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Abstract

In this paper we define a new third-order modulus of smoothness and we
prove the conservation by Stancu operators of the Lipschitz classes defined
with this modulus.
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1 Introduction

Let (Lp)nen be a sequence of linear positive operators of approximation on
C'[0, 1]. If global smoothness of a continuous function f is expressed by a Lipschitz
condition with some modulus of continuity, it is of interest if L, f verify same

condition.
The preservation of global smoothness properties by the Bernstein operators

B,(f,z) = mej(:v)f <7J1> , [ €C|0,1], x € [0,1],
j=0

o) = (7)o — 2,

were studied in [6], [7], [4], [2], [5], [3]. In [14], D.-X. Zhou showed that the
Lipschitz classes with respect to the second order modulus

wa(f,t) =sup{|f(x —h)=2f(x)+ f(x+h)|: 2+ he[0,1],0 < h <t}
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are not preserved by the Bernstein operators. He introduced the following mod-
ulus of smoothness of order two

wa(f,t) = sup{|f(z+h1+h2) = f@+h1) = fz+h2) + f(z)]:
x,x+h1+h2€[0,1],h1,h2>0,h1+h2§2t} (1)

and proved the preservation by Bernstein’s operators of Lipschitz classes defined
with this modulus.
For the Bernstein-type operators

Z Pnj(T ), f € C[0,1], z € [0,1], (2)

where F,; : C[0,1] — R, j = 1,n, are linear positive functionals, in [11] we
studied simultaneous global smoothness preservation in terms of modulus of con-
tinuity wj introduced by R. Paltanea [8], [9] and independently by J. Adell and
J. de la Cal [1], defined for f € C|0, 1] and ¢ > 0 by

wy(fot) = sup{|(1 = A)f(x) + Af(y) — f (1 = Nz + y)| :
z,y€l0,1],z <y, y—a <2t Ael0,1]}. (3)

In [13] we proved the preservation of Liplschitz classes by the following gener-
alized Bernstein operators which were introduced by D. D. Stancu (see [10])

n—rs ]+ZT
nrs f7 an rs,] Zpsz ( >7 (4)

f € C0,1], z € [0,1], where n € N, r;s € Ny = N U {0} such that rs < n.
Bernstein’s operators are obtained for s =0ors=1,r=0o0ors=1,r = 1.

In the next section we define a new third-order modulus of smoothness and
we prove the conservation by Stancu’s operators of the Lipschitz classes in terms
of this modulus.

2 Main result

Definition 1. For f € C[0,1] and t > 0 we define

wy(fot) = sup{[(1 =2X)f(y) = f Az + (1 = N)y) + f (1 = Mz + Ay)
—(1=2Nf(x)|: z,ye0,1],z<y,y—x <3t Xe0,1]}. (5)

Remark 1. The application
ws : C0,1] x (0,00) — [0, 00)

is a modulus of continuity of order 3 normalized on C[0,1] in the sense of the
definition from [9], that is, the following conditions are verified:
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(MC]_) w§ (f,tl) < w§ (f, tQ), f € O[O, 1], 0 <ty <to;

(MC2) wji (f +p,t) = wi (f,t), f € C[0,1], p algebraic polynomial of degree at
most 2, t > 0;

(MC3) wj(0,t) =0, t>0.
(N) (F)C >0, (V)t>0: wj(es,t) <C-t3,

Indeed, properties (MC1) and (MC3) are clear. Property (MC2) results from the
fact that for the monomial functions e;(z) = x', i = 0,1,2 we have

(I=2XNei(y)—e; Az + (1 — Ny)+e; (1 —Nzx 4+ Ay)—(1—-2N)e;(x) =0, =0,1,2.

Since (1 —2X\)ez(y) —ez (Ax + (1 —N)y) +e3 (1 =Nz + Ay) — (1 — 2N\ )ez(x) =
ML =N (1 =2\)(y — x)3, it follows that w3 (e3,t) < V3 - 13, (V)t > 0, therefore
the modulus of continuity is normalized.

To prove the global smoothness preservation by Stancu operators in terms of
modulus of continuity w3 we need a representation of Stancu’s operators.
For the Bernstein operator in [11], proceeding similarly as in [14] (see also [4]),
we obtained:

n !
k+m
=Y bty -2 S oV f ( . ) , (6)
k+1=0 m=0
|
where py, (2, y) = mxkyl(l — 2 —y)"*!is the two-variable Bern-

stein basis. Repeating the application of an adapted version of relation (6) yields
[13] (see also [12])

Snrs (f, (L= XNz + Ay)

n—rs

S
= Z Z ps,kl,ll (.Z’, Yy — x)pn—Ts,kg,lg (‘T7 y—- 'CC) :

k1+11=0 ka+12=0

Lo b
. Z Z Plyms (N Plgmy (V) <k‘2 + ma + r(ky +m1)) . (7)

n
m1=0mgo=0

Theorem 1. Let f € C[0,1], M >0 and o € (0,1]. If

1
wi (f,t) < Mt*, te <0,3] ,

then .
Wi (Sprsfrt) < Mt t € <0, 3} .
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Proof. Let t € (O, %], z,y € [0,1], 2 < y,y—x < 3t, A € [0,1]. By using the
representation (7), we obtain:

(1= 2X)Snrs () = S (F: A + (1= N)y)
+Sn,r,s <f7 (1 - )\)1‘ + Ay) - (1 - 2)‘)Sn,r,s(f’ :L')

n—rs

S
S Z Z ps,k’l,ll (ZE, Yy — 1')pn—rs,k:2,l2 (:Ev Yy — :E) :

k14+11=0 k2+12=0
-‘(1—2/\)f (kz—i—lz—i—r(lﬂ-i-ll))

n
h 2 ko + mo + T(k)l + ml)
- Z Z plhml(l - )‘)plz,mz(l - )‘)f

n
m1=0mo=0

51 l2

+ Z Z pll,ml()\)pbm12 ()‘)f (k2 =+ mo + r(k;l 4 m1)>

n
m1=0mo=0

]

S n—rs

= > Pepn (@Y — V) Prers gyt (.Y — ) -

k1+11=0 ka+12=0
la+rl1#0

I l2

133 b Pt V) (1_2W>f</€2+lg+r(k1+ll)>

l rl n
m1=0ma=0 2 + 1

I l2
k2+l2—m2+7"(k]_ + 1y —ml)
- Z Z Piy,my ()‘)plmmz O‘)f(

n
m1=0mo=0

l1 lo
T Z Z Piymy ()‘)plz,mz ()\)f <k2 + M2 +n7j(k1 + m1)>

m1=0mo=0

I lo
_ Z Z pll,m1(>\)pl2,m2(/\) (1 — 27712—1—7"1711) f <M> ‘

l rl n
m1=0mo=0 2+ 1l

n—rs

S
S Z Z ps,kl,ll (:L" y - x)pn—rs7k2,lg ($7 Z/ - x) :

k14+11=0 k2+12=0

lo+7l1#0
I lo
mo + rmy ko +rki  lo+7rly
: it NP1 g (A ’ 1-2
Z Z by, 1( )plz, 2( ) ( Iy + 71y )f( n + n )
m1=0mo=0

g (/{2 —17—17“]{?1 n lo — moy +7:(l1 —m1)> +f <k‘2—|—7‘k1 n m2—|—7“m1>

n n
B 1_2m2—|—rm1 f ko + rky ’
lo +7ly n
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n—rs

Z Z Ds k‘l,ll T,y — )pn—rs,k‘g,lg (.I, Yy — l’) .

k:1+l1 0 ko+lo=0
lo+rli#£0

I l2
" lo +rly
) Z Z Diy,my ()‘)plz,m2()‘)w3 (fa 3n >

m1=0mg=0

n—rs

lo +7l1\“
<M Z D Dok (@ y— )pn—rs,kQ,lz(x,y—fU)< 3 )

k1+11=0 ko+I12=0

«
n—rs

lo +7ly

S M Z Z ps /4:1,l1 X Z/ )pn—r&kg,lg (:Ca y - 33) 3Tl

k1+11=0 ko+15=0

(e}

n— rs TS

M iy —
( 3n )+ 3n (v $)>
Yy ( ) < Mo,
Hence w3 (Sprsf,t) < Mte. O
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