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Abstract

The divided differences of Bernstein polynomials were investigated by
Alexandru Lupaş in 1995. We extend the results of that investigation. More-
over, we establish new relations between them and the theory of dual func-
tionals.
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1 Introduction

Among other interesting results, A. Lupaş presented in [6] a method for com-
puting the divided differences of the Bernstein polynomials Bnf in terms of di-
vided differences of the function f . In this context he introduced an array of
numbers αnsj . This paper is devoted to extending these results. In Section 2 we
present the pertinent definition and compute explicitly some values αnsj . Section
3 is devoted to the operators Fn introduced in [2] and later investigated in [3], [4],
[9]. We give a new expression of Fnf and then present new properties of αnsj ,
in particular a method for computing them recursively. In Section 4 we recall
some definitions and properties of the dual functionals associated with Bernstein
operators. Then we establish new relations between them and the divided differ-
ences, using the numbers αnsj . These relations are used in order to describe new
methods for computing divided differences of Bnf .
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2 Bernstein polynomials and divided diferences

The Bernstein operators are given by

Bn : C[0, 1] → C[0, 1], Bn(f ;x) =
n∑

k=0

f

(
k

n

)
bn,k(x), (2.1)

where

bn,k(x) =

(
n

k

)
xk(1− x)n−k, x ∈ [0, 1].

The divided difference of a function f at the distinct points x0, x1, . . . , xm is
denoted by [x0, x1, . . . , xm; f ].

From the theory of divided differences it is well known that

[x0, x1, . . . , xm; em] = 1, (2.2)

[x0, x1, . . . , xm−1; em] = x0 + · · ·+ xm−1, (2.3)

[x0, x1, . . . , xm; f ] =
[x1, . . . , xm; f ]− [x0, . . . , xm−1; f ]

xm − x0
, (2.4)

where ek(x) := xk, k = 0, 1, . . .

Let n, s, j be integers, 1 ≤ s ≤ n, 0 ≤ j ≤ n− s. Define

Ψnsj(x) := s

(
n

s

)∫ x

0
(x− y)s−1bn−s,j(y)dy,

αnsj :=

[
0,− 1

n
, . . . ,− s

n
; Ψnsj

]
=
ns

s!

s∑
k=0

(−1)k
(
s

k

)
Ψnsj

(
−k
n

)
.

Moreover, set

αn0j := 0, j = 1, . . . , n; αn00 = 1.

Example 2.1. By a direct calculation we find

1) Ψnn0(x) = xn, αnn0 = 1,

2) Ψn,n−1,0(x) = nxn−1 − xn, αn,n−1,0 =
3n− 1

2
,

3) Ψn,n−1,1(x) = xn, αn,n−1,1 = −n− 1

2
.

In Tables 1 and 2 we present the explicit expressions of the functions Ψnsj ,
respectively the numbers αnsj , for n = 5.
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Table 1. Functions Ψnsj, n = 5

j \ s 1 2 3 4 5
0 x5−5x4+10x3−10x2+5x −x5+5x4−10x3+10x2 x5−5x4+10x3 −x5+5x4 x5

1 −4x5+15x4−20x3+10x2 3x5−10x4+10x3 −2x5+5x4 x5

2 6x5 − 15x4 + 10x3 −3x5 + 5x4 x5

3 −4x5 + 5x4 x5

4 x5

Table 2. Values of αnsj, n = 5

j \ s 1 2 3 4 5
0 4651/625 438/25 17 7 1

1 −1829/625 −229/25 −8 −2

2 331/625 44/25 1

3 −29/625 −3/25

4 1/625

The following result was obtained by Lupaş in [6, pp.206-207].

Theorem 2.1. With the above notation,

1

s!

ds

dxs
Ψnsj(x) =

(
n

s

)
bn−s,j(x), 1 ≤ s ≤ n, 0 ≤ j ≤ n− s, (2.5)

[
0,− 1

n
, . . . ,− s

n
;Bnf

]
=
s!

ns

n−s∑
j=0

αnsj

[
j

n
,
j + 1

n
, . . . ,

j + s

n
; f

]
, 0 ≤ s ≤ n, (2.6)

s!

ns

n−s∑
j=0

αnsj =

[
0,− 1

n
, · · · ,− s

n
;Bnes

]
=
s!

ns

(
n

s

)
, 0 ≤ s ≤ n. (2.7)

Remark 2.1. We will need (2.6) in the next section. A more general result,
expressing [x0, x1, . . . , xs;Bnf ] for arbitrary knots, can be found in [6, p.207].

3 The operator Fn

The Beta operators introduced by Mühlbach [7, 8] and Lupaş [5] are defined
as

Bn(f ;x)=


f(0), x = 0,

1

B(nx, n(1−x))

∫ 1

0
tnx−1(1−t)n(1−x)−1f(t)dt, x ∈ (0, 1),

f(1), x = 1,

(3.1)
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where B(·, ·) is the Beta function, f ∈ C[0, 1] and x ∈ [0, 1].
Let Πn be the linear space of all real polynomials of degree ≤ n. Using the

inverse of Beta operator, by composing the operators

Bn : C[0, 1] → Πn and B−1
n : Πn → Πn,

one obtains the operators Fn := B−1
n ◦Bn, Fn : C[0, 1] → Πn, n ≥ 1. They were

introduced in [2] and later investigated in [3], [4], [9].

Theorem 3.1. For f ∈ C[0, 1] we have

Fnf =

n∑
s=0

(n)s
ns

s!

ns

n−s∑
j=0

αnsj

[
j

n
,
j + 1

n
, . . . ,

j + s

n
; f

]
es, (3.2)

where (n)s := n(n+ 1) . . . (n+ s− 1), (n)0 := 1.

Proof. It was proved in [9] that

Fnf =
n∑

j=0

(n)s
ns

[
0,− 1

n
, . . . ,− s

n
;Bnf

]
es. (3.3)

Now (3.2) is a consequence of (3.3) and (2.6).

The next result presents some properties of the numbers αnsj .

Corollary 3.1. a) For 0 ≤ s ≤ n one has

n−s∑
j=0

αnsj =

(
n

s

)
. (3.4)

b) Let 1 ≤ s ≤ n, 0 ≤ j ≤ n − s. Then, αnsj > 0 for j even, and αnsj < 0 for j
odd.

Proof. a) For s = 0, (3.4) can be verified directly. For 1 ≤ s ≤ n, it follows from
(2.7).

b) According to the mean value theorem for divided differences, there exists

ξns ∈
(
− s

n
, 0
)
such that

αnsj =

[
0,− 1

n
, . . . ,− s

n
; Ψnsj

]
=

1

s!

ds

dxs
Ψnsj(ξns).

Now (2.5) shows that

αnsj =

(
n

s

)
bn−s,j(ψns) =

(
n

s

)(
n− s

j

)
ξjns(1− ξns)

n−s−j ,

and this entails the conclusion b).
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Let S(j, s) be the Stirling numbers of second kind. Denote

cnsj :=
(n+ s− 1)!(−1)jS(s+ j, s)

(n− s− j)!n2j−1s!(n)s
, 0 ≤ s ≤ n, 0 ≤ j ≤ n− s.

Theorem 3.2. For f ∈ C[0, 1] we have

n−s∑
j=0

[
j

n
,
j + 1

n
, . . . ,

j + s

n
; f

]
αnsj =

n−s∑
j=0

[
0,

1

n
, . . . ,

j + s

n
; f

]
cnsj . (3.5)

Proof. It was proved in [2, (19)] that

Fnf =
n∑

j=0

[
0,

1

n
, . . . ,

j

n
; f

]
1

(n− j)!n2j−1

j∑
s=0

(−1)j−s(n+ s− 1)!S(j, s)es.

This can be written as

Fnf =
n∑

s=0

 n∑
j=s

(n+ s− 1)!

(n− j)!n2j−1
(−1)j−sS(j, s)

[
0,

1

n
, . . . ,

j

n
; f

] es,

and also

Fnf =
n∑

s=0

(
n−s∑
i=0

(n+ s− 1)!(−1)iS(s+ i, s)

(n− s− i)!n2s+2i−1

[
0,

1

n
, . . . ,

i+ s

n
; f

])
es. (3.6)

From (3.2) and (3.6) we get

s!(n)s
n2s

n−s∑
j=0

αnsj

[
j

n
,
j + 1

n
, . . . ,

j + s

n
; f

]

=

n−s∑
j=0

(n+ s− 1)!(−1)jS(s+ j, s)

(n− s− j)!n2s+2j−1

[
0,

1

n
, . . . ,

j + s

n
; f

]
,

and this implies (3.5).

Remark 3.1. The relation (3.5) can be used in order to compute successively
the numbers αns0, αns1, . . . , αns,n−s. Indeed, let i ∈ {0, 1, . . . , n} and ani ∈ C[0, 1]

piecewise linear, ani

(
i

n

)
= 1, ani

(
k

n

)
= 0, k ̸= i. Taking in (3.5) f = an0 we

compute ans0; then f = an1 leads to αns1, and so on.
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4 Dual functionals and divided differences

In this section we use results from [1]. Let λ
(n)
k be the eigenvalues of Bn, p

(n)
k

the associated monic eigenpolynomials and µ
(n)
k the corresponding dual function-

als, k = 0, 1, . . . , n. It is known that

λ
(n)
k =

n!

(n− k)!nk
, (4.1)

p
(n)
k (x) = xk − k

2
xk−1 + terms of lower degree, (4.2)

Bnf =
n∑

k=0

λ
(n)
k p

(n)
k µ

(n)
k (f), f ∈ C[0, 1]. (4.3)

From(2.6) and (4.3) we get the following result.

Theorem 4.1. For s = 0, 1, . . . , n one has

n∑
k=s

λ
(n)
k

[
0,− 1

n
, . . . ,− s

n
; p

(n)
k

]
µ
(n)
k

=
n−s∑
j=0

s!

ns
αnsj

[
j

n
,
j + 1

n
, . . . ,

j + s

n
; ·
]
. (4.4)

Example 4.1. Let s = n. In this case (4.4) entails

λ(n)n

[
0,− 1

n
, . . . ,−n

n
; p(n)n

]
µ(n)n =

n!

nn
αnn0

[
0,

1

n
, . . . ,

n

n
; ·
]
.

Since λ
(n)
n =

n!

nn
(see (4.1)) and αnn0 = 1 (see Example 2.1), we obtain

µ(n)n =

[
0,

1

n
, . . . ,

n

n
; ·
]
. (4.5)

So, we recover a result from [1, p.164].

Example 4.2. Let s = n− 1. Now (4.4) yields

λ
(n)
n−1

[
0,− 1

n
, . . . ,−n− 1

n
; p

(n)
n−1

]
µ
(n)
n−1 + λ(n)n

[
0,− 1

n
, . . . ,−n− 1

n
; p(n)n

]
µ(n)n

=
(n− 1)!

nn−1

{
αn,n−1,0

[
0,

1

n
, . . . ,

n− 1

n
; ·
]
+ αn,n−1,1

[
1

n
,
2

n
. . . ,

n

n
; ·
]}

.

Using (4.1), (4.2), (4.5), (2.2) and (2.3), we get

nµ
(n)
n−1 =

2n− 1

2

[
0,

1

n
, . . . ,

n

n
; ·
]

+ αn,n−1,0

[
0,

1

n
, . . . ,

n− 1

n
; ·
]
+ αn,n−1,1

[
1

n
,
2

n
. . . ,

n

n
; ·
]
.
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Combined with (2.4) and Example 2.1, this implies after some calculation

µ
(n)
n−1 =

1

2

[
0,

1

n
, . . . ,

n− 1

n
; ·
]
+

1

2

[
1

n
,
2

n
. . . ,

n

n
; ·
]
.

So, we recover another result from [1, p.164]. With the above arguments one can
determine the other dual functionals.

Theorem 4.2. For f ∈ C[0, 1] we have

[x0, x1, . . . , xn;Bnf ] =
n!

nn

[
0,

1

n
, . . . ,

n

n
; f

]
, (4.6)

[x0, x1, . . . , xn−1;Bnf ] =
(n− 1)!

nn−1

{(
n−

n−1∑
i=0

xi

)[
0,

1

n
, . . . ,

n− 1

n
; f

]

+

(
n−1∑
i=0

xi

)[
1

n
,
2

n
. . . ,

n

n
; f

]}
. (4.7)

Proof. Using (4.3) we see that

[x0, x1, . . . , xs;Bnf ] =
n∑

k=s

λ
(n)
k [x0, x1, . . . , xs; p

(n)
k ]µ

(n)
k (f) (4.8)

Therefore, (4.8), (4.1), (4.2), (4.5) and (2.2) show that

[x0, x1, . . . , xn;Bnf ] = λ(n)n [x0, x1, . . . , xn; p
(n)
n ]µ(n)n (f)

=
n!

nn

[
0,

1

n
, . . . ,

n

n
; f

]
,

and (4.6) is proved. Now

[x0, x1, . . . , xn−1;Bnf ]

= λ
(n)
n−1[x0, x1, . . . , xn−1; p

(n)
n−1]µ

(n)
n−1(f) + λ(n)n [x0, x1, . . . , xn−1; p

(n)
n ]µ(n)n (f)

=
n!

nn−1
[x0, x1, . . . , xn−1; en−1]µ

(n)
n−1(f)+

n!

nn

[
x0, x1, . . . , xn−1; en−

n

2
en−1

]
µ(n)n (f)

=
n!

nn−1
µ
(n)
n−1(f) +

n!

nn

(
n−1∑
i=0

xi −
n

2

)
µ(n)n (f)

=
n!

nn−1

{
1

2

[
0,

1

n
, . . . ,

n− 1

n
; f

]
+

1

2

[
1

n
, . . . ,

n

n
; f

]
+

(
1

n

n−1∑
i=0

xi −
1

2

)[
0,

1

n
, . . . ,

n

n
; f

]}

=
(n− 1)!

nn−1

{(
n−

n−1∑
i=0

xi

)[
0,

1

n
, . . . ,

n− 1

n
; f

]
+

(
n−1∑
i=0

xi

)[
1

n
,
2

n
, . . . ,

n

n
; f

]}
.

This concludes the proof.
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Remark 4.1. The divided differences of Bnf on other knots can be calculated
similarly.

Funding. Project financed by National Recovery and Resilience Plan PNRR-III-
C9-2022-I8.
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