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Abstract

In [8, Theorem 1], Jain and Prasad obtained a kind of symmetry of reg-
ular rings which is interesting and useful in the theory of shorted operators
(cf. [9]). We show that this symmetry property indeed holds for endo-
morphism rings of Leavitt path algebras. Using this property, we analyze a
(strong/weak) regular inverse of an element of the regular the endomorphism
ring A of the Leavitt path algebra L := Lk (F) (viewed as a right L-module).
We also introduce some partial orders on the endomorphism ring A of the
Leavitt path algebra L and investigate the behavior of regular elements in

A.
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1 Introduction

If F is a directed graph and K is a field, Lx(E) denotes the Leavitt path al-
gebra of E over K. L (E) was introduced independently by Abrams and Aranda
Pino [1], and by Ara, Moreno and Pardo [5], using different approaches. Since
then, these algebras garnered significant interest and attention of ring theorists
and operator algebraists, among others. Particular attention has been given to un-
derstanding basic algebra data: ideal structure, primeness, local chain conditions,
socle, etc.

Let E be a graph and K be a field. G. Aranda Pino, K. M. Rangaswamy
and M. Siles Molina [6] studied conditions on a graph E which are necessary and
sufficient for the endomorphism ring A of the Leavitt path algebra L := L (FE)
considered as a right L-module to be von Neumann regular (recall that a ring R
is von Neumann regular if for every a € R there exists b € R such that a = aba).
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The algebra L embeds in A and A = L if the graph E has finitely many vertices.
The authors of [6] state that their focus is on the case when the graph F has
infinitely many vertices since some earlier works in the literature (for instance,
[2]) contain necessary and sufficient conditions on E for L to be von Neumann
regular, and they show in [6, Theorem 3.5] that, if E is a row-finite graph, A is von
Neumann regular if and only if E is acyclic and every infinite path ends in a sink
(equivalently, L is left and right self-injective and von Neumann regular if and only
if L is semisimple right L-module). In [8], Jain and Prasad obtained an interesting
symmetry property for von Neumann regular rings: Let R be a ring and a,b € R.
If a+0b is regular, then aRGOR = (a+b)R (equivalently, Ra® Rb = R(a+10)) if and
only if aRNbR = 0 = RaN Rb. The authors of [13] introduced symmetry property
of endomorphism ring of the module. It is quite natural to ask if this symmetry
property holds in the case of endomorphism rings of Leavitt path algebras. Let E
be an arbitrary graph, K be any field, A be the endomorphism ring of L = Lg (F)
as a right Lx(F)-module and f,g € A. If f + ¢ is a regular element, then, by
8], fA® gA = (f + g)A (equivalently, Af & Af = A(f + g)) if and only if
fANgA = (0) = Af N Ag. Similarly, we have AL © A\gz)L = Af(a)4g(a) L for
all # € L (equivalently, LA,y @ LAgz) = LAf(z)4g(z), for all z € L) if and only
i Ap) L N Ay L = (0) = LAf(z) N LAy for all 2 € L, under the assumption
regularity of f4+g. We also prove that, f+g¢ is a regular element in A, if fA®gA =
(f+g)A (or equivalently, Af©Af = A(f+g)), then Ap) LOA g2 L = A p(a)4g(2) L
for all x € L (or equivalently, LAy © LAg(z) = LAf(2)4g(x), for all z € L) , and
if fANgA=(0)=AfnN Ag, then )‘f(z)L N )‘g(cc)L =(0) = L)‘f(ar:) N L)‘g(x)v for all
x € L.

Shorted operators associated to positive semidefinite Hermitian matrices were
introduced by Anderson [3]; they correspond to impedance matrices of electrical
networks with some ports shorted out. Let S denote the set of positive semidefinite
Hermitian n x n matrices, and let e be an idempotent n x n complex matrix. For
a € S\eSe*, there is a unique shorted operator of a corresponding to the subspace
eC", the formulas for which were given by Anderson and Trapp [4]. In [9], the
authors showed that the above shorted operator is permutation equivalent to
aftf, where f = e* and f,| is the a-weighted Moore-Penrose inverse of f. They
also obtained this result from an analysis of a partial order <% on M, (C), by
proving that if the partially ordered set C = {s € eSe* : s <% a} has maximal
(meaning maximal proper) elements, then af, f is the unique maximal element
of C'. In the literature, many of the papers involve extensions of these ideas to
elements of an arbitrary (von Neumann) regular ring R; specialization to the case
in which R = M,,(C) yields the above results. The relation <% on R is defined as
follows: <% if and only if bR = aR & (b — a)R. Now we recall again [8, Theorem
1]. The latter condition is right-left symmetric by [8, Theorem 1]. Moreover,
as proved in [8, Remark 1], <% coincides with a differently defined partial order
introduced by Hartwig [7]. Hartwig-Luh showed that, when R is a regular ring,
the statement (2) is equivalent to the statement (3) in [8, Theorem 1] with the
additional hypothesis that a € bRb (see [12, page 5]). For any two elements a,b
in a von Neumann regular ring R, the relations <%, <~ and <® on R are also
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defined as follows:
1. a<®bif bR=aR® (b—a)R.

2. a <7 b if there exists an x € R such that ax = bx and za = xb, where
ara = a, and called it that a is less than or equal to b under the minus
partial order.

3. a<?b,if aR C bR and Ra C Rb.

In the present paper, we will introduce the relations <%, <~ and <® on a
von Neumann regular endomorphism ring A of Leavitt path algebra Li(E) and
investigate the behavior of regular elements in A.

2 Definitions and preliminaries

We recall some graph-theoretic concepts, the definition and standard examples
of the Leavitt path algebras.

Definition 1. A (directed) graph E = (E°, B!, r, s) consist of two set E and E!
(with no restriction on their cardinals) together with maps r,s : E! — E?. The
elements of E? are called vertices and the elements of E! edges. For e € E', the
vertices s(e) and r(e) are called the source and range of e. If s71(v) is a finite set
for every v € E°, then the graph is called row-finite. If E° is finite and E is row
finite, then E' must necessarily be finite as well; in this case we say simply that
E is finite.

A vertex which emits (receives) no edges is called a sink (source). A vertex v is
called an infinite emitter if s~! is an infinite set. A path « in a graph F is a finite
sequence of edges o = ej...e,, such that r(e;) = s(e;41) for 1 <i <n — 1. In this
case, s(a) = s(e1) and r(a) = r(e,) are the source and range of «, respectively,
and n is the length of . We view the elements of E° as paths of length 0.

If o is a path in E, with v = r(«) = s(«) and s(e;) # s(e;) for every i # j,
then « is a called a cycle. A graph which contains no cycles is called acyclic.

Definition 2. (The Leavitt Path Algebras of Arbitrary Graph)

For an arbitrary graph F and a field K, the Leavitt path K-algebra of E,
denoted by Ly (FE), is the K-algebra generated by the set E° U E' U {e*|e € E'}
with the following relations,

_ 0
1 = G, v; Vi for every v;,v; € E

2) s(e )e—e—er()foralleEEl.

4) (CK1) e*f = ¢ gr(e) for all e, f € E.

(1) v
(2)
(3) r(e)e* = e* = e*s(e) for all e € E.
(4)
(5)

(CK2)v Z{eeEl s(e)=u} €€" for every v € EY that is neither a sink nor an
infinite emitter.
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The first three relations are the path algebra relations. The last two are the so-
called Cuntz-Krieger relations. We let r(e*) denote s(e), and we let s(e*) denote
r(e). If @ = ej...ep, is a path in E, we write a* for the element e...ef of Li(E).
With this notation, the Leavitt path algebra Ly (F) can be viewed as a K —vector
space span of {pg* | p, q are paths in E}.

We remark that the Leavitt path algebras that we look at will not necessary
have a unit. If F is a graph and K is a field, the Leavitt path algebra Ly (FE) is
unital if and only if the vertex set E is finite, in which case Y overo ¥ = 1, (B)-
However, every Leavitt path algebra does have a set of local units (A set of local
units for a ring R is a set S C R of commuting idempotents with the property
that for any « € R there exists t € S such that tx = 2t = . If R is a ring with
a set of local units S, then for any finite number of elements x4, ..., x, € R, there
exists t € S such that tx; = x;t = z; for all 1 < i <n.)

Let E be a graph with the field K and the Leavitt path algebra L := Lg(F),
A the unital ring End(Ly) and L be identified with a subring of A. Let ® : L —
End(Ly1) be a monomorphism of rings such that  — A, where A, : L — L is aleft
multiplication by x, i.e. for every y € L, \;(y) := xy which is a homomorphism
of right L-modules. The map @ is also a monomorphism because given a nonzero
x € L there exists an idempotent u € L such that zu = z, hence 0 # x = A, (u).

Throughout the paper, we will assume that F is an arbitrary graph, K is any
field and A is the endomorphism ring of L := L (F) as a right L-module.

3 Main results

An element a € R is called regular if axa = a for some x € R and z is called
an inverse of a. We will denote an arbitrary regular inverse of a by a(!). An
element a € R is called weakly regular if zax = x for some x € R, and z is called
a weak regular inverse of a. We will denote a weak regular inverse of a by a(?.
If axza = a and xax = x, then z is called a strong von Neumann inverse of a. We
will denote a strong regular inverse of a by a12).

The regularity of Homg(M, N), where M and N right-R modules, was intro-
duced by Kasch and Mader in [10] to extend the notion of the regularity of a ring
to Homp(M, N). Recall that f € Homgr(M, N) is called regular if f = fgf for
some g € Homp(N, M). The module Homp(M, N) is said to be regular if each
f € Homg(M, N) is regular. (see also some result of Hompg(M, N) in [14], [15]
and [16]).

Let E be an arbitrary graph, K be any field, A be the endomorphism ring of
L := Lk (FE) as a right L-module. By [6, Proposition 3.1}, if = is a regular inverse
of a € A, then, choosing an idempotent u € L satisfying ua = a = au so that
Ao = Aua, there is a regular inverse A Flw) of A\, in L.

If a € A is a regular element, then A, is the regular element in L by 6,
Proposition 3.1].
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Lemma 1. 1. For any a,b € L, Agip = Ag + Ap.
2. If f,g € A such that g, € {)\g(x)(l)} for all z € L, then f € {gM}.

3. If f,g € A such that f + g is a regular element, then Af)4q(z) s regular
element in L, for any x € L.

Proof. (1) For every x € L, we get

)‘a-f—b(m) = (CL + b)l‘
=ar + bx
= Ao(T) + Xp(z)
= ()\CL + )‘b)(x)a

which implies Ag1p = Ag + Ap.

(2) Let Aj(r) € {Ag)M} for all @ € L. Then Ay A s Ag(z) = Ag(a), for all
T € L. S0 A\y(a)f(2)g(zx) = Ag(z), and hence g(z)f(x)g(x) = f(x) for all x € L.

(3) Take = € L. Since f + g is a regular element in A, there is an h € A such
that f+g = (f +g)h(f + g). Hence,

Af@)+g@) = Mf(@)+9(@)h@)(f(@)+9(x))
= Af(@)+g(@) M(z) A f(2)+g(x)-

Thus Af()1¢(x) 18 Tegular element in L for all z € L. O

In [8, Theorem 1], the authors obtained a kind of symmetry of regular rings
which is interesting and useful in the theory of shorted operators (cf. [9] and
[13]). So we have this symmetry property indeed holds for endomorphism rings
of Leavitt path algebras:

Corollary 1. Let f,g € A. If f + g is a regular element, then the following are
equivalent :

1. fA©gA=(f+9g)A
2. Af ® Ag=A(f+9)
3. fANngA=(0)=AfnN Ag.

Similarly, we have the following equivalent implications under the assumption
regularity of f + g by Lemma 1:

4. /\f(x)L S /\g(x)L = )\f(x)Jrg(x)L, forall x € L,
5. LAf(x) (S5 LAg(x) = L)\f(x)—i—g(a:)a for all x € L,

6. Ap@)L N Aga) L = (0) = LAg(zy N LA for all x € L,

g(z)s
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Theorem 1. Let f,g € A. Assume that f + g is a reqular element.
1. If fA®gA = (f+9g)A (or equivalently, Af @ Af = A(f+g)), then Xj) L@

Aoyl = A L, for all x € L (or equivalently, L\ D LAy =
9(z) f(@)+g(z) f(z) g9(x)
L>‘f(z)+g(x); for all x € L) .

2. If fANgA = (0)=AfnN Ag, then )\f(m)L N )‘g(m)L =(0) = L)‘f(x) N L>‘g(ac)7
forall x € L.

Proof. Let Af & Ag = A(f + g). Since f + g is a regular element, by Lemma
1, we get Ap(z)4g(z) is regular in L. Hence there exists an h € A such that

)\f(x)Jrg(m) = )\f(x)Jrg(w))\h(x))\f(z)+g(x) for all x € L. Write f = T’(f + g) and
g =s(f + g) for some r,s € A. Clearly,

Af@) = Ar(@)(f(2)+9()
= Ar(@) A f(@)+9(a)
and
Ag(2) = As(@)(f(2)+9(2))
= As(@) A (@) +9(a)-
They imply that

A @) M(@) A f@)+g(@) = Ar@) A f(2)+g(a) Ah(@) A f(2)+9(2)
= Ar@) A f(2)+g()
= (@)
and
Ag(@)An(@) Af(@)+g(@) = As(@)Af(@)+9(2) M(@) A f(2)+9(x)
= As(@) Af(@)+9(a)
= )‘g(fv)'
Note that )‘f(x) S )‘f(x)L and )\9(35) S /\g(x)L. Since Af b Ag = A(f + g) and
Af N Ag=(0), by Lemma 1,

Af@) = Af@) M) A f(@)+g(z) = M) M@ A @) T Af@) M) Ag(e)
which implies
Af@) = Af@) M) Af(z)
0= Af@)An(z)Ag(a)
Ag(@) = Ag(@) M(@) A f(2)+g(z) = Ag(a) M(@) Af(2) T Ag(a) M(z) Ag(x)»
and so
Ag(z) = Ag(a) An(z) Ag(x)
0= Ag(@) An(@) A f(a)-
Hence,
Af@)tg@) = Af@) + Ag()
= Af@) @) A @) T A @) An@) Ag@) T Ag@) An@)Ar(z) + Ag(a) M) Ag(e)

= (At@) + Ag(@) M@ Ar)  Apz) + Ag(e) () Ag(a)
= (Af(@) T Ag(2) Pn(@) M) + An(z) Ag())
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which implies )‘f(x)-i-g(z)L = )\f(z)L + )\g(JC)L.
Now we show that )\f(m)L N /\g(x)L = 0. Let y € /\f(:r)L N )\g(z)L. Then
Y = Af(a)k = Ag(a)! for some k,l € L. Thus

Yy =A@k
= Af(@) M)A f @)k
= Af(@) M) Ag(a) !
0
=0
and so )\f(:p)L N )‘g(m)L = 0. Finally, Af(m)L ©® Ag(w)L = )‘f(gc)—i-g(a:)L' [

According to [8] and [9], for any two elements a,b in a von Neumann regular
ring R, the relations <%, <~ and <® on R are defined as follows:

a <% b if and only if bR = aR @ (b — a)R, and called it the direct sum partial
order.

a <~ bif there exists an x € R such that ax = bx and xa = xb, where axa = a,
and called it that a is less than or equal to b under the minus partial order.

a <*b,if aR C bR and Ra C Rb.
It is easy to see that <® is pre-order and that a <= b implies a <° b.

Proposition 1. If A is reqular and f,g € A, then the following conditions hold.

1. If f <% g, then Ay <% Ay for allz € L

9(x

2. If f <7 g, then Afz) <7 Ay(a) for all x € L.
3. If f <% g, then Mgy <° Ag(y) for all x € L.

Proof. (1) If f <% g then we have gA = fA® (g — f)A. By Theorem 1 and
Lemma 1,

Af@) L @ Ap(@)—g(a) L = Ag(a) L

which implies
A @)L ® (Apz) = Ag(a)) L = Aga) L

for any x € L. Hence, Ay, <® Ag(z) for all z € L.

(2) By the hypothesis, there is an h € A such that fh = gh and hf = hg,
where fhf = f. Take any x € L. It is easy to see that Ay )n(z) = Ag(a)n(x) implies
Ar@An(a) = Ag()Mn(a) A0 An@)f(@) = An@)g(a) IMPLCS @) Ar@) = Ana) Ag(@)s
where Apa) = Ar@)h(@)f(z) = Ap@ M) Ar@): SO Ape) ST Ag(a) for any 2 € L.

(3) Let € L. Since f < g we have fA C gA and Af C Ag, so there exist
an h € A such that f = gh. We show, Ap,) <* Ay, for all z € L. Take any
Y € Af(z)L. Then y = A,z for some z € L. Clearly,

Yy =Ar@)*

Az)Zz
(A)h(Az)z
= Ag(a) An(z)Z-

Af
I
g
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Therefore, y € Ay L and so Ay,)L C A
)‘f(:z:) < Ag(:c) for all x € L.

yL. Similarly, Ag)L € Ay L. Thus

g(x g(z

Remark 1. If A is reqular and a,b € A, then each of the statements (1)-(3) in
Corollary 1 is equivalent to

(1) f< f+yg
and each of the statements (4)-(6) in Corollary 1 is equivalent to
(2) )‘f(z) <" Af(x)+g(:r:)7 forall x € L.

Let us continue with a study of the minus partial order in terms on a
(strong/weak) regular inverse of an element of the regular ring A.

Theorem 2. If A is reqular and f,g € A, then the following conditions are
equivalent

1. f<Tyg

2. Ajw) < Agay, for all z € L.

{gWy c {rWy

. {/\g(z)(l)} - {/\f(x)(l)}, for all x € L.
gD} C {f}

Mooy} € Dy WY, for allz € L.

SRS NS

Proof. (1) = (2) This follows from Proposition 1.
(1) = (3) As f <™ g, there exists some h € A such that fh = gh and hf = hg
where fhf = f. Clearly,

f(@) = f(@)h(z) f () = f(z)h(x)g(x) = g(x)h(z) f(z)

for any 2 € L. For any t € {¢g(V'} and for any = € L, we have,

which implies t € {f(V}, i.e., {gM} € {fD1.
(2) = (4) Since Ap(p) <7 Ag(y) for all z € L, there exists a A\y(,) € {)\f(x)(l)}
such that Ar)An@) = Aga)Mn@) and Ay@)Af@) = An@)Ag@)- For any z €
{Ag(x)(l)}a
Af(@) M) Ag(2) 2 Ag(2) A(z) As (2)

= Af(@) (@) Ag(a) M) Af ()
Af(
A

which implies 2 € {X;()V'}. Thus {Ay) M} € {Apy)V} for all z € L.
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(3) = (4) Let {gM} € {fW}. Take any M) € {Ag()V} for all z € L. Then

= Ag(2) Mh(z) Ag(x)
= Ag(2)h(z)g(x)>

g(x)

which implies g(z) = g(z)h(z)g(x), i.e., g = ghg. Thus, h € {gV}. By the
hypothesis, h € {f(M}. Also, f(x) = f(z)h(z)f(x) implying

Af(@) = Af(@)h(z)f(z)
= Af(@) (@) A (@)

and 80 A\j(y) € {)\f(m)(l)}. Hence {)\g(m)(l)} C {)\f(x)(l)} for all x € L.
(3) = (5) and (4) = (6) are trivial.
(5) = (1) Fix h € {g"?} and set r = gh,s = hg. By the hypothesis,
he {fM}. So we get
f@)h(@)f(x) =f
g(@)h(x)g(x) = g(x)
=h

f(x)

Let t = hfh. Then, for any x € L,
t(x)

which implies

x)s(x)h(z)

f(x)s(z) = f(@)h(z)(r(z) f(x)s(z)) = f(z)h(x) f(x) = f(z)
and

r(x)f(x) = (r(z)f(z)s(z)h(z)) f(x) = f(x)h(x)f(x) = f(z).
Thus, for all z € L,

~
—
8
N~—
~
—
N
=
&
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and

Hence, f <™ g. O

It is well known that the minus partial order is a partial order on A, when A
is regular.

Theorem 3. If A is reqular and f,g € A, then the following conditions are
equivalent.

1. f<%g
2. Apz) <° Ag(a) for all z € L.
f=99Vf=rfgWyg

Af(w) = Ag(w))‘g(x)(l))‘f(a:) = Af(ac))‘g(x)(l)/\g(g;) for all x € L.

Svoo e

fgWg is invariant under the all choices of gV).
6. )\f(m))\g(m)(l))\f(x) 1s invariant under the all choices of )\g(x)(l) forall x € L.

Proof. (1) = (2) This follows from Proposition 1.
(1) = (3) Let f <® g. Then fA C gA and Af C Ag. There exist h,t € A
such that f = gh and f = tg. For all z € L and for all ¢() € {g(V}, we obtain

which implies f = fgWyg.
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(3) = (4) Let f = g¢gVf = fgWg. For all z € L, we have

FO) = g(Aa) g™ (Aa) f( )

implying
A @) = At h) A s )
and
FO) = F)gW (Aa)g (M)
implying

M) = MA@ M Ag(a)-

(3) = (5) Let h,t € {g'V} be arbitrary. For every x € L, we obtain that

which implies ftf = fg™V f. Hence f¢(!) f is not depend on gV,
(4) = (6) Let Ay € {Ag()V} with z € L. For every Ay € {Am)M},
we have >‘f(z) = )\f( ))\
Then (A

9()
" ))‘f(a:)
0@ 2@ A = oA IA @) Ae) DAy, and s0 gy =
9@ @) VA @A) P Ag(@) 50, Apa) = Mg M) A (@) M) Mg )

Now,

A

o 0(@) M) M (@) M) M) Ag@) )(A 9(2) M) A (2) Mh() Ag(x))

=(A
= Az )Ahww( Y An(z) Ag@)Ag@) M Ag(e)) M)A (@) M) A (a)

Ag(x)

= Ag(2) M(@) A (2) M(2) Ag(2) Ah(@) A f (2) A (2) Ag(a)

Af@Ag@) Af(a)

which does not depend on )\g(x)(l).
(5) = (6) Let Apea), Ava) € {)\g(x)(l)} with z € L and let fg(! f be invariant
under the all choices of {¢gV}. By Lemma 1, h,t € {g(V}. Then

Af@ @A @) = f(Aa)h(Az) f(Az)
f( 2)t(A2) f(Az)
= Af(@) @) A f(a)-
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Hence, Af(x)kg($)(1)kf(z) is invariant under the all choices of {)\g(x)(l)} for all
xz € L.
(5) = (1) Fix h € {¢gV} and set

e1:=gh, ey:=1—gh, fi:=hg, fe:=1-hg

Then 1 = e; + e and 1 = f; + fo are two decomposition of identity of the
endomorphism ring A of Lx(E). If ¢ € {g)} then, for every z € L,

fi@)gM (@)es(x)

so we have figWMe; = hgh and
9(x)(fi(@)gM ()e1(x))g(z) = g(x)(h(z)g(x)h(x))g(z).
Thus g(x)gM (z)g(z) = g(z) so ggVg = g. Therefore gV) € {gV} if and only if

g(l) _ [ hgh iz ]
Q21 (22

where o ; € fiAej, i,j = 1,2 are arbitrary. Now,

f(z)
) f(x)

(z) + f(x)az

8
~—

Q
3]
(V)
—
g

D
()
—

)
(

does not depend on 12, (a1, aog. Setting a1o = aga = 0, we have f(x)ag1(z) f(x) =
0 for all ag; € faAe; and for all © € L. Then f(z)f2(z)t(x)er(z)f(x) = 0 for all
t € A and for all x € L. Multiplying this equation by e;(x) from left and by fao(x)
from the right, we get, for all z € L

(e1 (@) f () fa(2))t(z) (1 (x) f (2) f2(2)) = 0.

Since A is regular we can choose t = (e f f2)1) € {elffél)}. Hence e (x) f(x) fa(z)
for all x € L. Similarly, ea(z)f(x)fi(x) = 0 and es(x)f(z)f2(z) = 0, so we
conclude, for all z € L,

f(z) = er(x) f(2) fr(x) = g(x)h(x) f(x)h(z)g(x)

which implies f = e; ff1 = ghfhg. Consequently, fA C gA and Af C Ag.
(6) = (2) This is similar to (5) = (1). O
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