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UPDATED OSTROWSKI INEQUALITIES OVER A
SPHERICAL SHELL

George A. ANASTASSIOU*!

Abstract

Here we present general multivariate mixed Ostrowski type inequalities
over spherical shells and balls. We cover the radial and not necessarily radial
cases. The proofs derive by the use of some estimates coming out of some
new trigonometric and hyperbolic Taylor’s formulae ([2]) and reducing the
multivariate problem to a univariate one via general polar coordinates.
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1 Introduction

We are motivated by the following:
In 1938, A. Ostrowski [4] proved the following famous inequality.

Theorem 1. Let f : [a,b] — R be continuous on [a,b] and differentiable on (a,b)

whose derivative f': (a,b) = R is bounded on (a,b), i.e., || f'|| o = sup [f'(¢)] <
te(a,b)

+oo. Then

2
1, (e=)

ol ERT—

b
i [ s f@

] o-alfl.,

for any x € [a,b]. The constant % is the best.

Ostrowski type inequalities have great applications to numerical analysis and
probability and their literature is enormous.

Here K =R or C.

Recently the author proved:
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Theorem 2. (/2]) Let f € C3-([e,d)), a € [c,d], such that f'(a) = f"(a) = 0.
Then

i)

o [(d—a)3+(a—c)3
<|F"+ 60 , (2

d
[ @@

ii) when f' (#) =f" (#) =0, and a = #, we get

d c+d d — c)?
Ry e R

We are also motivated by author’s monograph, see chapter 6.

This work is based on author’s recent article [2], where we developed some
new trigonometric and hyperbolic type Taylor’s formulae.

We prove here a collection of multivariate Ostrowski type inequalities related
to functions over a spherical shell in RY, with respect to all norms ||| »1<p< oo,
and we give also their generalizations.

2 Main results

We need

Remark 3. Let the spherical shell
A:=B(0,Ry) — B(0,Ry),

0< Ry <Ry, ACRN, N >2 2 A. Consider that f : A — R is radial, thai
is, there exists g such that f(x) = g(r), r = |z|, r € [R1,Ra], V x € A, || the
Euclidean norm. Here x can be written uniquely as x = rw, where r = |z| > 0
_ N—-1 _
andw =T € SV, |w :1, see ([5], pp. 149-150 and [6], p. 421).
Furthermore for F : A — R a Lebesgue integrable function we have that

/AF(:C) dz = /SN_1 (/I:QF(W) erdr> do, (4)

where SN=1:={z e RV : 2| = 1}.

Let dw be the element of surface measure on SN~ with surface area
on
T2
WN = dw = : 5
v fo = e ®)

Here it is volume of A,
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We present the following multivariate radial Ostrowski type inequality on the
spherical shell.

Theorem 4. Let the function f : A — R be radial, that is, there exists g such
that f(x) = g(r), r = |z|, Vo € A; w € SN7L. Assume that g € C3 ([R1, Ra)),
and g (1) = 0, k = 1,2, where 7o € [Ry, Ra] is fived. Then (V w € SN-1)

Jaf () dy < N >/R2 N—1
_JAS NI S (R S ds| < 7
o) = Z o) = (g ) [0 s < @
N-1 3+N—k
N! R¥ (ro — R
(g ) A1+ 9 i | X )+
P (—1)N+k_1 k 3+N—k
m / +N—
Hg +4g Hoo,[rO,RQ] (kzzo k! (N—k‘—i—3)'R2 (RQ—TO) )}
Proof. As in [2], we get that
3
T — T
90) = 900 < 9"+ g ®)
Vre [7’0, RQ] R
and 5
ro— 1T
90) = 900 < 9"+ | gy g g ©)
Vre [Rl, 7‘0] .
Next we observe that
fAf(y) dy|
‘f ('I"OOJ) — W =
N Ry
oo~ () [ st 0 -
‘ Rév - R{V Ry
N fi2 N-1
RN _RN /R (9(ro) —g(s)) s ds| < (10)
2 1 1
N Rz _
(RN—RN>/R lg (ro) — g (s)| sV ds =
2 1 1

<R§VNR{V> {/RIO 9 (ro) — g (s)| leds+/R2 |9 (ro) —9(8)\8N1ds} <

0

N " / "o 3 _N-1
(W—R{V)) {Hg +g Hoo,[Rl,ro] /Rl (7‘0—8) S ds+ (11)

Ra
Hg/// + g,Hoo,[ro,Rz] / (s — r0)3 SN—ldS} = (%).
70
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4
Here we calculate v
L —/ (ro — s)* sV lds
Ry
o N-1
/ (ro—s)"((s—R1) + R1) ds = (12)
Ry
N-1 B ro
Z N 1 le/ (T0—5)4 1(8 R)NkldS:
k=0 k !
N-1
(N_l)‘ ng'(N_k_l)'(T _R1)3+N—k:
R (N—k—D T (N—k+3)l
k 3+N—k
— R .
Z Kl N k+3) i(ro—Ri)
That is Nt
R R )3+N—k’
I = — 1 ! . 13
z% k‘ N k+ 3)! (13)
Also
Ry
Iy := / (s —ro)* sV lds =
70
Ro
(-t / ((Ry —s) — Ro)N (s — 1) ds =
o
N-1 R
_ N —1)! 2 ) _
DY (E\f iy )_ il (-»* Rg/ (Ry — s) NP7 (s —mg) 1 ds =
k=0 ’ ro
Ntk—1 i (N =k —1)13! 34Nk
Zka k—l)( 1 2(N —k+3)! (2 =70) )
That is
ey )N+k ! k 3+N—k
I, = 'Zk' N k‘—|—3)R (RQ_TO)+ . (15)
k=0
Consequently we obtain
N! U RE (rg — Ry)PHNH
) {8 i S
2 — Iy ’ +3)!
N-1 N+k 1 i SNk
1 / . +N-—
Hg +g Hoo7[r0,R2 kzo k! N k._|_3) R2 (RQ 7’0) } (16)
O

The proof is completed.

It follows an L; Ostrowski inequality.
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Theorem 5. All as in Theorem 4, except now g € C?([Ry, Ra]). Then (V w €
SNfl)

Juf (W) dy| N R N
oo S = oo - () f, ot <
N-1 pk _ RNkt
<RN RN>{H9 +9—9(ro HLl([le} (Z 1,{7!(78\,_];)4&)! )+
k=0

N-1 ( 1)N+k 1 . Nkt
7 -

Proof. As in [2], we get that

l9(r) =g (ro)l < |l9" +9 =9 (0)|[ 1, (trg.0ap) (" = 70) (18)
Vre [7’0, RQ] ,
and
l9(r) =g (ro)l < |l9" +9 =9 (o)l 1, (1 wopy (0 = 7) (19)
vV r € [Ry, o).

Next we observe

ew = LI g ) = () [ o005

Ry ro
N o (20)
7 . B N_1
(M) {Hg t9 g(TO)HLl([Rl,TOD/Rl (ro—s)s ds+
fra N-1
9" +9 =9 0l 1, o, / (s —7r0) 5"~ ds} :
T0
Here we calculate o
I = / (ro — 5) sV lds =
Ry
To
[ =9 (= R + R s =
Ry
N-1 B o
k=0 Ry
N-1

(N-1)! (N —k—1)
KN —k—1)" (N —k+1)!

(TO - Rl)N—k+l —

i
[e=)
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N—-1
(N_ 1)' k N—k+1
RV ko o= ) ‘
k=0
That is o
ooy A (ro — R)™ (22)
| — |
S k(N —k+1)!
Also R
2
5 :/ (s — 7o) sV lds =
To
2
(0 [ (B )~ R (s ) s =
T0
N—-1
_ N —1)! Rz - _
)Nt ( _1kk/ Gk 2l g
(—1) kzok!(Nkl)!( )" R s (B2 —s) (s —ro)” " ds
(23)
N-1
_ N—k—1) _
1)N+k-1 g ( e \N—k+1
kzok'N 1%1)( ) BNy B0
N— 1
~ k'N—k~|—1)! 20 '
That is N1
I=N-1))" ()T RE (Ry — o)V 1 (24)
— E'(N — k+1)!
The theorem is proved. O

Next comes an Ostrowski multivariate radial inequality for ||-[|,, p > 1.

Theorem 6. Let p,g > 1 : %—}—% = 1. The rest as in Theorem 5. Then (¥
wesh-1)

NI (241
2+3) 1 (25)
(RN—R{V)(qH)E
9" + 9= 9 (o)l , 1y o) 1 1 R (rg = RN HH ) 4
p([Frro kzok'r(2+§+N—k>

" — (-t k N—k+141
Hg +9—9 (TO)HLp([To,RzD Z ) R3 (R2 — 7o) 1 .

= k!r(N—k+2+§
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Proof. As in [2], we get that

g+l
" (r—rmp) T
l9(r) =g (rO)l < [lg" +9 =900l ., (o.1a) TR (26)
Vre [’I“o, RQ] ,
and »
" (TO — T)T
9 () =g (o)l < [lg" +9 =900l (51 ) TR (27)
YV r € [Ry,1o].

Next we observe

o~ Yty -

\gv> ( N )/%iﬂﬁlew
(N
Rév - R{V Ry

< (as earlier) <

<N> {/ |9(T0)—9(s)‘3N1ds+/R2 |g(ro)_g(s)\sN1ds} .

N N
RQ - Rl R1 To

S ) el et oS N s
RY =R (qyyn U077 20 Ji 0

(23)
R» o
9"+ =000y gy [ (=)' ¥ s
0

Here we calculate

ro at1
J1 :—/ (ro —s) @ sV lds =
R1

/m (ro — s)% ((s—Ry)+ R1)N_1 ds =

Ry
N-1
N -1 o 1)
( k )R’f/ (ro —)(F3) 7 (s — RN F1 g5 =
k=0 Ry
N1/ g kr(2+l)(z\/—k—1)! N
PR : (ro— R1) "« =
prt 1‘(2+5+N7k)
N-1 r(2+1
N —1)! 1N
vV —1) (+3) R (rg — Ry)' etk (29)
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We have found that

_ 1
'N 1 r (2 + 5) i 1+14N—k
Ji=(N-1)!) R (ro — Ry)' T : (30)
= kIl (2+§+N—k)

Also we have

Ro 1
Jo = / (s — ro)(Ha) sV lds =

T0

(-~ /R2 ((Ry — 5) — Ro)V ' (s — ro)(1+5> ds —
N-1

_ N — 1)' e AN <2+l>,1
N1 (_1kRk/ Ro g\ (N=R)=1 o s —
- kzzok!(N—k—l)!< Pl ) e (s =ro)te/ "ds
N-1 — k=1 1

I\ S I _1)k+N-1 pk (N— k-1 (2+ CI) Ry — p )Vt

k:'(N—k—l)'( ) 2 N (B2= 7o) T
il : M(N-k+2+1)

N—1 (_1)k’+N—1 r(2+ 1
(N=1)!> ( f> RE (Ry — o) N M1 (31)
i—o kI (N—k:+2+a>
That is
N—1 (_1)k+N71 r(2+ 1 )
Jo=(N-1)>" ( 1q> RE(Ry —rg)N M (32)
= KT (N—k;+2+5)
The proof of the theorem is finished. O
We make

Remark 7. We treat here the general, not necessarily radial case of f. We apply

Theorem /4 to f (rw), w fixed, r € [Ry, Ra], under the following assumptions:
f(w) € C3([R1,Ra)), ¥ we SN~ where f : A — R is Lebesgue integrable;

%, k = 1,2, vanish on 0B (0,19), o is fizred in [Ri, Ro]; (% + %) €B (/Tl)

(bounded functions), where Ay :== B (0, R2) — B (0,79), and (% + %) € B (4y),

where Ay := B (0,r9) — B (0, Ry).
Then (V w e SN-1)

<

e R 7 () s s

RY —RY) Jr
( N ) Nzl RY (ro — R)M%
RY —RY o KN —k+3)!

?Bf of
ors + or

k=0
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Ff of —  (pNHe N—k+3 | | _.
‘8r3+8r OOA1< k(N — k:+3)R(R2_r°) =M (39
Therefore
Jon—1 [ (row) dw N fi2 N-1

on _(RéV—R{V)wN/SN 1( . f(sw)s ds)dw < A1
(34)
That is (N)
(& fA f(z)dz
271_2% /SN—1 f (TOW) dw - W S Al. (35)
Therefore it holds for x € A that
Ju f (x)da r (%)
R R R L IR A L” EPYCY

We have proved the following:
Theorem 8. Let f : A — R be Lebesgue integrable with f (.w) € C? ([Ry, Ra)),

Vwe SN-L g{, k = 1,2, vanish on 0B (0,719), 1o is fized in [Ry, Ra]; and

<8f+8f>€B(A71)} <8f+ )EB(AQ) Then for x € A we have

or3
[, f(x)dx
‘f@)—m < 'f(l‘)— o /Sle(TOW)dW +

N! S RE (rg — Ry)N RS
L -
RY — RN ooy \ 125 E'(N — k + 3)!

3 <1>N+“ N3

We need the followmg multivariate radial Ostrowski type inequality.

L)

oPf  of
ors + or

o*f , of

%4_6?

Theorem 9. (/3]) Let the function f : B (0, R) — R be radial, that is, there ezists
a function g such that f (x) = g (r), wherer = |z|, r € [0,R],V = € B(0,R). We
further assume that g € C® ([0, R]), and g™ (rg) = 0, k = 1,2, where ro € [0, R]
is fived. Then (V w € SN71)

fB(O,R) f(y)dy
Vol (B (0, R))

N [F N1
:‘9(7“0)—RN ; g(s)s"ds| <

‘f(row) -

N! rngN
TN +9 Hoo,[o,ro} 3+ N)!

n

lg +

" / = N+k ' k _ N—k+3
D S e e AL (38)
g g 00,[ro,R] — k! N k+ 3) o :
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We make

Remark 10. Let f: B(0,R) — R be a Lebesgue integrable function, that is, not
necessarily a radial function. We apply Theorem 9 to f (rw), where w is fizved, ¥V
r € [0, R], under the following assumptions:

f(w) € C3([0,R]), ¥V w € SN=L. Furthermore % =0, k=121YV
w € SN=1 where rg € [0, R] is fired. Finally, we assume that

O3f (tw)  Of (tw) O3f (tw)  Of (tw)
[ I (G | L
00,(t€[0,70]) ,(t€lro,R])

(39)

Vwe SN where K > 0.
By (38) we obtain (V w € SN~1)

‘row /fszlds_

KNU[ o3tV & (Ve s
RV |G+ T 2 HiN ke Eoro) =X (40)
k=0
Therefore
- d N R
fox 1{05:0(0) - - RNwy Jon < /0 f (sw) sN‘lds) dw‘ < o (41)

That is

PO o= om0 (42)
2 b3 SN-1

Vol (B (0,R))

Therefore, it holds for x € B (0, R) that

fB(o,R) f(z)dz

r
A e TGN D))

)/SN_1 [ (row) dw

2T

+ Ag. (43)

wo| 2|02

< ‘f(a:)—

We have proved on the ball the following:

Theorem 11. Let f : B(0,R) — R be a Lebesque integrable function, that is,
not necessarily a radial function. Here f (.w) € C3([0,R]), R >0,V w € SN-L.
Furthermore 8k](;grkow) =0, k=12 VYwec SN where rg € [0,R] is fived.
Finally, we assume that

S €

<K,
(44)

Vwe SN where K > 0.
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Then, for x € B (0, R) we have

fB(o,R) f(x) dz I (%)
)f(ac) - m < ‘f(a:) - o /SN—1 f (row) dw| +
KN! P3N N-1 _\N+k—1 -
B |Gyt (kz_o k:!((N)— g B Hg) (45)

Next we generalize Theorem 4.

Theorem 12. Let the function f : A — R be radial, that is, there exists g such
that f(x) = g(r), r = |z|, V2 € A; w € SN~L. Assume that g € C® ([R1, Ra)),
and g®) (rg) = 0, k = 1,2,3,4, where ro € [Ry, Ry] is fited. Here a,3 € R :
af (042 _52) #0. Then (VY we SN~1)

ew = LI o) = () [ o005 e

( N! > 2
- ) -

NE—:l RE (rp — Ry)N 3 N
00,[R1,70] k! (N —k+ 3)'

k=0

szl (=D RE (Ry — o)V
00,[ro,R2] e k! (N —k+ 3)' '
(46)

<

{Hg(s,) + (a2 + 82) g + 0282’

Hg(s) 4 (az +B2) 9(3) + o282

Proof. As in [2], we get that

1
_ L | R ) 2 2\ (3) 202 1 IR Y:
9r) = 9 (o)l < 55—y |9 + (@ + 57 o w2 =)
= A*(r—r9)®, Vrelro, Ry, (47)
and
1 f
_ |, 2 2\ (3) 202 1 RY:}
g (r) =g (ro)| < 3 — o Hg + (? 4+ 8%) ¢ + a* g N (ro —7)
= B(ro—r)®, Vre[Rir. (48)

‘We observe that
. fA f (y) dy
Vol (A)

(Rév]ijlv> {/Rlo |9 (ro) —9(8)\8N‘1ds+/R2 g (ro) —g(s)‘sN_ldS} <

T0

f (row)

’ < (as earlier) <
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70 R
<N> {B/ (ro — s)® s lds + A*/ (s —ro)? sN_lds} (by (13), (15))

N N
Ry — R Ry 7o

N L RE (g — Ry)>TNF
(M) {B?’“N‘”’(Z BNk )T

k=0

* e e ) R 3+N—k
A*3I(N —1)! Zm& (Rg — 70) =

k=0

N13! N-1 pk (ro — Rl)N*k‘+3
(M) {B (Z W ks )" (50)

k=0

e k N—k+3
A ];)k!(zv—m:a)!R?(R?_m) '

The theorem is proved. O

A generalized radial L; result follows.

Theorem 13. All as in Theorem 12, except now f € C*([Ry, Ra]). Then (V

wesh-1)
fAf(y) dy N Rz N_1
_ 7| = B I — <
o) = ST o)~ (g ) [ 005 s <
N! 2
51
(=) oy
{Hg//// + (a2 +52) g// + a2529 _ 042529 <T0>HL1([R1,TO])
(J\il Ry (ro — Rl)N_kH) .
— E'(N —k+1)!
Hg//// + (Oé2 +/B2) g// +()[2ﬁ2g o a2ﬂ29 (TO)HLI([TD’RQ])
= E'(N —k+1)!
Proof. As in [2], we get that
g (r) =g (ro)l <
2 " 2 2 1" 2 2 2 2
R — - - 2
o |lf @) B P o), (52)
Vre [Rl,T‘Q] ,
and

lg(r) —g(ro)| <
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2

"

—_— + (2482 ¢ +a?B%g— a?B%g (r ‘ r—mrg), 53

el T @A) + BBy ()| (r o), (53)
YV r € [rg, Ro.

The rest of the proof goes as in Theorem 5. O

It follows a generalized Ostrowski multivariate radial inequality for [|-||,, p > 1.

Theorem 14. All as in Theorem 13, plus let p,q > 1 : %—i—% = 1. Then (Vv
we sh-1)

fA f (y) dy N Ra N—1
_ A S — <
’f(row) Vol (A) g (o) RY —RY /Rl g(s)s™ ds| <
RY —RY) (q+1)a
m/+ a2+ 2 ”—|—()422 —a22 r )
{‘g (@®+5%) g B9 — g (ro) T
N—-1 R’f (ro — RI)N—HH%
> + (54)
— k!F(2+%+N—k>
////+a2+ 2 N—|—a22 —a22 ’ ’
)g (a®+5%) g B%g — a?B%g (ro) T
szl (_1)N+k—1 RIS (Ry — TO)N—]C-FI—F%
= k!F(N—k+2+§)
Proof. As in [2], we have that
2
lg(r) —g(ro)| < 1
6% —a?| (g + 1)9
" 1" i
lg" + (@2 + 8%) " + a?8% — 0282 (r0)| (ro—7)"T . (59)
Lp([R1,70])
Vre [Rl, 7‘0] ,
and 5
lg (r) —g(ro)| < K
6% —a?| (g + 1)9
" 1" i
Hg + (Oz2 +ﬁ2)g +a?B%g — o?B%g (ro)‘ (r—ro)qq , (56)
Lp([ro,R2])
YV r € [ro, Ra].
The rest of the proof goes as in Theorem 6. O

It follows a non-radial generalization of Theorem 8.
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Theorem 15. Let f : A — R be Lebesque measurable with f (.w) € C° ([Ry, Ra)),
k
VweN-1, %, k=1,2,3,4, vanish on OB (0,r), ro is fized in [Ry1, Ra]; and
N5 3 —_ 5 3
(5 + @ +8) G a20gl) € (), (F+(@+0) G+ 0F) e
B (A72) . Here a, p € R : aff (oz2 - ,6’2) #0. Then for x € A we have

V@%Jﬁgaff%ﬂm_zgyémjwwmw+
(Rﬂ’R{V) EEry (57)
e s LU
\iﬁ + (a +B2)8f ng‘wa,Al (JZZ: (—1)N+l;z]1\?§_(1;1—3;~?)fv—k+3)}‘

Proof. As very similar to Theorem 8 is omitted. Now it is based on Theorem
12. O

We need the following multivariate radial Ostrowski type general inequality.

Theorem 16. (/3]) Let the function f : B (0, R) — R be radial, that is there exists
a function g such that f(x) = g(r), where r = |x|, r € [0,R], V € B(0,R).
We further assume that g € C°([0,R]), and g (ro) = 0, k = 1,2,3,4, where
ro € [0, R] is fized. Here a,f € R: aff (a* — %) #£0. Then (Vwe SN71)

fB(O,R) f(y)dy
Vol (B(0,R))

N

R
N g(s)sVlds| <
0

8+N
00,[0,70] ((3 + N)!)

Z GO R RE (R — 7o)V 3
00,[ro,R] k! N k‘+3) "o '

We finish with a non-radial necessarily Ostrowski type general inequality on
the ball.

‘f (row) — (58)

= ’9(7"0) -

2N!
mﬂm_a%{W@ +(a®+6%) g9 +a%5%

Hg(5) 4 (az +ﬂ2) 9(3) + o282

Theorem 17. Let f : B(0,R) — R be a Lebesgue integrable function, that is not

necessarily a radial function. Here f(w) € C°([0,R]), R > 0,V w € SN-L
k

Furthermore % =0, k= 1,234,V w e SN where rg € [0,R] is

ﬁ:red. Assume that H(% + (a2 +B2) % —+ 2/628f(tw)>H (telorral < K*
To
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and H(aftw + (a2 + p?) 2L 4 2528f(tw)>H < K*Vwe SN,
where K* > 0. Here a,BER:aﬁ(a —52) #0.

,(te T‘o,R])

Then, for x € B (0, R) we have

fB(o,R) f(z)dx
Vol (B(0,R)) | =

-

9K* N 3N N (o Nkt _
RV |32 — o] {((3O+N)!> * ( k!((N)—lH—?))!Rk (B =ro)” k+3>}'

Proof. Very similar to Theorem 11, now it is based on Theorem 16. O
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