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Abstract

This paper is devoted to the study of a class of Kirchhoff-type prob-
lems with discontinuous nonlinearities with Neumann boundary data. Here,
by employing the topological degree methods for the abstract Hammerstein
equation, we establish the existence of at least one solution.
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1 Introduction and hypotheses

Let Q c RY (N > 1) be a bounded open set with smooth boundary 952, and
p be a real number such that 2 < p < oco. The main purpose of this paper is to
demonstrate the existence of weak solutions for the following Neumann boundary
value problems with discontinuous nonlinearities of the Kirchhoff type

_M(/Q@(az, Vu)d:c)div(a(x,Vu)) +u€ —[¢(,u),P(z,u)] n Q

Za(:r:, Oiu) -n; =0 on 01,
i=1

(1)
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where 7; are the components of the outer normal unit vector, o(x, &) : QxRN —
RY is a Carathéodory vector-valued function, such that o(z,&) = V¢O(z,&),
where O(z,£) : Q x RY — R. Suppose that o and O satisfy the following
hypotheses, for a. e. in z € Q and all £,& € RN, (¢ # ¢).

A1 @(1’,0) = O,

o(z,§)
|o(, 5)!<5( (z) + [€[P~ 1)
[o(x,8) —o(z,)] - ( > 0,

where a, ( are some positive constants and k(z) is a positive function in L' (Q)(p’
is the conjugate exponent of p).

(M) M : RT — R* is continuous and non-decreasing function, for which there
exist two positive constant mgy and m; such that mg < M(t) < m; for all t €
[0, +o0.

Furthermore, The functions ¥ : {2 x R — R is a possibly discontinuous function,
we "fill the discontinuity gaps” of v, replacing ¥ by an interval [g(fc, u), Y(, u)],
where

Ao

(A1)
(A2)
(A3)
(A4)

Ay

P(z,s) = llmlnf¢(m n)= lim inf (x,n),

n— 6—01 |n—s|<d

P(z,s) = limsupy(z,n) = lim sup (z,n).

n—s 60t [n—s|<é

Assume that 1 : © x R — R is a real-valued function such that

(H:1) v and 4 are super-positionally measurable (i.e, ¥(-,u(-)) and ¥ (-, u(-)) are
measurable on 2 for every measurable function u :  — R).

(H2) 1 fulfil the growth condition:
[, 5)| < bx) + c|s]P/”,
for almost all z € Q and all s € R, where b € LPI(Q), c is a positive constant.

The study of these discontinuous nonlinearities problems has grown considerably
in recent years due to their presence in the modeling of several physical and bio-
logical problems such as the Elenbass equation, population density and dynamics,
the obstacle problem and the seepage surface problem. The reader can consult
[6, 12, 19, 20] and the references therein. Note that the problem (1) is nonlocal

due to the presence of the term M ( / O(z, Vu)dx). Moreover, our problem has

no variational structure because the nonlinear term 1 is discontinuous. This cre-
ates serious mathematical difficulties, especially preventing the use of variational
methods. This makes the study of such a problem particularly interesting.

In order to overcome the discontinuous difculty, we will transform this Neu-
mann boundary value problems with discontinuous nonlinearities into a new one
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governed by a Hammerstein equation. Then, we shall employ the topological de-
gree theory developed by Kim in [24] for a class of weakly upper semi-continuous
locally bounded set-valued operators of (Sy) type in the framework of real re-
flexive separable Banach spaces, based on the Berkovits-Tienari degree [8]. The
topological degree theory is constructed the first time by Leray-Schauder [26] in
their study of the nonlinear equations for compact perturbations of the identity
in infinite-dimensional Banach spaces. Furthermore, Browder [9] has developed a
topological degree for operators of class (Sy) in reflexive Banach spaces, see also
[32]. Among many examples, we refer the reader to do classical works [15, 37] for
more details.

In this regard, the problem (1) is a generalization of a model proposed by
Kirchhoff [25] in 1883 in the study of the oscillations of stretched strings and
plates, More precisely, Kirchhoff established a model model given by the equation

0%u _ <p0 E [ 8u’2dx> 0%u _ 0 @)

Pocz ~ \n " 2L Jy loxl ™) 022

where p, po, h, E, L are all constants, this equation is an extension of the classical
d’Alembert’s wave equation for free vibrations of elastic strings by considering the
effect of a change in the length of the string during the vibration. However, after
the famous Lions article [28], this type of problem has attracted the attention of
several authors and since that time dozens of articles have been published. We
can cite in particular the works of Chipot [13, 14], Corréa et al. [16, 17] and their
references.

We now provide an overview of the results presented in this article, when

1
O(x,&) = 5|§|p, we get o(x,&) = |€[P72|€|, where p > 2, then, we obtain the

p-Laplace operator. Many problems of Kirchhoff type have been studied, we refer
to [23, 27, 29].

In the simplest case M = 1 and when we take —(b(z)|u[P~2u+\H (2, u, Vu))+u
instead of [¢(z,u),¥(z,u)]. In [2], Abbassi et al. demonstrated the existence of
a weak solution to the problem

—divo(x,u, Vu) = b(z)|ulP"*u + \H (z,u, Vu) in Q,
N
Za(m,&u) ;=0 on ON.

i=1

Where o(z,u, Vu) is a Carathéodory’s function that tests certain hypothesis. The
function H(x,u, Vu) is also a Carathéodory’s function satisfies only the growth
condition. By using the topological degree method. On this topic, we mention
the works [1, 4, 30, 35].

In case p = p(x), some interesting studies of problem like (1) by degree theory
methods can be found in [10, 11, 36]. Moreover, many problems related to the
Kirchhoff term have been studied by a number of authors by employing different
techniques as the method of sub-supersolution, fixed point theory, variational
methods, genus theory and approximation techniques. For obtain the existence
results, we mention the works [7, 18, 21, 34].
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On the other hand, when o(x,s,&) = [£|Pi72 - ¢ for all i € {1, e ,N}, where
? = {p1, . ,pN} with p; are real numbers, p; > 2, we get the anisotropic ?—
Laplace operator, we refer to the recent paper by Figueiredo and Silva [22] have
established the existence of a nonnegative solution for nonlinear anisotropic elliptic
equations. Some related results can be found in [3, 5].
This paper is organized as follows: In the next section, we recall some basic
definitions and preliminary results. Section 3 is focused on some auxiliary lemmas.
In section 4, we present and prove our main results.

2 Necessary facts on the topological degree

In this section we recall some fundamental definitions and theorems about
topological degree theory which are useful for our aim, and we refer the reader to
[1, 2, 15, 24] for more details.

Let Q ¢ RY (N > 1) be a bounded open set, p € R such that 2 < p < co. We will
work in the Sobolev space W1?() endowed with the norm

] = (/ ul? + [VulPdz) P,
Q

The norm in LP(Q2) will be denoted by  |lul|, = (/ \u]pdx)l/p.
Q

Let X be a real separable reflexive Banach space with dual X* and with continuous
dual pairing (-, -) between X* and X in this order. The symbol — stands for
weak convergence.

Let Y be another real Banach space.

Definition 1. /[33/

1. We say that the set-valued operator F : Q@ C X — 2Y is bounded, if F maps
bounded sets into bounded sets.

2. We say that the set-valued operator F : Q C X — 2Y is locally bounded
at the point u € €, iff there is a neighborhood V of u such that the set
F(V)= U Fu is bounded.

ueV

Definition 2. [35] The set-valued operator F : Q@ C X — 2Y is called

1. upper semicontinuous (u.s.c.) at the point u, iff, for any open neighborhood
V' of the set Fu, there is a neighbhorhood U of the point u such that F(U) C
V. We say that F is upper semicontinuous (u.s.c) if it is u.s.c at every
u€e X.

2. weakly upper semicontinuous (w.u.s.c.), if F~1(U) is closed in X for all
weakly closed set U in'Y.

Definition 3. [33] Let Q be a nonempty subset of X, the sequence (up)n>1 C Q
and F : Q C X — 2X°\0. Then, the set-valued operator F is
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1. of type (S+), if up, — w in X and for each sequence (hy) in X* with h, €
Fu,, such that

lim sup(hy,, up, — u) <0,

n—o0

we get uy — u in X;

2. quasi-monotone, if u, — w in X and for each sequence (wy) in X* such
that w, € Fu, yield

lim inf (wy,, up, — u) > 0.
n—oo

Definition 4. [33] Let Q2 be a nonempty subset of X such that Q C Q1, (up)n>1 C
QandT : O C X — X* be a bounded operator. Then, the set-valued operator
F:QcC X —25\0 is of type (Sy)r, if

Uy, — u in X,
Tu, —y in X*,

and for any sequence (hy) in X with h, € Fu, such that

lim sup (hn, Tun — y) <0,

n—oo

we have uy, — u in X;

Next, we consider the following sets :

F1(Q) :={F : Q — X*| F is bounded, demicontinuous

and satifies condition(S4 )},
Fr(Q) == {F : Q — 2% | Fis locally bounded, w.u.s.c.

and satifies condition(Sy)r}

For any 2 C Dr and each bounded operator T :  — X*, where D denotes the
domain of F.

Remark 1. We say that the operator T is an essential inner map of F, if T €

F1(G).

Lemma 1. [2/, Lemma 1.4] Let X be a real reflexive Banach space and G C X is
a bounded open set. Assume thatT € F1(G) is continuous and S : Dg C X* — 2X

weakly upper semicontinuous and locally bounded with T(G) C Ds. Then the
following alternative holds

1. If S is quasi-monotone, yield I +SoT € Fr(G), where I denotes the identity
operator.

2. If S is of type (Sy), yield SoT € Fr(Q).
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Definition 5. [2/] Let T : G C X — X* is to be a bounded operator, a homotopy
H:[0,1] xG — 2% s called of type (Sy)r, if for every sequence (ty,uy) in
[0,1] X G and each sequence (ay) in X with ap € H(tg,uy) such that

up —~u€ X, tpy >t€[0,1], Tup =y in X" and limsup(ax, Tur —y) <0,

k—o00

we get ugp — u i X.

Lemma 2. [2/] Let X be a real reflexive Banach space and G C X is a bounded
open set, T : G — X* is continuous and bounded. If F, S are bounded and of
class (S ), then an affine homotopy H : [0,1] x G — 2% giving by

H(t,u) := (1 —t)Fu+tSu, for(t,u) €[0,1] x G,

is of type (S+)r-

Now, we introduce the topological degree for a class of locally bounded, w.u.s.c.
and satifies condition (S5 )7 for more details see [24].

Theorem 1. [24] Let
L={(F.G,g9) | Ge 0, Te€F(G), FeIr(G), g¢F(G)},

where O denotes the collection of all bounded open set in X. There exists a unique
(Hammerstein type) degree function

d: L—7

such that the following alternative holds:

1. ( Normalization) For each g € G, we have d(I,G,g) = 1.

2. ( Domain Additivity) Let F' € Fp(G). We have
d(F7 Gag) = d(Fa Glag) + d(Fv GQ’g)a
with G1, Go C G disjoint open such that g ¢ F(G\(G1 U G3)).

3. ( Homotopy invariance) If H : [0,1]x G — X is a bounded admissible affine
homotopy with a common continuous essential inner map and g: [0,1] - X
is a continuous path in X such that g(t) & H(t,0G) for all t € [0,1], then
the value of d(H(t,-),G, g(t)) is constant for any t € [0,1].

4. ( Solution Property) if d(F,G,qg) # 0, then the equation g € Fu has a
solution in G.
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3 Some useful lemmas

The following lemmas allow us to transform this discontinuous nonlinear el-
liptic problems (1) with Neumann boundary condition into a new one governed
by a Hammerstein equation.

Lemma 3. [3] Let g € L"(2) and g, C L"(Q) such that ||gn|lr < C, 1 <r < o0,
If gn(x) — g(z) a.e. in Q then g, — g weakly in L"(£2).

Lemma 4. [3] Assume that (A3)-(A4) hold, let (u,), be a sequence in W1P(Q)
such that u, — u weakly in WP(Q) and

/Q [o(z, Vuy) — o(z, Vu) |V (un — u)dz — 0, (3)

then u, — u strongly in WHP(€2).
Proof. From (8)
D, =0 in LY(Q),

where D,, = [a(ac, Vuy,) — o(z, Vu)] (Vun - Vu).
By using W1P(Q) << LP(Q), we can find a subsequence still denoted by u,, such
that

{un —u a.e. in ),

D, —0 a.e. in (.
Then, there exists a subset B of €2, of zero measure, such that for z € Q\ B, |u(z)| <
00, |Vu(z)] < oo, |k(x)] < 00, up(x) — u(z), Dyp(z) — 0.
If we put &, = Vu,, &= Vu, we get
Dn(x) = [U(‘Tyfn) - O'(ﬂ?,f)] (En - f)

= 0(2,&n)én + 0(2,§)€ — 0(2,£1)§ — o (x,§)én

> al&ul? + alél” — B (k@) + €71 IE] = B(k() + 1€ nl

> O‘|§n|p - Cx[l + |€n|p_1 + \an,
where C; is a constant which depends only on z. As u,(x) — u(z) a.e. in Q, we

infer |up(z)| < P, where P, > 0 is some constant. Then by a standard argument
|€,] is bounded uniformly with respect to n, we deduce that

Cy Cy Cy )
[Enl? [&nl  [&alPt
If |£,] — oo (for a subsequence), then D, (x) — oo which makes it absurd. Let

now &* be a cluster point of §,. We have |£*| < oo and by using the continuity of
a we have

[o(2,60) — o (2, 8] (6 =€) =0.
According to (A3), we get £* = £, which implies that

Vuy(x) — Vu(z) a.e. in €.
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Since the sequence (o (z, Vu,)) is bounded in (LPI(Q))N, and o(x, Vuy,) converge
to o(x, Vu) a.e. in Q, in view of Lemma 3, we obtain

o(z, Vuy) — o(z, Vu) in (L7 (Q)Y a.e. in Q. (4)
We take 7,, = o(x, Vu,)Vu, and § = o(z, Vu)Vu. We can write
Uo— 7y in LY(Q).

From (A;), we have
alVuy,|P < o(z, Vu,)Vu,.

Let z, = |[Vuy|P, z = |VulP, y, = y—", and y =
«

Q<

Thanks to Fatou’s lemma,

/deazgliminf/y—l—yn—\zn—z|d1:,

ie,0< —limsup/ |z, — z| dx. Then
Q

n—oo

0< liminf/ |zn, — 2] dx < limsup/ |zn, — 2| dx <0,
this implies
Vu, — Vu in (L))", (5)

From the compact embedding of W1P(Q) into LP(Q), we have ||u,||, — [lull, as
n — 00, from where ||u,|| — |[u|| (see (5)). As WP(Q) satisfies the Kadec-Klee
property [31, Remark 2.47(a),(c)], it follows from w,, — w and ||u,|| — ||ul|, the
convergence u, — u in W'P(Q) as n — oo, which completes the proof. O

New, let us consider the following functional

E(u) = Z\?(/ O(z, Vu)dm), for all u € WHP(Q)
Q
where M : [0, +00[— [0, +o0[ be the primitive of the function M, defined by
t
W0 = [ s
It is well known that € is well defined and continuously Gateaux differentiable
whose Gateaux derivatives at point u € W'P(€) is the functional &' (u) in (W'P?(Q)) -

setting by
(&' (u),v) = (Fu,v), for all u,v € W1P(Q)

where the operator F' acting from WP () to its dual (leP(Q))* is defined by

(Fu,v) = M(/Q@(x,Vu)dac> /Qa(:v, Vu)Voudzx (6)

for all u,v € WLP(Q).
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Lemma 5. Suppose that (My),(A1) — (A4) hold, then

(i) F is bounded, strictly monotone, coercive, continuous operator.

(ii) F is of type (S4).

Proof. i) It is obvious that F' is continuous, because F' is the Fréchet derivative
of €.

Now, we show that the operator F' is bounded.

Let u,v € WHP(Q), by the Holder’s inequality and (Mp), we obtain

< Fu,v > = M(/ O(z, Vu)d:c) / o(x, Vu)Vudz
Q Q
§m1/a(x,Vu)Vvda:
Q
<my / o (2, Vu)|”' dw / ]Vv]pd:v

Thanks to the growth condition (Agz), we can easily show that

/ ‘ o(z,Vu) | dx) is bounded for all u in W1P(Q). Therefore

1/
(Fu,v) < const (/ ]Vv|pd:):> p,
Q

as a result the operator F' is bounded.
Next, we prove that F' is strictly monotone operator.
For that, we consider the functional L : W1P(Q2) — R setting by

= / O(z,Vu)dx forall weV,
Q
so L € C*(WhP(Q),R) and
(L' (u),v) = / o(z, Vu)Vudx for all u, v e V.
Q

By using (A4), we obtain for any u, v € WHP(Q) with u # v
(L'(u) — L'(v),u —v) >0

which implies that L’ is strictly monotone. Thus, by [37, Proposition 25.10], L is
strictly convex. Furthermore, as M is nondecreasing, then M is convex in [0, +00].
So, for any u,v € X with u # v, and every s,t € (0,1) with s +¢ = 1, we have

—~

M(L(su+tv)) < M(sL(u) + tL(v)) < sM(L(u)) + tM(L(v)).

This proves that € is strictly convex, since & (u) = F(u) in (W'P(Q2))", we infer
that F is strictly monotone in W1P(Q).
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It remains to show that the operator F' is coercive.
Let v € WHP(Q), according to (Az) and (My), we obtain

(Fu,v) M(/Q@(ac,Vu)d:U)/Qa(:z:,vu)vvdx

ol o]

/|Vv\pdx+/\v]pd:c—/]v|pdx
Q Q Q

> amgl[v][P7F = amg

> amy

> amolu|P~! = €. ( Due to WHP(Q) < LP(Q))

which means that

Il

Therefore F' is coercive.
i1)— We verify that the operator F'is of type (S4).
Let (un)n be a sequence in W1P(Q) such that

Up — U in WhP(Q)
lim sup(Aup, uy, — u) < 0. (7)

n—oo

We will show that u, — u in W1P(Q).

On the one hand, in fact u, — u in WP(), so (uy), is a bounded sequence in
WLP(Q), then there exist a subsequence still denoted by (uy), such that u, —
u in WHP(Q), under the strict monotonicity of F we get

0 = limsup(Fu, — Fu, u, —u) = lim (Fu, — Fu, u, —u). (8)

n—00 n—00

Then

lim (Fuy,, u, —u) =0,
n—oo

which means

lim M(/Q@(x,Vun)dm> /QU(m,Vun)V(un —u)dx = 0. (9)

n—oo

On the other hand, by (A1) we have for any x € 2 and £ € R”

1 d 1
@(az,f):/O dg@)(:v,sf)ds:/o o(x, s&)&ds.
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By combining (As), Fubini’s theorem and Young’s inequality we have
1
/ O(z, Vuy,)dx = / / o(x,sVuy,)Vuyds dx
Q QJo

1
—/ /a(x,sVun)Vund:Uds
0 JQ

1 ’
</ [Cp// ‘a(w,sVun)‘p dx—i—Cp/ \Vun\p]ds
0 Q Q

1
< 01+c'/ /|5Vun|pdajd8—|—0p||un||p
0 Q

<Ci 4O / (Vi |Pdaz + Cplftn P
Q

< Ol

Then, we infer that (/(@($,Vun)dx) . is bounded.
Q

n>
As M is continuous, up to a subsequence there is tg > 0 such that

M(/ (O(x, Vun)dx) — M(tg) > myg as  m — 00.
Q
From (9) and (10), we get

lim [ o(z, Vu,)V(u, —u)dz = 0.

n—o0 0

In light of Lemma 4, we obtain
Up — U strongly in WhP(Q),

which implies that F is of type (S5 ), which completes the proof.

111

(10)

O]

Proposition 1. [12, Proposition 1] For any fized x € €, the functions 1 (z, s)

and ¢ (z, s) are upper semicontinuous (u.s.c.) functions on RY.

Lemma 6. Let Q € RY (N > 1) be a bounded open set with smooth boundary.

The operator A : WhP(Q) — (WHP(Q))" giving by
(Au,v) = —/ wodz — for wu,v € WHP(Q)
Q

18 compact.

Proof. Firstly, since the embedding i : LP(€2) — LV (Q) is continuous.

Secondly, as the embedding I : WYP(Q) — LP() is compact, it is known that

the adjoint operator I* : L¥' (Q) — (WiP(Q))" is also compact.
Hence, A = [*0iol is compact.

O
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Let us define the following operator N acting from W1P(£2) into 2(W1’p(9))

by
Nu={pe (WQ)" \ IheLl’(Q)
(@, u(x)) < h(z )S@( u(z)) ae. z €
and (p,v /hvdaz VUEWLP(Q)}

Lemma 7. If the assumptions (H1) and (Hs) hold, then the set-valued operator
N is bounded, upper semicontinuous (u.s.c.) and compact.

Proof. Let A : LP(Q) — ol (@) be a set-valued operator defined as follows
Au={he LY (Q)\ Pz, u(z)) < h(z) < P(z,u(z)) ae xR}
Let u € WP(Q), by the growth condition (Hz) we get
max { [1(z,5)|; [z, 5)| } < b(x) +c|s[”7.

It follows that

@y <2 ([ papas o [ ).

A same inequality is shown for ¢(z,s), as a result the set-valued operator A is
bounded on W1P(Q).

It remains to show that A is upper semicontinuous (u.s.c.), i.e.,
Ve >0, 30 >0, |lu—wolp,<d = AuC Auy+ B,

with B. is the e-ball in L¥ ().
Come to an end, given ug € LP(2), let us consider the sets

Cknﬁ = (] l(h

teRN

where

Ki={z€Q, if [t —uo(a)| < %, then [¢(z, 1), (z,t)]

€ — £
C ’ o ) oL
J¥(x, uo(2)) 7 V(@ uo(x)) + R[}
m is an integer, |t| = max |t/ and R is a constant to be determined in the
7

following pages. In view of Proposition 1, we define the sets of points as follows

C%nﬁ = (1 l(h

reRy
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where RY denotes the set of all rational grids in RY. For any r = (r1,--- ,rn) €
RY,

K —{er]u(x)eCﬂ]r‘—lr-—i—l[}
r 0 1 i m m
N

U{I‘GQ|UQ EH %[}

=1

€
n{z € Q1B r) < V(e u(@) + - and Y(z,7) > (@, uo(x) - 5},
so that K, and G, therefore are measurable. It is clear that
Gl,g C G275 C
By virtue of Proposition 1,
U Gm,e = Q:
m=1
hence there exists an integer mg such that
€
M(Gmg,e) > m(2) — = (11)
But for any € > 0, there exists n = n(¢) > 0, such that m(T) < n yield
o / 20b(@) + /(@ + Dluo(a)Pdr < ()" (12)
T 3
thanks to b € L” () and ug € LP(Q).
Let now . y ,
(M) Ly
0<<5<mln{m0 <2> ’2(60> }, (13)
2 /
R> max{§,3 (m(2))"/? } (14)

1
Assume that ||u—ugl|, < § and define the set G = {x € Q \ |u(x) —uo(z)| > —},
mo

we obtain

m(G) < (mod)P < g (15)

If z € G, c\G, then, for any h € Au,

and
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Let
KO={r e hix) e [9 (@), o u(@)] },
K = {x €, hz)< @(m,uo(l’))}a
Kt ={req h)> b))},

and

Hence w € Aug and
lw(z) — h(z)] < % for all 2 € Gyng.c\G. (16)

According to (14) and (16), we get

/

/Gmo,s\c wla) = hla)P'de < ()" (@) < (5)"- (17)

Assume that V' is a coset in Q of G,y c\G, then V = (Q\ Gy ) U (G e NG) and
m(V) < m(\Crng,e) +M(Gonge 1G) < 1 +m(G) <,

thanks to (11), (14) and (15). From (H3), (12) and (13), we have

/\w |pdx</\w )P+ |h(z)|P da

< 2¥( /Vlb<:c>|p + & uo(@) P + (@) + ¥ [u(z)|Pdx)
<2 /V 2/b()[" + & (2 + Dfug ()P + 2° &' |u(x) — uo(x) Pde)
<o /V 20b(@)[ + (28 + 1) ug () [Pda + 27 ¥ /V [u(x) — uo(w)|Pda

13 14 iy / ENp' ’
<(§> +2PPCP5P§2<§) <&

(18)

From (17) and (18), we have ||w — h||, < e.

Therefore A is upper semicontinuous (u.s.c.).

Hence N = I*oAol is clearly bounded, upper semicontinuous (u.s.c.) and com-
pact. ]
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4 Existence of a weak solution

In this section, we will give our main result. The proof are based on the
topological degree introduced in section 2.

Definition 6. We say that u € W1P(Q) is a weak solution of (1), if there ewists
an element ¢ € Nu verifying

M(/ 6(90,Vu)dx> / o(x, Vu)VvdaH—/ wvdz+{p,v) =0, for all v € WHP(Q).
Q Q Q

Now, we present our main result.

Theorem 2. If hypotheses (A1) — (A4),(My), (Hy) and (Hz) hold. Then, the
problem (1) admits at least weak solutions u in WHP(Q).

Proof. Let F, A : W'P(Q) — (lel’(ﬂ))* and N: Whr(Q) — Q(Wl’p(Q)) be
given in Section 2. This implies that u € W1P(Q) is a weak solution of (1) if and
only if

Fu e —Su, (19)

where S :i= A+ N: Win(Q) — 2(W7®)"

Thanks to properties of the operator F' given in Lemma 5 and by the Minty-
Browder Theorem on monotone operators in [37, Theorem 26 A], the inverse
operator T := F~1 : (Whr(Q))" — WP(Q) is of type (S4), continuous and
bounded. Additionally, from Lemma 6 the operator S is quasi-monotone, upper
semicontinuous (u.s.c.) and bounded.

As a result, the equation (19) is equivalent to the abstract Hammerstein equation

u=Tv and ve& —-SoTlv. (20)

We will apply the degree theory introduced in Section 2 to solve equations (20).
To do this, we first prove the following Lemma.

Lemma 8. the following set
B:= { v € (Wl’p(Q))*, such that v € —tSoTv  for some t € [0, 1]}

is bounded.

Proof. Let v € B, so, v + ta = 0 for some ¢t € [0,1], with a € SoTv. Taking
u = Tv, we can write a = Au + ¢ € Su, where ¢ € Nu, namely,

(s} = /Q h(a)u(x)da,

for some h € L¥ (Q) with P(z,u(z)) < h(z) < (z,u(x)) for almost all z € Q.
Based on (H3), (A2), the Young’s inequality, the compact embedding WP () <
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LP(Q) and the continuous embedding LP(2) < L?(£2), we obtain
ol =l = [ up do+ [ [Vapds
Q Q
1
< / |ulPdx + M(/ O(z, Vu) dm) / o(z, Vu)Vodr = / luPdx + — (v, T)
Q Q Q Q @

g/ |u|pd1:—|—t|(a,TU>|:/ |u|de+t/ \(u+ h)ulda
Q & Q o Jo

g/ |u\pdx+t/ |u\2dx+t/ \huldz
Q a Jqo a Jao
t 2/p t 1/p t / 1/p'
< [ jupdz+ 2 [ jurd ol ([ upd o, L [
< [tupas s 2( [ rae)” + 0,5 ( [ )+ ([ prar)
t 2/p t 1/p
< [ jupdz+c i [ jupd ol ([ upd
_/Q|u| x+ a</9|u| x) + pa</9|u| a:)

—i-QCI’,(i(/Q]b]pldaj)l/p,+2CC'p/(i(/Q\u|pdx)l/p,

< Const (| Tw[[P + [To]]> + | Tv] + 7ol +1).

It follows that {Tv \ v € B } is bounded.
Since the operator S is bounded, by (20) that the set B is bounded in (W1?(£))".
O

Under the lemma 8, we can choose a positive constant R such that

Hv||( ’(Q))*<R for any v € B.

This says that

veE —tSoTv foreach v € dBgr(0) andeach te]l0,1],
where  9Bg(0) = {v € (WHP(Q))", such that HU”(WLP(Q))* = R}.
In light of Lemma 1, we have

I+ SoT € ?T(BR(O)) and [ =Fol € ?T(BR(O))

Next, we Consider the affine homotopy H : [0,1] x Br(0) — 2(W1’p(ﬂ)) setting
by

H(t,v) =1 —t)Iv+t(I+ SoT)v for (t,v) € [0,1] x Bg(0).

By using the normalization and homotopy invariance property of the degree d
fixed in Theorem 1, we obtain

d([ + SOT, BR(O), 0) = d(], BR(O), 0) =1.
Thus, we can find a point v € Br(0) such that
v € —SoTw.

Which implies that u = T'v is a weak solution of (1). This completes the proof. [
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5

Conclusion

In this work, we have studied the existence of weak solutions for Neumann

boundary value problems with discontinuous nonlinearities of the Kirchhoff type
by using the topological degree theory.
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