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ON LACUNARY ∆m-STATISTICAL CONVERGENCE OF
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SPACE
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Abstract

In this study, we define lacunary ∆m-statistical convergence in the frame-
work of intuitionistic fuzzy normed spaces (IFNS) for triple sequences. We
prove several results for lacunary ∆m-statistical convergence of triple se-
quence in IFNS. We further established lacunary ∆m-statistical Cauchy se-
quences and provided the Cauchy convergence criterion for this novel idea of
convergence.
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1 Introduction

Fast [11] was first to establish the concept of statistical convergence, which
numerous authors have since investigated. Following the publication of Fridy
[12, 13], active research on this subject was initiated. Several mathematicians have
investigated the features of convergence and statistical convergence and applied
them to a variety of fields, including approximation theory [3], finitely additive set
functions [2], sequence space [14, 16] and statistical convergence for fuzzy numbers
[1, 19].

The notion of fuzziness was provided by Zadeh [25]. A significant number
of research publications built on the idea of fuzzy sets/numbers appeared in the
literature and has been one of the most active area of research in many branches
of sciences. Saadati and Park [20] introduced the concept of intuitionistic fuzzy
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normed space. Recently, R. Antal et.al. [1] studied the concept of ∆m-statistical
convergence of double sequence in intuitionistic fuzzy normed space.

Numerous research on difference sequence spaces and their generalisations
have been published in literature [7, 8, 9, 10, 23, 24]. B.C.Tripathy et.al. stud-
ied a new type of generalized Difference Cesaro Sequence Spaces [23] and new
type of difference sequence spaces [24]. A.Esi studied the generalized difference
sequence spaces defined by Orlicz functions [7] and strongly generalized difference
[V λ,∆m, p]-summable sequence spaces defined by a sequence of moduli [8]. Later
on, saveral authors studied generalized ∆m Statistical Convergence in Probabilis-
tic Normed Space [9] and generalized Strongly difference convergent sequences
associated with multiplier sequences [10], respectively.

Here is an overview of the current work. We review the foundational defi-
nitions of the intuitionistic fuzzy normed space in Section 2. Section 3 presents
lacunary ∆m-statistical convergence in intuitionistic fuzzy normed space, where
we established several results that demonstrate how generalised this convergence
process is. We further established Lacunary ∆m-statistical Cauchy sequences and
provided the Cauchy convergence criterion for this novel idea of convergence.

2 Definitions and preliminaries

Here we mention some basic definitions of intuitionistic fuzzy normed space
and other preliminaries.

Definition 1. [22] A continuous t-norm is the mapping ⊗ : [0, 1]× [0, 1] → [0, 1]
such that

1. ⊗ is continuous, associative, commutative and with identity 1 ,

2. a1 ⊗ b1 ≤ a2 ⊗ b2 whenever a1 ≤ a2 and b1 ≤ b2,∀a1, a2, b1, b2 ∈ [0, 1].

Definition 2. [22] A continuous -conorm is the mapping ⊙ : [0, 1]× [0, 1] → [0, 1]
such that

1. ⊙ is continuous, associative, commutative and with identity 0 ,

2. a1 ⊙ b1 ≤ a2 ⊙ b2 whenever a1 ≤ a2 and b1 ≤ b2,∀a1, a2, b1, b2 ∈ [0, 1].

Definition 3. [20] An intuitionistic fuzzy normed space (IFNS) is referred to
the 5-tuple (X,φ, ϑ,⊗,⊙) with vector space X, fuzzy sets φ, ϑ on X × (0,∞),
continuous t-norm ⊗ and continuous t-conorm ⊙, if for each y, z ∈ X and s, t > 0,
we have
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1. φ(y, t) + ϑ(y, t) ≤ 1

2. φ(y, t) > 0 and ϑ(y, t) ≤ 1,

3. φ(y, t) = 1 and ϑ(y, t) = 0 ⇐⇒ y = 0,

4. φ(αy, t) = φ
(
y, t

|α|

)
for α ̸= 0,

5. φ(y, s)⊗ φ(z, t) ≤ φ(y + z, s+ t) and ϑ(y, s)⊙ ϑ(z, t) ≤ ϑ(y + z, s+ t),

6. ϑ(y, o) : (0,∞) → [0, 1] and ϑ(y, o) : (0,∞) → [0, 1] are continuous,

7. limt→∞ φ(y, t) = 1, limt→0 φ(y, t) = 0, limt→∞ ϑ(y, t) = 1 and
limt→0 ϑ(y, t) = 0.

Then (φ, ϑ) is known as intuitionistic fuzzy norm.

Definition 4. [20] Let (X, ∥o∥) be any normed space. For every t > 0 and y ∈ X,

take φ = t
t+∥y∥ , ϑ = ∥y∥

t+∥y∥ . Also, a⊗b = ab and a⊙b = min{a+b, 1} ∀ a, b ∈ [0, 1].

Then, a 5-tuple (X,φ, ϑ,⊗,⊙) is an IFNS which satisfies the above mentioned
conditions.

Definition 5. [20] Let (X,φ, ϑ,⊗,⊙) be an IFNS with norm (φ, ϑ). A sequence
y = (yk) in X is called convergent to some ξ ∈ X with respect to the intuitionic
fuzzy norm (φ, ϑ) if there exists k0 ∈ N for each ϵ > 0 and t > 0 such that
φ(yk − ξ, t) > 1− ϵ and ϑ(yk − ξ, t) < ϵ for all k ≥ k0. It is denoted by (φ, ϑ)−
limk→∞ yk = ξ.

Definition 6. [20] Let (X,φ, ϑ,⊗,⊙) be an IFNS with norm (φ, ϑ). A sequence
y = (yk) in X is called convergent to some ξ ∈ X with respect to the intuitionic
fuzzy norm (φ, ϑ) if there exists k0 ∈ N for each ϵ > 0 and t > 0

δ ({k ∈ N : φ (yk − ξ, t) ≤ 1− ϵ or ϑ (yk − ξ, t) ≥ ϵ}) = 0.

It is denoted by Sφ,ϑ − limk→∞ yk = ξ.

A subset E of the set N of natural numbers is said to have a ”natural density”
δ(E) if

δ(E) = lim
n

1

n
|{k ≤ n : k ∈ E}|,

where the vertical bars denote the cardinality of the enclosed set.

The number sequence x = (xk) is said to be statistically convergent to number
l if for each ϵ > 0,
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lim
n

1

n
|{k ≤ n : |xk − l| ≥ ϵ}| = 0,

and x is said to be statistically cauchy sequence if for every ϵ > 0 there exists
a number N = N(ϵ) such that

lim
n

1

n
|{k ≤ n : |xk − xN | ≥ ϵ}| = 0.

Definition 7. [20] Let (X,φ, ϑ,⊗,⊙) be an IFNS with norm (φ, ϑ). A double
sequence y = (yjk) in X is called statistically convergent to some ξ ∈ X with
respect to the intuitionic fuzzy norm (φ, ϑ) if there exists k0 ∈ N for each ϵ > 0
and t > 0

δ ({k ∈ N : φ (yjk − ξ, t) ≤ 1− ϵ or ϑ (yjk − ξ, t) ≥ ϵ}) = 0.

It is denoted by S(φ,ϑ) − limk→∞ yjk = ξ.

The function X : N×N×N → R(C) can be used to define a triple sequence
(real or complex), where N,R and C stand for the sets of natural, real, and
complex numbers, respectively. At the beginning, Sahiner et al. [21] introduced
and studied the many conceptions of triple sequences and their statistical conver-
gence. Triple sequence statistical convergence on probabilistic normed space was
recently introduced by Savas and Esi [6], where as statistical convergence of triple
sequences in topological groups was later introduced by Esi [5]. For further study
on triple sequence spaces, we may refer to [14, 15, 16, 17].

Kizmaz [18] introduced the difference sequence space Z(∆) as given below

Z(∆) = {y = (yk) : (∆yk) ∈ Z}

for Z = ℓ∞, c, c0 i.e. spaces of all bounded, convergent and null sequences re-
spectively, where ∆y = (∆yk) = (yk − yk+1). In particular, ℓ∞(∆), c(∆) and
c0(∆) are also Banach spaces, relative to a norm induced by ∥y∥∆ = |y1| +
supk |∆yk|.

The generalized difference sequence spaces Z (∆m) was introduced by [4] as
follows :

Z (∆m) = {y = (yk) : (∆
myk) ∈ Z}

for Z = ℓ∞, c, c0 where ∆m(y) == (∆myk) = (∆m−1yk −∆m−1yk+1). So
that

∆myk =
∑p

r=0(−1)r
(

m
r

)
xk+r.
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The difference operator ∆ on triple sequence xmnl is defined as :

∆xmnl
= xmnl − x(m+1)nl − xm(n+1)l − xmn(l+1) = x(m+1)(n+1)l + x(m+1)n(l+1) +

xm(n+1)(l+1)− x(m+1)(n+1)(l+1).

The generalized difference spaces for triple sequences can be approximated
as:

Z (∆m) = {y = (yjkl) : (∆
myjkl) ∈ Z}

for Z = ℓ3∞, c3, c30 where ∆m(y) == (∆myjkl) =
(
∆m−1yjkl −∆m−1yjk,(l+1)

)
. So

that ∆myk =
∑p

r=0(−1)r+s+u

(
m
r

)(
m
s

)(
m
u

)
xj+r,k+s,l+u.

Definition 8. [6] The triple sequence θj,k,l = {(jr, ks, lt)} is called the triple
lacunary sequence if there exist three increasing sequences of integers such that

jo = 0, hr = jr − jr−1 → ∞ as r → ∞,

ko = 0, hs = ks − ks−1 → ∞ as s → ∞,

and

Io = 0, ht = It − It−1 → ∞ as t → ∞

Let kr,s,t = jrksIt, hr,s,t = hrhsht and θj,k,l is determined by

Ir,s,t = {(j, k, l) : jr−1 < j ≤ jr, ks−1 < k ≤ ks and It−1 < I ≤ It}

qr =
jr
jr−1

, qs =
ks
ks−1

, qt =
lt
lt−1

and qr,s,t = qrqsqt.

Let K ⊂ N× N× N. The number

δθ3 = lim
r,s,t

1

hr,s,t
|{(j, k, l) ∈ Ir,s,t : (j, k, l) ∈ K}|

is said to be the θr,s,t-density of K, provided the limit exists.

3 Triple lacunary ∆m-statistical convergence in IFNS.

In the context of intuitionistic fuzzy normed spaces for triple sequences, we define
Lacunary ∆m-statistical convergence and establish certain results.
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Definition 9. Let (X,φ, ϑ,⊗,⊙) be a IFNS with norm (φ, ϑ) and θj,k,l be a
triple lacunary sequence. A triple sequence y = (yjkl) in X is called lacunary
∆m-statistically convergent to some ξ ∈ X with respect to the intuitionistic fuzzy
norm (φ, ϑ) if for each ϵ > 0 and t > 0

δθ3 ({(j, k, l) ∈ N× N× N : φ (∆myjkl − ξ, t) ≤ 1− ϵ or ϑ (∆myjkl − ξ, t) ≥ ϵ}) = 0
(1)

or equivalently

δθ3({(j, k, l) ∈ N× N× N : φ(∆myjkl − ξ, t) > 1− ϵ or ϑ(∆myjkl − ξ, t) < ϵ}) = 1.
(1*)

In this case, we write Sφ,ϑ
θj,k,l

− limj,k,l→∞∆myjkl = ξ or Xjkl
(φ,ϑ)−→ ξ

(
Sθj,k,l

)
and

denote the set of all Sθj,k,l-convergent triple sequences in the intuitionistic fuzzy

normed space by S
(φ,ϑ)
θj,k,l

.

Definition 10. Let (X,φ, ϑ,⊗,⊙) be a IFNS with norm (φ, ϑ) and θj,k,l be a
triple lacunary sequence. A triple sequence y = (yjkl) in X is called lacunary
∆m-statistically Cauchy with respect to the intuitionistic fuzzy norm (φ, ϑ) if there
exists j0, k0, lo ∈ N for each ϵ > 0 and t > 0 such that for all j, r ≥ j0, k, s ≥ k0
and l, u ≥ l0, we have

δθ3 ({(j, k, l) ∈ N× N× N : φ (∆myjkl −∆myrsu, t) ≤ 1− ϵ or
ϑ (∆myjkl −∆myrsu, t) ≥ ϵ}) = 0.

It is denoted by Sφ,ϑ
jkl − limj,k,l→∞∆myjkl = ξ.

From (1) and (1∗), we have the following lemma.

Lemma 1. Let (X,φ, ϑ,⊗,⊙) be an IFNS with norm (φ, ϑ) and θj,k,l be a triple
lacunary sequence. Then the following statements are equivalent for triple se-
quence y = (yjkl) in X whenever ϵ > 0 and t > 0,

1. Sφ,ϑ
θj,k,l

− limj,k,l→∞∆myjkl = ξ,

2. δθ3 ({(j, k, l) ∈ N× N× N : φ (∆myjkl − ξ, t) > 1− ϵ}) = δθ3({(j, k, l) ∈ N ×
N× N : ϑ (∆myjkl − ξ, t) < ϵ}) = 1,

3. δθ3 ({(j, k, l) ∈ N× N× N : φ (∆myjkl − ξ, t) ≤ 1− ϵ}) = δθ3({(j, k, l) ∈ N ×
N× N : ϑ (∆myjkl − ξ, t) ≥ ϵ}) = 0,

4. Sθj,k,l−limj,k,l→∞ φ (∆myjkl − ξ, t) = 1 and Sθj,k,l−limj,k,l→∞ ϑ (∆myjkl − ξ, t)
= 0.
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Theorem 1. Let (X,φ, ϑ,⊗,⊙) be a IFNS with norm (φ, ϑ) and θj,k,l be a triple

lacunary sequence. If Sφ,ϑ
θj,k,l

− limj,k,l→∞∆myjkl = ξ, then ξ is unique.

Proof. If possible, let Sφ,ϑ
θj,k,l

−limj,k,l→∞∆myjkl = ξ1 and Sφ,ϑ
θj,k,l

−limj,k,l→∞∆myjkl
= ξ2.
For given ϵ ∈ (0, 1) and t > 0, take α > 0 such that (1− α)⊗ (1− α) > 1− ϵ and
α⊙ α < ϵ.

Consider

K1,φ(α, t) = {(j, k, l) ∈ N× N× N : φ (∆myjkl − ξ1, t/2) ≤ 1− α} ,

K2,φ(α, t) = {(j, k, l) ∈ N× N× N : φ (∆myjkl − ξ2, t/2) ≤ 1− α} ,

K3,ϑ(α, t) = {(j, k, l) ∈ N× N× N : ϑ (∆myjkl − ξ1, t/2) ≥ α} ,

K4,ϑ(α, t) = {(j, k, l) ∈ N× N× N : ϑ (∆myjkl − ξ2, t/2) ≥ α} .

Using lemma 3.1, we have

δθ3 (K1, φ(α, t)) = δθ3 (K3, ϑ(α, t)) = 0.

δθ3 (K2, φ(α, t)) = δθ3 (K4, ϑ(α, t)) = 0.

Let Kφ,ϑ(α, t) = [K1,φ(α, t)
⋃
K2,φ(α, t)]

⋂
[K3,ϑ(α, t)

⋃
K4,ϑ(α, t)]. Clearly,

δθ3Kφ,ϑ(α, t) = 0.

Whenever (j, k, l) ∈ N × N × N − Kφ,ϑ(α, t), we have two possibilities, either
(j, k, l) ∈ N×N×N−[K1,φ(α, t)

⋃
K2,φ(α, t)] or (j, k, l) ∈ N×N×N−[K3,ϑ(α, t)

⋃
K4,ϑ(α, t)].

First, we consider (j, k, l) ∈ N× N× N− [K1,φ(α, t)
⋃
K2,φ(α, t)]. Then

φ (ξ1 − ξ2, t) ≥ φ (∆myjkl − ξ1, t/2)⊗ φ (∆myjkl − ξ2, t/2)

> (1− α)⊗ (1− α)

> 1− ϵ.

As given ϵ ∈ (0, 1) was arbitrary, then φ (ξ1 − ξ2, t) = 1 for all t > 0, then ξ1 = ξ2.

Similarly, if (j, k, l) ∈ N× N× N− [K3,ϑ(α, t)
⋃
K4,ϑ(α, t)]

ϑ (ξ1 − ξ2, t) ≤ ϑ (∆myjkl − ξ1, t/2)⊙ ϑ (∆myjkl − ξ2, t/2)

< α⊙ α

< ϵ.



108 Tanweer Jalal and Asif Hussain Jan

Since ϵ ∈ (0, 1) was arbitrary, then φ (ξ1, ξ2, t) = 0 for all t > 0, i.e., ξ1 = ξ2.

Therefore Sφ,ϑ
θj,k,l

− limj,k,l→∞∆myjkl = ξ exists uniquely.

Theorem 2. Let (X,φ, ϑ,⊗,⊙) be a IFNS with norm (φ, ϑ) and θj,k,l be a triple

lacunary sequence. If (φ, ϑ)−limj,k,l→∞∆myjkl = ξ, then Sφ,ϑ
θj,k,l

−limj,k,l→∞∆myjkl
= ξ. But converse may not be true.

Proof. Let (φ, ϑ) − limj,k,l→∞∆myjkl = ξ. Then, there exists j0, k0 and l0 ∈ N
for given ϵ > 0 and any t > 0 such that for all j ≥ j0, k ≥ k0 and l ≥ l0 we have
φ (∆myjkl − ξ, t) > 1− ϵ and ϑ (∆myjkl − ξ, t) < ϵ.

Further, the set A(ϵ, t) = {(j, k, l) ∈ N× N× N : φ (∆myjkl − ξ, t) ≤ 1− ϵ or
ϑ (∆myjkl− ξ, t) ≥ ϵ}, contains only finite number of elements. We know that
natural density of any finite set is always zero. Therefore, δθ3(A(ϵ, t)) = 0 i.e.

Sφ,ϑ
θj,k,l

− limj,k,l→∞∆myjkl = ξ.

But converse is not true, this can be justified with the example.

Example Let (R, ||.||) be the real normed space under the usual norm. Define a
⊗b = ab and a ⊙ b = min{a + b, 1} ∀a , b ∈ [0, 1]. Also for every t > 0 and all

y ∈ R, consider φ(y, t) = t
t+|y| and ϑ(y, t) = |y|

t+|y| . Then, clearly (R, φ, ϑ,⊗,⊙) is
an IFNS. Define the sequence

∆mxjkl =


jkl, for jr −

[∣∣√hr
∣∣]+ 1 ≤ j ≤ jr

ks −
[∣∣√hs

∣∣]+ 1 ≤ k ≤ ks
and lt −

[∣∣√ht
∣∣]+ 1 ≤ l ≤ lt

ξ, otherwise.

By given ϵ > 0 and t > 0, we obtain the below set for ξ = 0.

K(ϵ, t) = {(j, k, l) ∈ N× N× N : φ (∆myjkl, t) ≤ 1− ϵ or ϑ (∆myjkl, t) ≥ ϵ}

=

{
(j, k, l) ∈ N× N× N : |∆myjkl| ≥

ϵt

1− ϵ
> 0

}

= {(j, k, l) ∈ N× N× N : |∆myjkl| = jkl}
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=

{
(j, k, l) ∈ N× N× N : |∆myjkl| ≥

ϵt

1− ϵ
> 0

}

=
{
(j, k, l) ∈ N× N× N : jr −

[∣∣∣√hr

∣∣∣]+ 1 ≤ j ≤ j,

ks −
[∣∣∣√hs

∣∣∣]+ 1 ≤ k ≤ ks

and lt −
[∣∣∣√ht

∣∣∣]+ 1 ≤ l ≤ lt

}
and so, we get

limr,s,t
1

hr,hs,ht
|
{
(j, k, l) ∈ N× N× N : jr −

[∣∣√hr
∣∣]+ 1 ≤ j ≤ jr

ks −
[∣∣√hs

∣∣]+ 1 ≤ k ≤ ks

and lt −
[∣∣√ht

∣∣]+ 1 ≤ l ≤ lt
}

≤ limr,s,t

√
hr

√
hs

√
ht

hrhsht
= 0.

Hence Sφ,ϑ
θj,k,l

− limj,k,l→∞∆myjkl = 0.

By the above defined sequence (∆myjkl), we get

φ (∆mxjkl, t) =


t

t+|jkl| , for r −
[∣∣√hr

∣∣]+ 1 ≤ j ≤ jr

ks −
[∣∣√hs

∣∣]+ 1 ≤ k ≤ ks
and lt −

[∣∣√ht
∣∣]+ 1 ≤ l ≤ lt

0, otherwise.

i.e φ (∆mxjkl, t) ≤ 1, ∀j, k, l.

and

ϑ (∆mxjkl, t) =


|jkl|

t+|jkl| , for jr −
[∣∣√hr

∣∣]+ 1 ≤ j ≤ jr,

ks −
[∣∣√hs

∣∣]+ 1 ≤ k ≤ ks

and lt −
[∣∣∣√ht |

∣∣∣]+ 1 ≤ l ≤ lt

0, otherwise.

i.e ϑ (∆mxjkl, t) ≥ 0, ∀j, k, l.

This shows that (φ, ϑ)− lim
j,k,l→∞

∆myjkl ̸= 0.

Theorem 3. Let (X,φ, ϑ,⊗,⊙) be a IFNS with norm (φ, ϑ) and θj,k,l be a triple

lacunary sequence. Then Sφ,ϑ
θj,k,l

− limj,k,l→∞∆myjkl = ξ ⇐⇒ there exists a set

P = {(ja, kb, lc) : a, b, c = 1, 2, 3, . . .} ⊂ N × N × N such that δ(P ) = 1 and
(φ, ϑ)− limja,kb,lc→∞∆myjakblc = ξ.
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Proof. Assume that Sφ,ϑ
θj,k,l

− limj,k,l→∞∆myjkl = ξ. For t > 0 and α ∈ N, we take

M(α, t) = {(j, k, l) ∈ N×N×N : φ(∆myjkl−ξ, t > 1−1/α and ϑ(∆myjkl−ξ, t) <
1/α},

and

K(α, t) = {(j, k, l) ∈ N× N× N : φ (∆myjkl − ξ, t) ≤ 1− 1/α or ϑ (∆myjkl − ξ, t) ≥ 1/α} .

As Sφ,ϑ
θj,k,l

− limj,k,l→∞∆myjkl = ξ, then δ3(K(α, t)) = 0.

Also, for any t > 0 and α ∈ N, evidently we get M(α, t) ⊃ M(α+ 1, t), and

δ3(M(α, t)) = 1, (3.1)

For (j, k, l) ∈ M(α, t), we prove (φ, ϑ)− limja,kb,lc→∞∆myjakblc = ξ.

On the contrary, suppose that triple sequence y = (yjkl) is not ∆
m-convergent

to ξ for all (j, k, l) ∈ M(α, t). So, there exists some α > 0 and k0 ∈ N such that

φ (∆myjkl − ξ, t) ≤ 1− ρ or ϑ (∆myjkl − ξ, t) ≥ ρ} for all j, k, l ≥ k0

=⇒ φ (∆myjkl − ξ, t) ≥ 1− ρ and ϑ (∆myjkl − ξ, t) ≤ ρ} for all j, k, l ≥ k0

Therefore,

δ3 ({(j, k, l) ∈ N× N× N : φ (∆myjkl − ξ, t) ≥ 1− ρ and ϑ (∆myjkl − ξ, t) ≤ ρ}})
= 0

i.e. δ3(M(ρ, t)) = 0. Since ρ > 1/α, then δ3(M(α, t)) = 0 as M(α, t) ⊂ M(ρ, t),
which is a contradiction to (3.1). This shows that there exists a set M(α, t) for
which δ3(M(α, t)) = 1 and the triple sequence y = (yjkl) is statistically ∆m-
convergent to ξ.

Converesely, suppose there exists a subset

P = {(ja, kb, lc) : a, b, c = 1, 2, 3, . . .} ⊆ N× N× N with δ3(P ) = 1
and (φ, ϑ)− limja,kb,lc→∞∆myjakblc = ξ. i.e. for given ρ > 0 and any t > 0 we
have N0 ∈ N, which gives

φ (∆myjkl − ξ, t) > 1− ρ

and

ϑ (∆myjkl − ξ, t) < ρ for all j, k, l ≥ N0.

Now, let
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K(ρ, t)

= {(j, k, l) ∈ N× N× N : φ(∆myjkl − ξ, t) ≤ 1− ρ or ϑ(∆myjkl − ξ, t) ≥ ρ}.

Then,

K(ρ, t) ⊆ N− {(jN0+1, kN0+1, lN0+1) , . . .} .As δ3(P ) = 1 =⇒ δ3(K(α, t)) ≤ 0.

Hence, Sφ,ϑ
θj,k,l

− limj,k,l→∞∆myjkl = ξ.

Theorem 4. Let (X,φ, ϑ,⊗,⊙) be a IFNS with norm (φ, ϑ) and θj,k,l be a

triple lacunary sequence. Let y = (yjkl) be any triple sequence. Then Sφ,ϑ
θj,k,l

−
limj,k,l→∞∆myjkl = ξ ⇐⇒ there is a triple sequence x = (xjkl) such that (φ, ϑ)−
limj,k,l→∞∆myjkl = ξ and δ3 ({(j, k, l) ∈ N× N× N : ∆myjkl = ∆mxjkl}) = 1

Proof. Assume that Sφ,ϑ
θj,k,l

− limj,k,l→∞∆myjkl = ξ. By Theorem (3.3), we set

P = {(ja, kb, lc) : a, b, c = 1, 2, 3, . . .} ⊆ N × N × N with δ3(P ) = 1 and (φ, ϑ) −
limj,k,l→∞∆myjakblc = ξ.

Consider the sequence

∆mxjkl =

{
∆myjkl, (j, k, l) ∈ P

ξ, otherwise,

which gives the required result.

Converesely, consider x = (xjkl) and z = (zjkl) inX with the property (φ, ϑ)−
limj,k,l→∞∆myjkl = ξ and δ3 ({(j, k, l) ∈ N× N× N : ∆myjkl = ∆mxjkl}) = 1.
Then for each ϵ > 0 and t > 0, {(j, k, l) ∈ N× N× N : φ (∆myjkl − ξ, t) ≤ 1− ϵ
or ϑ (∆myjkl − ξ, t) ≥ ϵ} ⊆ A ∪B, where

A = {(j, k, l) ∈ N× N× N : φ (∆myjkl − ξ, t) ≤ 1− ϵ or ϑ (∆myjkl − ξ, t) ≥ ϵ} ;
B = {(j, k, l) ∈ N× N× N : (∆myjkl ̸= ∆mxjkl)}.

Since (φ, ϑ)−limj,k,l→∞∆myjakblc = ξ then the set A contains at most finitely
many terms. Also δ3(B) = 0 as δ3 (B

c) = 1 where

Bc = {(j, k, l)N× N× N : ∆myjkl = ∆mxjkl} .

Therefore

δ3 {(j, k, l) ∈ N× N× N : φ (∆myjkl − ξ, t) ≤ 1− ϵ or ϑ (∆myjkl − ξ, t) ≥ ϵ}. We

get Sφ,ϑ
θj,k,l

− limj,k,l→∞∆myjkl = ξ.
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Theorem 5. Let (X,φ, ϑ,⊗,⊙) be a IFNS with norm (φ, ϑ) and θj,k,l be a

triple lacunary sequence. Let y = (yjkl) be any triple sequence. Then Sφ,ϑ
θj,k,l

−
limj,k,l→∞∆myjkl = ξ ⇐⇒ there exists two triple sequence z = (zjkl) and x =
(xjkl) in X such that ∆myjkl = ∆mzjkl + ∆mxjkl for all (j, k, l) ∈ N × N × N
where (φ, ϑ)− limj,k,l→∞∆myjakblc = ξ and Sφ,ϑ

θj,k,l
− limj,k,l→∞∆myjkl = ξ.

Proof. Assume that Sθφj,k,l,ϑ
− limj,k,l→∞∆myjkl = ξ. By Theorem (3.3), we set

P = {(ja, kb, lc) : a, b, c = 1, 2, 3, . . .} ⊆ N × N × N wit δ3(P ) = 1 and (φ, ϑ) −
limj,k,l→∞∆myjakblc = ξ.

Consider two triple sequences z = (zjkl) and x = (xjkl), then

∆mzjkl =

{
∆myjkl, (j, k, l) ∈ P

ξ, otherwise.

and

∆mxjkl =

{
0, (j, k, l) ∈ P

∆myjkl − ξ, otherwise,

which gives the required result.

Converesely, consider x = (xjkl) and z = (zjkl) in X with ∆myjkl = ∆mzjkl+
∆mxjkl for all (j, k, l) ∈ N × N × N where (φ, ϑ) − limj,k,l→∞∆myjkl = ξ and

Sφ,ϑ
θj,k,l

− limj,k,l→∞∆myjkl = ξ. Then we get result using Theorem (3.4) and

Theorem (3.5).

Theorem 6. A triple sequence y = (yjkl) in IFNS (X,φ, ϑ,⊗,⊙) is lacurnary
∆m

− statistically convergent with respect to (φ, ϑ) if and only if it is lacunary
∆m-statistically Cauchy with respect to (φ, ϑ).

Proof. Let Sφ,ϑ
θj,k,l

− limj,k,l→∞∆myjkl = ξ. Then, for each ϵ > 0 and t > 0, take

α > 0 such that (1− α)⊗ (1− α) > 1− ϵ and α⊙ α < ϵ.

Let K(α, t) = {(j, k, l) ∈ N×N×N : φ (∆myjkl−ξ, t/2) ≤ 1−α or ϑ (∆myjkl − ξ, t/2) ≥ α}.
Therefore δ3(K(α, t)) = 0 and δ3 ([K(α, t)]c) = 1.

Let M(ϵ, t) = {(j, k, l) ∈ N× N× N : φ (∆myjkl −∆myrsu, t) ≤ 1− ϵ or ϑ (∆myjkl−
∆myrsu, t) ≥ ϵ}.

Now, we prove M(ϵ, t) = K(ϵ, t), for this if (j, k, l) ∈ M(ϵ, t) = K(ϵ, t). Then
we get φ (∆pyjkl − ξ, t/2) ≤ 1− α or ϑ (∆myjkl − ξ, t/2) ≥ α} .

Also
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1− ϵ ≥ φ (∆myjkl −∆myrsu, t) ≥ φ (∆myjkl − ξ, t/2)⊗ ϑ (∆myjkl − ξ, t/2)

> (1− α)⊗ (1− α)

> 1− ϵ

and

ϵ ≥ ϑ (∆pyjkl −∆pyrsu, t) ≤ ϑ (∆pyjkl − ξ, t/2)⊙ φ (∆pyjkl − ξ, t/2)

< α⊙ α

< ϵ.

which is not possible. Therefore M(ϵ, t) ⊂ K(α, t) and δ3(M(ϵ, t)) = 0 i.e. y =
(yjkl) is ∆

m-statistically convergent with respect to (φ, ϑ).

Coversely, assume that y = (yjkl) is ∆m-statiscally Cauchy with respect to
(φ, ϑ) but not ∆m-statiscally convergent with respect to (φ, ϑ). Thus for ϵ > 0
and t > 0, δ3(M(ϵ, t)) = 0, where

M(ϵ, t) = {(j, k, l) ∈ N×N×N : φ(∆myjkl−∆myj0k0l0 , t) ≤ 1−ϵ or ϑ(∆myjkl−
∆myj0k0l0 , t) ≥ ϵ}.

Take α > 0 such that (1−α)⊗(1−α) > 1−ϵ and α⊙α < ϵ. Also, δ3(K(α, t)) = 0,

where

K(α, t)

= {(j, k, l) ∈ N× N× N : φ(∆myjkl − ξ, t/2) ≥ 1−ϵ or ϑ(∆myjkl−ξ, t/2) < ϵ}.

Now

φ (∆myjkl −∆myj0k0l0 , t) ≥ φ (∆myjkl − ξ, t/2)⊗ ϑ (∆myj0k0l0 − ξ, t/2)

> (1− α)⊗ (1− α)

> 1− ϵ

and

ϑ (∆myjkl −∆myj0k0l0 , t) ≤ ϑ (∆myjkl − ξ, t/2)⊙ φ (∆myj0k0l0 − ξ, t/2)

< α⊙ α

< ϵ.

Therefore, δ3 ([M(ϵ, t)]c) = 0 i.e. δ3(M(ϵ, t)) = 1, which is a contradiction as y =
(yjkl) is ∆m-statistically cauchy. Hence, y = (yjkl) is ∆m-statiscally convergent
with respect to (φ, ϑ).
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4 Conclusion.

In this paper we defined Lacunary ∆m-statistical convergence on intuitionis-
tic fuzzy normed space and established certain results. The findings are more
widespread than the equivalent normed spaces since every ordinary norm implies
an intuitionistic fuzzy norm.
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