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Abstract

The aim of this work is defined by the study of the plane deformation
for micropolar isotropic materials in equilibrium theory, where, in addition
to displacement and absolute temperature, the particles of the mentioned
materials have pores and microrotations.The determined solution to the field
equations helps us to study the effect of heat sources and pores on the defor-
mation of the body, which deformation is studied later.
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1 Introduction

In the first part of the work are introduced the field equations (1-11) for an
isotropic micropolar medium, from the theory of thermoelasticity, equations that
can be found in [1-4] and also in [8]. A broader description of the theory of porous
media is made by Cowin and Nunziato in [5-6]. For a good understanding of the
work, also in the second section are the notations used. The equilibrium equations
(22-25) from [7] later help us to obtain the solution of the field equations. This
achievement is found in detail in the third section. Also in this part of the paper,
the obtained theorem helps us to study the influences of heat supply moments
and pores.

In the last part, we consider a cylindrical hole in an elastic space containing
and, also, the domain B = {z : 27 + 23 > r} 3 € R}, (r; > 0), ocuppied by
an elastic material with inner structure. This material undergoes a plane strain
parallel to the x1xso- plane. To obtain the deformation, the functions 4, ¢, u, and
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¢q were determined, more precisely the solutions of the formed system, which
were denoted by V, W, @ and U.

Regarding the results related to microstructured media, there are many re-
sults, of which I mention a few:[9-13]. Also, some studies that address the plane
deformation of certain bodies, in various contexts, can be found in [14-16] and a
more extensive presentation in [17].

2 Basic equations

In three-dimensional space we consider a region B, occupied at one time by a
certain body, considered to be bordered by the parts of the smooth surface. Let
@) be a system of orthogonal axes to which we refer.

Tk(k=1,2,3)
Before entering field equations, we add the following notations used:
—n= external normal at 9D,
—u= displacement field over B,
—0;;= Kronecker delta,
—A, = Lamé constants,
—o= linear thermal expansion,
—k = thermal conductivity,
—-a,7v,6,&,(,a,b,c,d, I =constitutive moduli for the theory at
hand,

Now we can introduce the following equations.
-The consitutive equations:

Tij = Mg + p(usj + uji) + k(i j + €0k) + 005 — (3A 4 2p + k)obdj, (1)

M;j = adrrdij + 705 + €ij + Epdij, (2)
g = =& — ap — bl 3)

h; = degi, (4)

pn = (BA+ 2+ k)oug  — b + b, (5)
rq; = kb; — gi. (6)

We denote by 6 the absolute temperature. T;; and M;; are the stress tensor and
couple stress tensor, g is the instrinsic equilibrated body force and ¢ represents
the change in volume fraction.

-The geometrical relations:

€ij = Uij + €k,  Yij = dij, (7)

where ¢€;;;, is the Ricci symbol.
-The balance laws in local forms ( in the case of equilibrium):

Tji;+pfi =0, (8)
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Mji; — €ijitin + pGi = 0, (9)
hii+g+pL =0, (10)
i +pr =0. (11)

where G; is the body couple, L is the extrinsic body force and r is the internal
heat source.

The surface force vector T;, the surface couple force M;, the heat flux ¢ and
the change in volume fraction moment vector N; at a regulat point of 0B are
defined by:

’Ti = ijj, Mz = Mjmj, q = q;n;, Nz = hjmj. (12)

Knowing that the elastic potential is a positive quadratic form, we will
consider that the elastic moduli satisfy the relations imposed by it:

3A\+2u >0, >0,e > 0,3\ + 21 > 3k. (13)

Next, we will consider the B region as the inside of a straight cylinder, where
Y is the open cross section, II is the lateral boundary and L is the boundary of
3. In choosing the Cartesian system, we take in to account that the generators
of B is parallel with the x3-axis.

Let’s introduce the data wich describe the plane deformation of B, parallel
to x1xo- plane:

Uq = ua(xlva)a ug = Oa (boz = ¢a($1,$2), Y= QO(xl,.%'Q), 0= 9(1’1,1‘2), (14)

unde (z1,22) € X.
From constitutive equations, local forms of balance laws and from (11) it
follows that e;;,vi;, Tij, Mij, g, hi, pn and r ¢; are independent of x3.
Deformation tensors e;; and v;; are defined by means of geometric equa-
tions,
€a,8 = Ua,8 T Eaﬁp¢p7 Yap = ba,p- (15)

The non-zero dependent constitutive variables are T,g,733, Mag, ha,Tq .
Furthermore:

Tap = Mupp0af + p1(ta,g + ug.a) + kg gdp + £pdas — (2A 4+ 21+ k)vBds, (16
17
18
19

20
21

Maﬁ = _a¢p,p6aﬁ - 7@56,04 + €ap + &P(Soz,é’»
g = _gua,a - 1/1%7& —ap — b0,
ha = d‘yoa»

)
)
)
)
= BN+ 2+ k)oug,a — by + ¢, )
)

(
(
(
(
(
"o = kba — ga. (

Therefore, we will consider that body loads are independent of x3, and f3 = 0.
So, the equilibrium equations are reduced to:

Tapp+ pfa =0, (22)
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Myp g+ pGo =0, (23)
ha,oz +g+ pL = 07 (24)
qO[,oé + pS — 0 (25)

The relation (12), at a regular points of II, becomes:
Ta = Tﬁanﬂv Ma = Mﬁanaa T3 = 07 q = qaNa, N’L = hﬁlnﬁa on La (26)

where, n, = cos(ng,z,), where we denote with n, the unit vector of the outer
normal to L.

According to geometric equations, constitutive equations, and equilibrium
equations, we must comply with the boundary conditions. In the case of the first
boundary value problem, the boundary conditions are:

Uy = Uq, Qba:qgom 0:5, 30285 on L, (27)

where g, <Z~>, 6 and ¢ are prescribed functions. In the case of the second boundary
value problem, the boundary conditions are:

Tgang = Ta, Mpgang = Ma,(j =qgng, hainag = Ni, onlL, (28)

where the given functions T, M., Gand Nj are independent of x3.
From (1-10), results that uy, ¢, 0, and ¢ satisfy the equations:

()‘ + N)“p,pa + (,u + k)ua,pp + 590,04 - (3)‘ +2u+ k;)gQa = —pfa, (29)
(a+ 7)¢p,pa + €Pa,pp + (P, — 2kdpa = —pGa, (30)

kEAO = —pS, (31)

dppp —Eupp — CPpp —ap — b0 = —pL, on X. (32)

To obtain the relation (9) we start from (1), from where we deduce that

130,56 = Mip,pati(Ugaptta,ss) +E(Usastesap®p,s)+Cp g0sa—(3A+21+k) 00 505a,

Obvious €g4,0,,3 = 0, so the above relation becomes:
Ta,p = Aup.pa + p(Ugas + ta,ps) + kugap + (0o — BA+2u+ K)ol o

Next, using relation (8) we obtain relation (29). Analogously we get (30),
(31), (32).

The first boundary value problem, involves finding the u,, ¢, 0, ¢ functions,
which satisfy the above equations, on ¥ and the boundary conditions (25). Obvi-
ously, from the constitutive equations and from (13), we can express the boundary
conditions (26) in terms of the functions uq, ¢q, 8, ¢.

In the case of equilibrium theories, we will divide this problem into two, the
first including finding the functions 8 and ¢, and then the functions u,, and ¢. It
is convenient not to separate the equations of system B, in the study of certain
problems. So, throughout this paper, we assume that:

k>0, dy >0, dg >0, kdo — dids >0, dy + ds + dg > 0. (33)

It is important to note that the restrictions imposed by the Clausius-Duhem
inequality on the constituent coefficients, ( Grof, 1969), are taken into account in
the conditions above.
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3  Solution for field equations

We start by introducing a few notations, such as:

c1=A+2u+k,
—a+d
62:d+ A 27

92 1
my = <§>Q,whereh:a+’y+€,

1
mo = <d2/02>2,
1
a 2
m3 = (diﬁ + A) )
k1= —c2(BA 4+ 2u + k)o — c1bC,
kg = —c2(BA 4+ 2u + k),

k3 = 0.

85

(40)
(41)

From (2.12) results that m%, m%, and m% > 0. We introduce the operators:

Cy = cthA(A —m?),
Cy = ke A(A — m3),
Cs = dg(A —m3),

By = her(A+ p) (A = md),

By = hoc1(3M + 2u 4 k) (A — m?) (caA — do),

B3 =0.

Theorem 1. Let’s consider the functions

Uy = —c1C1 Ty + Bleypa — Bgf’a — Cngnga,

bo = AUl + c1(K1A — ko)Al + kCciC1AAC3g, pa,

0= _CI(CQA — dQ)Cll,

Yo = 101029 — c1[k(dy — d5)AC1g,,, — c1d3C1l,

42
43
44
45
46

(
(
(
(
(
(47

)
)
)
)
)
)

(50)
(51)

where the fields Ty, € C%(X),1 € C3(X), and g € CO(X), satisfy the equations:

(1 +E)AciCiTo = pfa;
pc1Cr1ba = pGas;
6101021 = pS;
61010203g = *pL.

(52)
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Proof. (X 4+ p)up pa + (1t + K)tapp + EP o — BA+ 2u + k)oTa = —pla — (10 +
k)Aclclra + [()\ + 2,u + k)ABl — ()\ + ,u)ch’l]Fp,pa — Cng[(/\ + M)A + -+
Kl gp.pa+ (—EApA)Y o+ [BoA(k—N) +Ee1 (k1A — k2) All o + kECe1C1C3AAAg o +
(3/\ + 24+ k)ochl(CQA — dg)la = pfa

<=> (u+ k)Ac1C1Ty = pfa-
We do the same for the other equations. More specifically if we used the
equations (52-55), we get what we want. O

4 Consequences of heat supply moments and pores

With the aim of studying the influences of the heat supply moments and
pores on deformation, we will use the solution obtained in the theorem presented
in the previous section. Therefore, let’s consider that

pfa =0, pGo =0,pS =6(x —y),pL =0.

where y(y,) is a fixed point, and § is the Dirac measure .

Taking into account this assumption, the relations (52-55) are satisfied if
we consider I'y, = 0,1, = 0,1 = w and g = 0. The w function is a solution for the
equation:

AA(A = mi)(A —mi)w = yd(z —y), (56)

where we use the « notation for (ekc3cy) 1.

From those previously considered it follows that we obtain from the relations
(52-55), the functions u&l)(ac, ), qﬁ&l)(w, y),0W (x,y) and M) (z,y). Therefore,

uld (z,y) = —Baw,a (57)
o (2, ) = e1(k1A — K2)Awy; (58)
0V (2, 1) = —c1(c2A — dy)Chw; (59)
go(l)(x,y) = —c1bCw. (60)

Next, we shall have the following considerations:
x My, Mg, mg are distinct,
* ws, (s =1,2,3,4), functions that satisfy the following equations :
Awy = M, AAwy = M, (A—m?)ws = M, (A—m3)ws = M, where M is a given function.

Therefore, we can formulate the solution of the equation AA(A —m?)A —
m3)w = M, as follows:

4
w= g ZgWg,
s=1
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where the constants z, (s = 1,2, 3,4), are given by:

2 2
my + m; 1 1
1= —F 1 %2 = "5 5, 8B = "1, 5 5 4= . (61)
mim; mim3 mi(mi —m3) my(mi —m3)
For M = é6(x —y),ws, (s = 1,2,3,4), are given by:
- ") = Ko(mr) "~ Ko(mar).r = [(e1—30) (a2 -3)]
w1 = —Inr, wo = —r‘lnr, wg = ——Ko(mqr), wy = —— Ko(mor),r = [(x1— To—
1 27T ) 2 87'[' ) 3 27_(_ 0 1 9 4 27'(' 0 2 9 (162/!;1 2 yQ 9

where we used the notation Ky for the modified Bessel function of order zero.
Therefore, for equation (50), we have the following solution:

1
w= 21[21 Inr+ ZZQTQ Inr — z3Ko(mir) — z4Ko(mar)]. (63)
T

The displacement and the microrotation are introduced by the functions

ugl) and (b((ll). In what follow, we will focus on the consequences of pores. Thus
we assum that

pfa =0, pGo =0,pS =0, pL = 6430(z — y),

where we have 3 fixed. So, we will have I'y, = 0,9, = 0,1 = 0 and g = 6,3(2. In
this case, from (52-55), it follows that €2 is a solution of the following equation:

AA(A = mi)(A = m3)(A = mi)Q = nd(x —y), (64)
where 71 = (kedgcica)~t. Therefore, we get from (52-55) the functions:

O @,y), o (@), 0 (@), o ().

5 Plane deformation

Let us consider a cylindrical hole contained in an elastic space and the
domain B = {z : 23 + 23 > r?, 23 € R}, (r1 > 0), ocuppied by an elastic material
with inner structure. This material will undergo a plan strain parallel to the x;xo-
plane. Knowing these, the domain Y is defined by > = {z : 22423 > r? 23 = 0}.
Furthermore, we will assume that body loads are absent and the hole surface is
free of surface forces.

The problem we shall study involves determining the functions 6,¢, u, and

o Obviously, these functions must satisfy the following equations:
(A + ) up pa + (10 + E)ta,pp +Ep.a — B+ 21+ k)ob o, =0, (65)
(@ +7)bppo + €Papp + CP.0 = 2ka = 0, (66)
kAG =0, (67)
dpp — Eupp — CPhpp — ap — bl =0, on Y. (68)
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Knowing that the heat flow into the body is produced by keeping the surface
of the hole at a constant temperature 6*, we add the boundary conditions to the
equations (66) and (67):

0:6*7 Y = Palla fOTT:T'l, <69)
and, also, we add the following boundary conditions:
Tgapng =0, Mgang =0 for r=r (70)

We consider the solution to have the form 6 =V (r), o = W(r), uq = x,U(r) and
b0 = Q(r) where r = (22 + x%)% Therefore, they must satisfy the corresponding
equations:

A4 1) 20U + (u+ k)2or®U + W — 3N+ 2u + k)orV =0,  (71)
(a+9r°Q +er’Q + (rW — 2kQ = 0, (72)
EAV =0, (73)
dr*W — €xqrU — (rQ — aW — bV =0, on X. (74)
From relation (73) we obtain:
1
oftU=—"——[(3X+2 k — } Ny,
ZarU )\+2u+k[(3 Yot k)oV — W] + N (75)
where Nj is an arbitrary constant. Or, we can rewrite this relation as
1
(?U) = = [(3)\ +2u+ K)oV — EW]r + ;. (76)
1
Also, for the remaining relations, (74-76), we obtain the following form.
2 qr
(A-m3)Q = —IWw, (77)
EAV =0, (78)
(A*m%+7—2€)W:7'1V+7'3Q+7'2N1, (79)
where for simplification we have used the notations:
3A+2 k b
7-1:5( L s )U+ Cl) 7_2:i7 7-3:@' (80)
Cc1Co C1C2 C2

Next, we obtain from the relation (8) the form of the function V. Therefore,
V=Ci+Bilnr, (81)
where C and Bj are arbitrary constants. Also, from relation (79), we obtain:

3Q = %W —714C9 — 4By Inr, (82)
1
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where we noted with 74 = 75,

We will further subtitute 73Q) and 71V in the relation (81),

(A — m% + TQ{)W =nCy +nBilnr + %W — 14C9 — T4 Bolnr + 19 N1, (83)
1

and in the and we will get:

Ci+ Bilnr Cy+ Bylnr
W:n(lm%l—BlAlnr)—km(gm;—BgAlnr)— (84)

T2
—H%N]_ + Ngko(m, T).
We therefore obtained the functions V, W and @ in relations (83), (84) and
(86). The function U, is immediately determined by replacing V, W and @ in the
relation ( 78).
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Conclusions

Taking into account what has been obtained previously, this work has as main
objective the achievement of solutions V, W, @ and U, which implies the plane
deformation for micropolar isotropic materials in equilibrium theory. Using the
equilibrium equations, we deduce the solution of the field equations, which later
help us to study the effect of heat supply moments and pores in an elastic space.
And finally we deduce what we set out to do, the plane deformation.
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