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Abstract

In this paper we consider a class of functions M, () defined by subordi-
nation, consisting of functions f € A satisfying the condition

2f'(2) 2f"(2)
(1-a) B +a<1+ ) ) < ¢(z), z€ U.

In the study of univalent functions, estimates on the Taylor coefficients are
usually given. Another significant problem deals with the estimates of loga-
rithmic coefficients. For the class 8 of univalent functions no sharp bounds for
the modulus of the individual logarithmic coefficients are known if n > 3. For
different subclasses of 8 the results are not better and in most cases only the

f(2)

first three initial coefficients of log are considered. For the class M, (¢)

z
we obtain upper bounds for the logarithmic coefficients ~,, n € {1,2,3} and
also for IT',,, n € {1, 2,3}, the logarithmic coefficients of the inverse of M ().
Connections with previous known results are pointed out.
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1 Introduction

Let A be the class of analytic functions f in U= {z € C: |z| < 1} of the form:

f(2) :z—i—ianz”, z e U. (1)
n=2
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The subclass of A consisting of univalent functions is denoted by §. For a function
f € 8 the logarithmic coefficients ~,, are defined by the series expansion

log (f(;)> - 2g%(f)z”, 2. 2)

If there is no confusion, we use ~, instead of v, (f).
It is well known that the logarithmic coefficients play an important role in
Milin conjecture [5], that for f € 8,

>3 (Ml - ) <o
m=1 k=1

It is interesting that for the class 8 the sharp estimates of logarithmic coefficients
are known only for the first two v; and ~s:

1 1
<1, hal <5+
€

and it is not known for n > 3.
The situation is not better for the subclasses of 8§ where, in most cases, only

f(z)

the initial coefficients of log == are investigated.

z
Recently, several authors have considered the problem of finding sharp upper
bounds for the logarithmic coefficients of univalent functions, (see, for example

[, [8])-

Equality (2) can be rewritten in the following form

o0 1
25 ()2 = asz+azz®+agd+- — §(agz+a3z2 +agzd + )t
-1
! 1 2 3 3 )
—|—§(a22+a3z +agz® )0 e

Equating the coefficients of 2", for n = 1,2,3 in (3), we obtain

2vi = ap
2y = L2

Y = a3— 503 (4)
2v3 = a4 — asas+ -aj

3
Let F be the inverse of a function f € § defined by

F(w) = f"Hw) =w+ ) Au”, ()
n=2

1
with |w| < T from Koebe’s 1/4 - theorem.
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In view of (1) and (5), we have

As = —ag
A3 = —az+ 2&% (6)
Ay = —ay4+ basag — 5a§’.

The logarithmic coefficients Iy, (n € N) of F' are defined by

log (Fi"‘)> =23 T (F)u”, |u| < i (7)
n=1

When there is no confusion we consider I'y,(F') =T, .

In [9] Ponnusamy et al. obtained sharp upper bound of |I',,(F')| for f € 8§ and
n > 1. Furthermore, in a case of a convex function, they proved that |I',,(F)| <
1/(2n) for n = 1,2, 3.

Making use of (7), we have

S 1
2 Z Fn(F)w” = Asw+ A3w2 + A4w3 + = i(AQ’lU + A3w2 + A4w3 + - )2+
n=1

1
+§(A2w+A3w2+A4w3+-")3—1—‘--
(8)

Equating the coefficients of w”, for n = 1,2, 3, we obtain

2 = Ay
1
2F2 = Ag - 514% (9)
1
2's = Aq— AyAs + gA%

Denote by B denote the class of analytic functions which satisfies the con-
ditions: w(0) = 0 and |w(z)] < 1, z € U. Functions in B are called Schwarz
functions.

Let f and g be analytic in U. We say that the function f is subordinated to
the function g, denoted f < g, if there exists a function w € B, such that

f(z) = g(w(2)), z€U.

Using the concept of subordination, Ma and Minda [4] defined the following
two classes of functions

L )
s<so>—{feﬂ. 9 <o, ew}
€(¢):{f€A:1+Z£/;iZ))<<p(z),z€U},

where ¢ is an analytic function with positive real part in U, with ¢(0) =1, ¢/(0) >
0 and such that ¢(U) is a starlike region with respect to 1 and symmetric with
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respect to the real axis. The classes 8*(¢) and C(yp) contain , as special cases,
several well-known subclasses of starlike and convex functions.

Following Ma and Minda, we consider the following class of analytic functions
defined by subordination.

Definition 1. A function f € A is said to be in the class My(¢), 0 < o < 1, if
it satisfies the subordination:

2f'(2) 2f"(2)
(1—-a) 78 +a <1 + 70 > < p(2). (10)

Note that Mo(p) = 8*(p) and My(p) = C(p).

1
For ¢(z) = ¥ the class reduces to the class M, of a-convex functions
-z

My = {fefl:%[(l—a)zﬁg) +a<1+2;,/;(;))>} > 0, zeU},

which was first introduced by P.T. Mocanu [6].

Like in the case of M,, the class M, (¢) provides a continuous passage from
the class 8*(¢) to the class C(y).

In this paper we obtain upper bounds for the logarithmic coefficients ~,, of the
functions in M, (¢) and in the same time for I',, the logarithmic coefficients of
the inverse of My (y). Some connections with previous known results are pointed
out.

In order to prove our results, the following two lemmas will be used.

o0
Lemma 1. [7] Assume that w is a Schwarz function so that w(z) = > cp2".
n=1

Then

‘Cl‘ S ]-7

‘Cn‘ Sl_’01’27 n:2737'”

o0

Lemma 2. [10] Ifw(z) = ) ¢,2"™ € B then, for any real numbers q1 and g2, the
n=1

following sharp estimate holds:

les + qiciea + qaci| < H(q1; q2);

where
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H(q1:q2) =

(1

|QQ|

if (q1,q2) € D1UDyU(2,1);

if (q1,92) € Uf_3Dy;

D=

2 +1 .
g(\ql|+1) (Iqﬂ) if (q1,q2) € DgU Do;

3lqr| + 1+ q2

=

2_y 24 .
% < (2]1 ) ( il > Zf (Q1,(12) € D10 UDll \ (27 1)7
qy — 3

4q2 (@2 —1)

N

Sl (G5 ) if e

Blgr] — 1 —¢q2

The sets Dy, k=1,2,---12 are defined as follows:

D, =

D1y =

(Q17QQ)3IQ1\<* IQ2\<1}
1
(@0 5 <l 2 (ol +1° = (1) < ol <1}
1
((117(12) : IQ1| < 27 q2 S —1
(002) il 2 L. ool < 2 (I + 1)}
{(q17QQ) : ‘Q1| S 27 ‘QQ| Z 1}7
1
(q1,q2) : 2 < |q1| <4, qu!> 12(Q%+8)};
(002 < ) 2 4, ol > (s - 1>}
1 2 4 5
(Q17Q2)1§§’¢h\§27 —g(‘Q1|+1)§|QQ’§§(|Q1H‘1) = (lga|+1) ¢
2 2|1l + 1] }
9 : 227 S +1 S S 5
(q1,92) : a1 3(\Q1| ) < g2 2+ 21| + 4
2|1l + 1] 1
g2) 2 < <4, S0 D0 < < 8
{2 <ol < 2 ] < 356 +8)
2|q1HQ1+1\ 2lq1l|q \}
q0) || > 4, —_ T
2|q1HCJ1 1| 2
go) : |qu| >4, SN T 7L -1
(CHIE 2,q|+4_rq\_3<|qlr )

Unless otherwise mentioned, we assume through this paper that ¢ is a univa-
lent function in U, satisfying ¢(0) = 1, with series expansion of the form

@(2) =1+ Biz+ Byz® + Byz® -+, By #0. (11)
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2 Logarithmic coefficients for M, (y)

In this section we obtain upper bounds of the first three logarithmic coefficients
for the class M, ().

Theorem 1. Let f be a function in the class My (). Then, the logarithmic co-
efficients of f satisfy the inequalities:

l < 2L
=201 +a)
1Bl if (14 a)2By+aB?| < (14 a)?|B;
4(1 4 2a) 1= ’
72| <

|(1+ «)?Bs + aB3|
41+ 2a)(1 4+ «)?
and if By, By and Bs are real, then

[v3] < Bl
6(1+ 3a)

if |(1+a)’By+aBf| > (1+a)?Bi;

H(q1,q2);

where H(q1,q2) is given by Lemma 2, with

_ 3a B +232'
T Tra)(i+2a) T B
3 1 B
@ = - Bs + ala—1) B2+ 22

(1+a)(1+2a) 1+apB1+20)" ' B

o0
Proof. Let f € My (p). Then there exist a function w € B with w(z) = 3 ¢,2"
such that

-8 o (147 — gl

f(2) f'() (12)
=1+ Bic1z + (Bica + Bac?)2? + (Bicg + 2c1caBgy + Bycd)z3 + -+
From the Taylor expansion of f, we have:
/ "
(1-— a)zf (2) + <1 + Zf/ (Z)> =14 (1+ a)azz + [2(1 + 2a)az—

—(14 3a)ad]z® + [3(1 4 3a)as — 3(1 + ba)azas + 1 + Ta)a3] 23 + - --

Equating the coefficients of 2" (n =1,2,3) in (12) and (13), we obtain
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(1 + a)a2 = B
2(1 4 2a)az — (1 + 3a)a? = Bjcy + Boc?
3(1 + 305)(14 — 3(1 + 5a)a2a3 + (1 + 70[)&% = 3103 + 2610232 + Bgc‘;’
(14)
B
Substituting as from (4) in (14), we obtain v, = 2(117_?) Applying Lemma
e
1, we get 71| < ﬁ
21+ a)

Making use of the second equalities from both (4) and (14), after elementary
computations, we obtain
(1+ a)?Biea + [(1+ @)?By + aB?] &
41 4+ 2a)(1 4+ «)? '

2 =

An application of Lemma 1 gives

(1+a)?|B1|(1 = |e1?) + [ (1 4+ @)? By + aB}| e
41+ 20)(1 + a)? '

which yields to the required upper bound of |vs|.
Now, combining the last equalities from (4) and (14), we have

72| <

Bl + 3a B + 2B2 +
= _— C: Cc1C
BT s +3a) P [Mra) @ +2a) T By |

3a ala—1) 5 Bg}

" [(1 +a)(1 +2a)B2 T apa +2a)31 B

3
A}

Let

N7 Ora)l+2e) T B
3o ala—1) 9  Bs

- B B2+ 3
© Cralt2a) > Trapltoa) 75

Making use of Lemma (2), from the above equality, we get

| B By
< —H(q1;g9).
|’73| = 6( (1 —|—30é) (qlaQQ)

3
PR e S <
1 3@) ’03 + qic1c2 + (I2C1| =%

O]

Remark 1. For a = 1 we find the result obtained by E.A. Adegani et al. [1] in
Theorem 2.

In [3] Kanas et al. investigated certain subclasses of Ma-Minda type defined
with the help of function
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- - + 1 +1)(s+2
QS(Z): (1_2)5 =e slog(1 Z):1+52+8(82 )Z2+S(S )(S )23+

where the branch of the logarithm is determined by ¢5(0) = 1. This function maps
the unit disk onto a domain bounded by the right branch of the hyperbola

o .o 1 s
HO = {5 0= G 1< 5 )

If we consider ¢(z) = ¢s(z) (0 < s <1) in Theorem 1 we obtain the following
result.

Theorem 2. If f € M,(qs), then

S
<
’71‘_ 2(

1+oz);
( s i ose (o (1+a)?
- if s .
4(1 4 2a) a2 +4a+1)]
72| <
s2(@® +4a+1)+s(1+a)? | 1+ a)?
if se|—=——"7—"—,1|;
8(1 + 2a)(1 + )2 a?+4a+1
and
s i se 0—3(1+a)2(2a2+6a+1)+\/5 ‘
6(1+ 3a) " 2(20% 4+ 1603 + 3302 +8a+ 1) |’
] <
s , —3(1 +a)?(20® +6a+1) + VA
a2 if se€ 1
6(1+ 3a) 2(20* + 1603 + 3302 + 8a + 1)
where
_ 3a n ala—1) +1
2 = % 0 ta)1+20)  1+ap+2a) 6
n 3 +1 +1
s ol I
2014+ a)(1+2a) 2] 3’
and

A = (a+1)3(100a® + 796a* + 1888a® + 125242 + 277a + 25).

Proof. The estimates for |y;1| and |y2| are obtained directly from Theorem 1, taking

1
By =sand By = S(S;L )

To obtain the estimate of |y3| we will use only a part from Lemma 2, that is




Logarithmic coefficients 137

1 if (q1,92) € Do;
H(q; = .
(a1302) { lg2| if (q1.92) € D5 U Deg.

1 1 2

If in Theorem 1, we take By = s, By = ss+1) and B3 = w we
obtain

sl < s Hiar, a2)

Y3l > 6(1 + 3) 41,92),
where

3o
q = s+s+1;

1+ a)l+2a)

3 ala—1) 1

© = {2(1—1—04)(1—1—204)+(1+a)3(1+20z)+6

3a 1 1

+s [2(1 Ta)l+2a0) 2|3

First, we consider

4
<lal <2 glal+ 0P~ (al+D<lal<1f (9

DO |

D, = {(QLCD) :

1 1 1+2
It is easy to prove that inequality 5 < g1| < 2 holds for s € <O, (L+a)(1+ a)] .

202 + 6+ 1
Now, the first part of the second inequality in (15) is equivalent to

i 3o 3o

27 [(1+a)(1+2a)5+8+2]3_ [(1+a)(1+2a)

3—1—3—1—2] -

9 3a ala—1) 1 3 1] 1
- [2(1+a)(1+2a) * (14 a)3(1 + 2a) +6] —° [(1+a)(1+2a) 373
<0.

For a = 1, the above inequality implies

1, 19, 5 31
L B S
5 T ¥ Tt Ty =Y

and this inequality holds for s € (0,0.67243...].
The second part of the inequality in (15) is equivalent to

di+a)(i+20) [ TtaPl+20) 6

that is

9 3 ala—1) 1 3 17 1
S + + =
21+ a)(1+2a) 2| " 3
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1
6(1+ a)3(1 + 2a)

[s2(2a* 4+ 1603 + 3302 + 8 + 1) + s(6a” + 30a® + 4507 +
+24a + 3) — (8a* + 28a® + 360 + 20a + 4)] < 0,

and this inequality holds for

o 301+ @)%(2a% + 6a + 1) + VA
T 2(20% 4 1602 + 3302 +8a+1) |’

where A = (a + 1)3(100a° + 796a* + 1888a® + 1252a% + 277a + 25).
For av = 1, the above inequality holds for s € (0,0.65241...].
From the above results, we conclude that (q1,¢2) € Ds for s in (16).

Next, we consider

D5 ={(q1:q2) : l;1| £ 2, |go| = 1} (17)
We observe that first inequality in (17), |q1] < 2, holds for

14+ a)(1+ 2«
5 C <0’ (2;42(60411)} 18)

The second inequality in (17) is equivalent to

) 3 ala —1) 1] { 3a 1] 1

di+a)(i+20) (taPl+20) 67 [20Fa)0+20) "2

which holds for

—3(14 a@)?(2a% 4+ 6a+ 1) + VA
2(20* + 1602 + 3302 + 8a+ 1) ’

Therefore, from (18) and (19), (¢1,q2) € D5 for

)

se (o Ot +20)] —3(1+a)?(2a® + 6a + 1) + VA
T 202+ 6a+1 2(2a* 4+ 1603 + 3302 +8a+ 1) ’

that is

—3(14a)?(2a® +6a+1) + VA (1+a)(1+ 2a)
2(2a* + 1603 + 3302 +8a+1) 7 202+ 6a +1

Finaly, we consider

1
DﬁZ{(thD)i?S\QH <4, |go 212((1%—1—8)} (21)
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After some simple computation we observe that first inequality, 2 < ¢; < 4, holds
for

1 142
c 1+ o)1+ Oz)’l (22)
202 + 6 + 1
The second inequality in (21) is equivalent to
9 3a n ala—1) n 1 N 3o N 1
s ~| +s —| -
20+ a)(1+2a) (I4+a)P(1+2a) 6 20+ a)(1+2a) 2
1 [ 20%+6a+1 !
- 1| —=>0
12 [(1+a)(1+2a)8+ ] 3=
which holds for
(1+a)(1+ 2a) [2(1 +a) (202 + 6a + 1) + VA
1 23
4a® + 400t + 10003 + 4602 + 7Ta + 1 ’ (23)
where A = 3(1 + a)(12a” + 104a* + 25202 + 14602 + 29a + 3).
For o = 1, the above inequality holds for s € [0.64352, 1].
Therefore, from (22) and (23), (¢1,92) € Dg for
1 142
c 1+ o)1+ oz)71 (24)
202 + 6 + 1

In view of the conditions from (20) and (24) it follows that (q1,¢2) € Ds U Dg for

—3(1+ a)%(2a® + 6a + 1) + VA .
2(20* + 1602 + 3302 + 8a+ 1) ’

O

Remark 2. For a = 1 we find the result obtained by A. Ebadian et al. [2] in
Theorem 2.

3 Logarithmic coefficients of the inverse of M,(y)

Motivated by the results obtained in [9], in this section, we investigate the
upper bounds of the logarithmic coefficients of an inverse function of M ().

Theorem 3. Let f € My (p) and let F, given by (5), be the inverse function of
f- Then, the logarithmic coefficients I'y,, n=1,2,3, of F' satisfy the inequalities:
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( By ‘

< (14 )?|Bil;

ITa| <

|(1+ a)?Bsy — (2 + 3a)B?|
41+ 20)(1 4+ a)2

if |(1+a)?Bs —(2+ 3a)B3|

> (14 a)?By;

\

and if By, By and Bs are real, then
| B

I3y < —————H ;

T3] < 6(1 1 3a) (q1,42);

where Hi(q1,q2) is given by Lemma 2, with

_ 2By 3(3+7a)
M= B T 20t )1+ 2a)

2902 +34a+9 3(3+ 7Ta) Bs
21+ a)3(1+20) ' 21+a)(1+2a) > By

g2 =

Proof. Let f € M,(p). Proceeding as in the proof of Theorem 1, we have the
equalities (14).
Next, replacing Ay, Az and A4 from (6) in (9), we obtain

2F1 = —a2
4Ty = —2a3 + 3a3 (25)
63 = —3ay+ 12a2a3 — 10a3
. : : Bicy :
Substituting ae from (25) in (14), we obtain I'y = ———— and applying
—2(1+«)
B
Lemma 1, we get |I';| < &
2(1+ )

Making use of the second equalities from both (25) and (14), and after ele-
mentary computations, we have

_— (14 a)?Bicz + [(14 a)?By — (24 30) B?] ¢
2 —4(1 +2a)(1 + a)? '

Taking into account Lemma 1, we obtain

L+ a)?[Bi|(1 — Jes|?) + (1 + @) By — (2 + 30) B [es |2
4(1 4 2a)(1 4+ «)? ’

|Ta| <

from which, with |c¢1] < 1, we obtain the required upper bound. In order to obtain
the estimate of |I's|, we use the last equalities from (25) and (14), and we get
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r B, 2B, 3(3 + 70&)31 n
= —— 1 C — Cc1C
57 Z6(1+ 3a) B 20+a)(1+2a)]
2902 +34a+9 _, 3(3 + 7a) Bs] .
B2 — By+ 22|34
2(1+ a)3(1 4 2a) 214+ a)(1 + 2a) B;
Conside 2B, 3(3+7a)By and 2902 +34a+9
nsiaer = — 1 = -
T =B T 21+ )1+ 2a) 2= 90 vaPlta) !
33+7 B
T _4_(04;_(1 jy_)Qa) By + B—j’ An application of Lemma (2) yields
| B1| 3 By
Ty < <1 _H(q;q).
T3] < 601 Jr30()|C3 + qieica + gacy| < 601 + 30) (q1;92)

For a = 1 we obtain the following corollary:

Corollary 1. Let f € C(¢) and let F, given by (5), be the inverse function of f.
Then, the logarithmic coefficients 'y, n=1,2,3, of F' satisfy the inequalities:

B
Iy < 41|§

B :
Hy if |4By —5B%| < 4|By|;
To| <
4By — 5B?|
48

and if By, Bo and B3 are real, then

if |4By —5B?| > 4|B|;

| B1|
I < —H :
\ 3|_ o4 (Q1,Q2),

where Hy(q1,q2) is given by Lemma 2, with

2By 5
= == _°.By;
q1 B B 1;
3 5 Bs
= —-B}?—_By+=.
© pP1 T a2t g

1 1-2
Remark 3. For ¢(z) = +(1a)z
—z

obtained by S. Ponnusamy et al. [9] in Theorems 10,11 and 13.

in the above corollary, we find the result
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Conclusions.

In this paper we consider a class M, () of analytic functions defined by subordi-
nation. For the class M, () we investigated the upper bounds for the logarithmic
coefficients v,, n € {1,2,3} and also for I';,, n € {1,2,3}, the logarithmic coef-
ficients for the inverse of M, (). The results obtained in this paper could be a
subject of further investigation related to logarithmic coefficients v, and I',, for
n > 4.
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