (1 — oiﬂ)za(l — 1) - +[;}i - el (k)
- i [K]o(1 - Oiuz; L= 11)) o N
ik[_’;q(l - aluzz A=) ok n) < 1
P
Therefore, by Theorem 2.2, we have F,(z) € TS (a, . 11, q). O
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