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RINGS IN WHICH NOT INVERTIBLE ELEMENTS ARE
UNIQUELY CLEAN

Yonghua GUO*! and Hua JIANG?

Abstract

We call a ring R a generalized uniquely clean (or GUC for short) if every
not invertible element in R is uniquely clean. Let R be a ring. It is shown
that R is GUC if and only if it is a local ring or a uniquely clean ring. Thus
the GUC ring is a generalization of the local ring. Some basic properties of
GUC rings are proved.
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1 Introduction

Throughout this paper, R denotes an associative ring with identity 1, all
modules are unital left R-modules. An element a in a ring R is strongly clean,

2 —¢ € Rand u is a unit. A ring R is

if a = e +u and eu = ue where e
called strongly clean if every element is strongly clean. Strongly clean rings are
studied by many authors (cf. [7, 8, 9, 10, 11, 15]). An element a in a ring R
is uniquely clean, if a = e + u where > = ¢ € R and u is a unit, and this
representation is unique. A ring R is called uniquely clean if every element is
uniquely clean. Uniquely clean rings were first studied by Anderson and Camillo
[1] in connection with commutative clean rings. Uniquely clean rings are always

strongly clean by [14, Lemma 4]. But the uniquely clean element need not be
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strongly clean (cf. [12, Example 1.1]). Dorin Andrica and Grigore Calugareanu
discussed uniquely clean 2 x 2 invertible integral matrices in [3]. Recently, the
rings whose clean elements are uniquely clean (CUC for short) are completely
characterized by Grigore Calugareanu and Yigiang Zhou in [4]. It is clear that
CUC ring need not be strongly clean. Thus, a natural problem is what uniquely
clean subset of a ring R such that R is strongly clean. The class of the rings
described by the title is a partial answer of the question.

For a ring R, J(R) denotes the Jacobson radical of R and U(R) is the group
of units of R. We write ucn(R) for the set of uniquely clean elements in R. The
center of R is denoted by Z(R). Other standard terminology and notation in rings

and modules we refer the reader to [2].

2 Generalized uniquely clean rings and examples

Definition 2.1. A ring R is called generalized uniquely clean (or GUC for short)

if every not invertible element in R is uniquely clean.

It is clear that uniquely clean rings are GUC rings. The following lemma will

be used.
Lemma 2.2. Let R be a ring and a € R. If a is uniquely clean, then so is 1 — a.

Proof. Suppose that a € R is uniquely clean. Then there exists e? = e € R and
u € U(R) such that a = e +u. Hence 1 —a = (1 —e) + (—u) € R. Suppose
l—a=f+wvwhere f2=f € Randv € U(R). Then a = (1 — f) — v. Since a is
uniquely clean, there is 1 — f = e and then 1 — e = f. O

Since 0 is uniquely clean in a GUC ring R and hence 1 is uniquely clean in R

by Lemma 2.2.

Lemma 2.3. Every idempotent in a GUC ring R is central. Moreover, R is

strongly clean.

Proof. If €2 = e € R, then e is uniquely clean (if e is not invertible, then it
is uniquely clean; if e is a unit, then e = 1 is uniquely clean by Lemma 2.2).
Therefore e € Z(R) by [12, Corollary 2.8]. O

Lemma 2.4. R; is a ring for all ¢ € I. If [[,.; R; is GUC, then each R; is GUC.

Proof. Obviously each R; is clean. For every element a ¢ U(R;), there is an
element (1,...,a,1,...) € [[;c; R;i that is not a unit. Because [[,.; R; is GUC,
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(1,...,a,1,...) is uniquely clean in [[,.; R;. Then a is uniquely clean in R; (oth-
erwise, if a has two different clean decompositions at least, then (1,...,a,1,...)

has two different clean decompositions at least, a contradiction). ]

The converse of the Lemma 2.4 is false. For example, clearly Zs and Zs are
GUC. But Zs x Zs is not GUC. Because (0,2) is not invertible in Zgo x Zs and
(0,2) = (1,0) + (1,2) = (1,1) + (1,1) are two different clean decompositions in
Lo X Z3.

Theorem 2.5. Let I be an index set with |I| > 2. If R; is a ring for all ¢ € I,
then [[,c; R; is GUC if and only if each R; (i € I) is uniquely clean.

Proof. First we know if each R; is uniquely clean, then [[,.; R; is uniquely clean
by [14, Example 3] and then [[,.; R; is GUC. Conversely, assume [[;,.; R; is

GUC and R; is not uniquely clean for a j € I. Then there exists a is not

uniquely clean in R;. Hence (0,...,0,a,0,...) is not uniquely clean in [[;.; R;.
But (0,...,0,a,0,...) is not invertible in [[;.; R; and then (0,...,0,a,0,...) is
uniquely clean, a contradiction. Thus each R; (i € I) is uniquely clean. O

Corollary 2.6. Let R be a ring and 0 # ¢? = ¢ € R. If R is GUC, then so is

eRe. Specifically, if e is not trivial, then eRe is uniquely clean.

Proof. Because R is GUC, R = eRe® (1—e)R(1—e) clearly for 0 # e? = e. Hence
eRe is GUC by Lemma 2.4. Specifically, if e is not trivial, then eRe is uniquely
clean by Theorem 2.5. O

Corollary 2.7. Every GUC ring R is directly finite (Va, b € R, ab = 1 implies
ba =1).

Proof. Assume ab = 1, then baba = b(ab)a = ba. Then ba is an idempotent and
ba is central by Lemma 2.3. So ba = ba(ab) = a(ba)b = 1. O

Example 2.8. Let R be a ring. If R is local then R is GUC.

Proof. Suppose ring R is local. Then R is clean and has only two idempotents
that 0 and 1 by[14, Lemma 14]. So clearly, R is strongly clean. For every element
a € R and a ¢ U(R), a has only a clean expression that a = 1 + (a — 1) where
a—1¢€U(R) (Because R is local). Hence a is uniquely clean. O

Proposition 2.9. For a ring R, the following statements are equivalent:

(1) R is a local ring;



160 Yonghua Guo and Hua Jiang

(2) Ris a GUC ring and 0 and 1 are the only idempotents in R;
(3) R is a strongly clean ring and 0 and 1 are the only idempotents in R;

(4) R is a clean ring and 0 and 1 are the only idempotents in R.

Proof. (1) = (2) If R is local, then R is GUC by Example 2.8.

(2) = (3) By Lemma 2.3.

(3) = (4) Tt is clear.

(4) = (1) By [14, Lemma 14]. O

Now we can give the structure theorem of GUC rings.
Theorem 2.10. For a ring R, the following statements are equivalent:
(1) Ris a GUC ring;
(2) R is alocal ring or R is a uniquely clean ring.

Proof. (1) = (2) If a GUC ring R is not a local ring, then there exists idempotent
e which is not trivial such that R = eRe @ (1 — e¢)R(1 — e). Hence eRe and
(1—e)R(1—e) are uniquely clean by Corollary 2.6. So R is uniquely clean by [14,

Example 3].
(2) = (1) If R is a uniquely clean ring, obviously R is GUC. If R is local, then
R is GUC by Example 2.8. O

Corollary 2.11. If R is GUC, then R/J(R) is a Boolean ring or a division ring.

Proof. Let Ris GUC, then R is uniquely clean or local. Then R/J(R) is a Boolean
ring by [14, Theorem 20] or a division ring. O

Corollary 2.12. If R is GUC, then every nonzero homomorphism image of R is
GUC.

Proof. Let R is GUC, then R is local or uniquely clean. Because every nonzero
homomorphism image of uniquely clean ring (local ring) is again uniquely clean
(local ring) by [14, Theorem 22]. Hence every nonzero homomorphism image of
R is GUC. O

We know that units lift module an ideal I of a ring R if whenever u € U(R/I)
there exists v € U(R) such that v = 4. Similarly, we say that idempotent lift
module an ideal I of a ring R if whenever a? = a € R/I there exists 2 = e € R
such that e =a € R/I.
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Lemma 2.13. Let R be a ring. Then units lift module J(R).

Proof. Let R = R/J(R). For every a € U(R), there exists b € R such that ab = 1.
Let a=a+ J(R) and b = b+ J(R), where a,b € R. So 1 —ab € J(R) and hence
1 — ab is quasi-regular (Because each element in J(R) is quasi-regular). So ab is
invertible. Hence a € U(R). O

Proposition 2.14. Let R be a GUC ring and R = R/J(R). The following hold:
(1) Foranye? =c€ R, f2=f € R,ucU(R),ife# f,thene+ f #1+u;
(2) Foranye? =ec R, f2=fc R, ucU(R),ife# f, thene+ f # 1+ .
Proof. (1) Assume e? =c¢€ R, f2=fc R ucU(R)ande# f, e+ f=1+u.
Thene = (1—-f)+u=(1—e)+ (26 —1). If e is a unit, then e = 1. Hence
f—u=1—e=0. So f =u and then f =1 = e, a contradiction.

(2) Givene? =e€ R, f>=f € R,u € U(R) and € # f. Because idempotents

lift module J(R) [14, Lemma 17], e and f are idempotents. Hence for any u €
U(R), e+ f#1+wufrom (1). Then &+ f # 1 + @ by Lemma 2.13. O

Chen et al. [6] call a ring uniquely strongly clean (or USC for short) if every
element can be written uniquely as the sum of an idempotent and a unit that

commute.
Example 2.15. Z3) is a GUC ring that is not uniquely clean and is not USC.

Proof. We know Z3) = {a/bla,b € Z,(3,b) = 1} and Z3) is local. Hence Z3) is
GUC. Clearly, 7/2 = 0+7/2 = 1+5/2 are different clean decompositions in Zs).
Thus Z3) is not uniquely clean and is not USC. O

A ring R is called a semipotent ring if every right (left) ideal I € J(R) of R

contains a nonzero idempotent.
Proposition 2.16. If R is a clean ring, then R is a semipotent ring.

Proof. If R is clean and T' € J(R) is a right (or left) ideal of R. Then there exists
0 # €2 = e [14, Lemma 17]. Hence R is a semipotent ring. O

Proposition 2.17. Let R be a GUC ring and let n =1+ 1+ --- 4+ 1 (The sum
of n ones and 1 is the identity of R). Then n € J(R) or n € U(R).

Proof. Suppose R is a GUC ring. If R is local then clearly n € J(R) or n € U(R)
for each n € R. If R is uniquely clean then 2 € J(R) by [14, Lemma 18]. Thus
2n € J(R) for each n € R. Then 2n—1 € U(R). Therefore n € J(R) orn € U(R)
for each n € R. O
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Example 2.18. An n X n matrix ring is never GUC for any n>1.

Proof. Assume a n x n matrix ring S = M, (R) is GUC where R is a ring. We see

10 - 0
00 --- 0
that a = | =~ = | € R is an idempotent. Hence a is central by Lemma
0 0 0
2.3. But
0 0 0 0
0 0 0
=0,
00 0 00 0
0 0 0 1 0
0 0 0 0
0 0 0 0 0 0 0 0 0
a contradiction. O

We can find that a triangular matrix ring T, (R) is never GUC for any n>1
where R is a ring by Example 2.18.

If Ris aring and o : R — R is a ring endomorphism. let R[[z,«]] denote
the ring of skew formal power series over R and the multiplication defined by

axr = a(r)z for all r € R. Let R[[z]] be the ring of formal power series over R.

Proposition 2.19. Let R be a ring and a : R — R is a ring endomorphism.
Then R|[z,a]] is a GUC ring if and only if R is a GUC ring and e = «(e) for all
e?=e€R.

Proof. Tt is well known that the uniquely clean ring holds true by [14, Example
9]. It is well known that the situation of local ring is true. Hence we can get the
result. O

Corollary 2.20. Let R be a ring, then the power series ring R[[z]] is GUC if and
only if R is GUC.

A ring R is called left quasi-duo (respectively right quasi-duo) if every maximal
left (right) ideal of R is an ideal.

Proposition 2.21. Every GUC ring is left and right quasi-duo.
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Proof. If R is uniquely clean, then R is left and right quasi-duo by [14, Proposition
23]. If R is local, then J(R) is the only max left or right ideal of R and J(R) is
an ideal. Hence every GUC ring is left and right quasi-duo. O

3 Uniquely clean elements of GUC rings

We know that not invertible elements in a GUC ring are uniquely clean. But
also there are some invertible elements in a GUC ring are uniquely clean. In this
section, the set of uniquely clean elements in GUC rings was given.

According to [12, Definition 2.1], for a ring R,

ucng(R) = {e+j| e?=ecZ(R), je J(R)}.
It is clear that ucng(R) C uen(R) by [12, Lemma 3.5].
Proposition 3.1. Let R be a GUC ring. Then idempotents lift uniquely module
J(R).

Proof. Because R is clean, idempotents lift module J(R). Hence if a®> —a € J(R),
then there exists €2 = e € R such that e —a € J(R). Assume f —a € J(R)
where f2 = f € R. If a ¢ U(R), then —a is uniquely clean and then —a =
l1—-e)—[1=(e—a)) = 1—-f)—[1—(f—a). Note that 1 — (e — a) and
1 — (f —a) are units in R because e —a € J(R) and f —a € J(R). Hence e = f.
If a € U(R), because e —a € J(R), then ea™! —1 € J(R) and then 1 —ea™! € J.
Soea ' =1— (1 —ea"!) € U(R). Similarly, we have fa~' € U(R). Hence e and
f are units in R. Thuse= f =1. 0

Lemma 3.2. If R is a local ring, then uen(R) = ucng(R).
Proof. Let R be a local ring and a € R is uniquely clean. There are two cases:
(i) If a ¢ U(R), then a € J(R) and then a = 0+ a € ucngR;

(ii) If @ € U(R), then a — 1 € J(R). Otherwise, a =0+a =1+ (a —1) are
two different clean decompositions. But a is uniquely clean, a contradiction.
Hence a =1+ (a — 1) € ueng(R).

Hence a € ucng(R) and then uen(R) = ucng(R). O
Lemma 3.3. If R is a uniquely clean ring, then ucn(R) = ucng(R).

Proof. Let R be a uniquely clean ring with radical J = J(R), then idempotents
lift module J(R) and R/J is Boolean by [14, Theroem 20]. Hence uen(R/J) =
ucng(R/J). So uen(R) = ucng(R) by [12, Proposition 3.6]. O
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Proposition 3.4. If R is a GUC ring, then ucn(R) = ucng(R).

Proof. This can be concluded by Theorem 2.10, Lemma 3.2 and Lemma 3.3. [

Theorem 3.5. The following statements are equivalent for a ring R with radical
J=J(R):

(1) Ris GUC;
(2) R/J is GUC and idempotents lift uniquely module J;
(3) R/J is GUC, idempotents lift module J and idempotents in R are central;

(4) For every not invertible element a € R, there exists a unique central idempo-
tent e € R such that e —a € J.

Proof. (1) = (2) It is easily proved by Corollary 2.12 and Proposition 3.1.

(2) = (3) Forevery €2 = e € R,r € R, we have [e+(er—ere)]? = [e+(er—ere)]
and er = rée where € = e+ J, 7 = r + J. Then er = ere and then er — ere € J.
Hence e = e + (er — ere) by idempotents lift uniquely module J. So er = ere.
Similarly, we have re = ere. Hence er = re.

(3) = (4) For every a € R and a ¢ U(R), we have a = a+ J ¢ U(R/J).
Because R/J is GUC, a € ucn(R/J) = ucno(R/J) by Proposition 3.4. Thus
there exists (6)2 = € € R/J such that @ = € and then e —a € J. Assume
f—acJwhere f2=f € R. Thene— f=e—a— (f —a) € J. Clearly e(1 — f)
is an idempotent of R and e(1 — f) = (e — f)(1 — f) € J(R). Thus e(1 — f) = 0.
So e = ef. Similarly, we have f = ef. Hence e = f.

(4) = (1) For every a € R and a ¢ U(R), there exists a unique central
idempotent e € R such that e — a € J. Thus there exists j € J such that
a=e+j€ucng(R) C ucn(R). Hence R is GUC.

O

Let M be a left R-module. It was proved in [6, Example 9] that a« € End(rM)
is USC if and only if there exist a unique decomposition M = P & Q where P, Q)
are a-invariant and a |p and (1 —«) |g are isomorphisms. So we can immediately

come to the following example.

Example 3.6. Let M be a left R-module such that End(gM) is a GUC ring and
a € End(rM). The following are equivalent:

(1) a ¢ U(End(rM));
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(2) There exists a unique decomposition M = P @ ) where P, ) are a-invariant

and a |p and (1 — «) |g are isomorphisms.
Let A and B be rings. Then a bimodule 4 V3 is called indecomposable bimodule

if both 4V and Vp are indecomposable.

AV
Example 3.7. Let R = o Bl where A and B are GUC rings and 4Vp is an
indecomposable bimodule. The following are equivalent:
(1) R is strongly clean;

(2) f1—a € uen(A),b € uen(B),v € Vand 1 —a = (1—e)+j1,b = f+ jo where
e?=c€ A, f2=f¢€B,j1 € J(A), j2 € J(B), then there exists x € V such
that r = ex +xf and ev — vf = zb — ax.

Proof. (1) = (2) Let (g Z) € Rand 1—a € uen(A),b € ucn(B). And there ex-

istse?=ec A, f2=fe B,j1 € J(A),jo € J(B)suchthat 1 —a = (1—e)+j1,b =
f+72. Hence a = e+(—j1) and a is uniquely clean. Clearly, there exists z € V' and

2 = ex+zf. Then (1—6 x ><1—e x >:<1—e 23:—6:U—xf>:
0 1-7f 0 1-f 0 1—f

1-— 1-—
c . . Hence ¢ v is an idempotent element in R. We have
0 1—f 0 1-—f

) ) 2e—1—71 vV—x
2¢—1—4j1 € U(A),2f —1+ 4o € U(B). So ceU(R
N ( ) f J2 ( ) 0 2f—1+j2> ( )

1-— 2e—1—7j -
and then [© V) = c v + c ) v | is a clean
0 b 0 1-f 0 2f =14 jo

decomposition of g Z) Because 1 — a € ucen(A) and b € ucn(B), a and

a v
b are uniquely clean. Thus the clean decomposition of 0 b whose idempo-

. 1—e * . a v
tent part is . R is strongly clean. So we can let =
0 1—f 0 b
1—e¢ T 2e —1—11 V—T . ..
+ | is a strongly clean decomposition.
0 1—f 0 2f =1+ 52
1-— 2e—1—3j —
We have © 7 ¢ ) v ]
1—f 0 2f — 14 jo

_(=e)ee—1-j) (16)(vw)+ﬂ:(2fl+J’2)> ond
0 (L= D@f=1+52)
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2e—1—1n vV —T 1—e T
0 2f =1+ 342 0 1-f
% —1—j)(1—€) (2e—1-—j —2)(1-
_(Re=1-i)(i—e) Gem1—qe+=a=H) g
0 2f =1+72)(1—f)
z(2f —1+j2) = (2e —1—j1)z+ (v—2)(1 — f) and then ev — vf = xb — ax.
(2) = (1) For each r = g Z € R. We will prove R is strongly clean in four

cases:
(i) fa € U(A) and b € U(B), then r € U(R) and then r is strongly clean.

(ii) If a ¢ U(A) and b ¢ U(B), then 1 —a € ucn(A) and b € ucn(B). Hence
l—a=(1-¢e)+j1and b= f+ jo where e2 = e € A, f>2 = f € B,
j1 € J(A) and js € J(B) by Proposition 3.4. Hence a = e+ (—j1) = € — j1.
So there exists x € V such that + = ex + zf and ev — vf = ab — ax by

(2). Hence (1—6 x )(1—6 x )_(1—6 2:1c—ex—azf>_
0 1—-f 0 1—-f 0 1—-f
(l—e x > <26—1—j1 vV—T )(1—6 x )
and
0 1—f 0 2f =1+ jo 0 1—f
_[1-e x 2e —1—71 vV—T
Lo 1-7 0 2f —1+4jo )

1—
Clearly 2e—1—j; € U(A) and 2f—14j» € U(B). Thusr = ( . ‘ ) v f) v
2¢e —1—171 vV—T .
| is strongly clean.
0 2f =14 4o
(iii) If a € U(A) and b ¢ U(B), there are two cases. If 1 —a ¢ U(A), then

10
the proof is the same as (i7). If 1 —a € U(A), then g Z) = (O ) +
s

—1 0 0
a v — + “a v where s2 = s € Band b—s € U(B)
0 b—s 0 s 0 b—s

are two clean decompositions. Because V is an indecomposable bimodule, 0
and 1 are the only idempotents in End(4V'). Let p(b) : v — vb where b € B
and v € V. Then clearly p(b) € End(4V'). Because p(s)p(s) = p(s), p(s) is
an idempotent element in End(4V'). Thus p(s) = 0 or p(s) = 1. Hence vs =

0 0 a v 1 0 a—1 v
Oorvs=wv. Sor = + orr = +
0 s 0 b—s 0 s 0 b—s

is a strongly clean decomposition. Hence r is strongly clean.

(iv) If a ¢ U(A) and b € U(B), there also two cases. If 1 —b ¢ U(B),
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then b € uen(B) and 1 — a € wucen(A). Then the proof is the same as

m 0 a—m v
(0 0) + 0 5 are two clean decompositions. Because V is an

indecomposable bimodule, 0 and 1 are the only idempotents in End(Vp).

Let A(a) : v — av where a € A and v € V. Then clearly A(a) € End(Vp).

Because A(m)A(m) = A(m), A(m) is an idempotent element in End(Vp).

Thus A(m) = 0 or AM(m) = 1. Hence mv = 0 or mv = v. Sor =

(m 0>+<a—m U) orrz(m 0>+<a—m v >isastrongly
0 0 0 b 0 1 0 b—1

clean decomposition. Hence r is strongly clean.

Thus we have shown the result. O

4 GUC group rings

We know that GUC rings include uniquely clean rings and local rings. In
addition, there are some results on group rings of uniquely rings and local rings
are proved in [5] and [13] respectively. Corresponding, we can also obtain some
conclusions about group rings of GUC rings.

If G is a group and p is a prime number, g € G is called a p-torsion element if
the order of ¢ is p* for some k > 0. If every element is p-torsion, then G is called
a p-group. A group G is called locally finite if every finitely generated subgroup

is finite. For convenience, all p in this paper are prime numbers.
Lemma 4.1. ([13, Theorem]|)Let A be a ring and G a group.
(1) If AG is local then A is local, G is a p-group and p € J(A);
(2) If Ais local, G is a locally finite p-group and p € J(A) then AG is local,

(3) If G is abelian then AG is local if and only if A is local, G is a p-group and
p € J(A).

Proposition 4.2. Let R be a ring and let G be a group. If RG is GUC then R
is GUC, G is a p-group and p € J(R).

Proof. If RG is GUC, then R is GUC by Corollary 2.12. We know RG is uniquely
clean or local. If RG is local, then G is a p-group and p € J(R) by Lemma 4.1.
If RG is uniquely clean then G is a 2-group by [5, Theorem 5] and 2 € J(R) by
[14, Lemma 18]. O
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Lemma 4.3. Let R be a ring with R/J(R) = Z and let G be a locally finite
group. Then RG is GUC if and only if G is a 2-group.

Proof. If RG is uniquely clean the result follows from [5, Theorem 5]. If RG is
local, then G is a p-group and p € J(R) by Lemma 4.1. Because R/J(R) = Zo,
R is uniquely clean by [14, Theorem 15]. We know if p # 2 then p ¢ J(R) by the
proof of Proposition 2.17. Hence p = 2. Thus we can get the result in conjunction
with the previous proof. For the converse, R is uniquely clean by R/J(R) = Zs.
Hence RG is uniquely clean by [5, Theorem 12] and then RG is GUC. O

Proposition 4.4. Let R be a ring and let G be a locally finite 2-group. Then
RG is GUC if and only if R is GUC and 2 € J(R).

Proof. Tt is easily proved by [5, Theorem 12] and Lemma 4.1. O

Let G be a group. Let G be the derived subgroup of G and for each i > 0,
G+ denote the derived subgroup of G, Thus the series G = GO > g >
G®@ D ... is called the derived series of G. If G(™ = 1 for some n then G is called
solvable.

By the proved of [5, Theorem 13|, we know a solvable 2-group is a locally finite

2-group. Hence we can draw the following inference.

Corollary 4.5. Let R be a ring and let G be a solvable 2-group. Then RG is
GUC if and only if R is GUC and 2 € J(R).

Similar to [5, Theorem 12], we can obtain a theorem on group rings of GUC

rings.

Theorem 4.6. Let R be a ring and let G be a locally finite group. Then RG is
GUC if and only if R is GUC, G is a p-group and p € J(R).

Proof. If RG is GUC the result follows from Proposition 4.2. Conversely, if R is
GUC, there are two cases. If R is local then RG is local by Lemma 4.1, and thus
RG is GUC . If R is uniquely clean then p = 2 by the proof of Proposition 2.17.
Hence RG is uniquely clean by [5, Theorem 12]. Thus RG is GUC. This fully

supports the conclusion. O

Example 4.7. Let C, denote the cyclic group of order n. If n > 3 is odd and R
is a Boolean ring, then RC,, is not GUC.

Proof. Write C,, = {1,g,¢% ---,9"'}. If 1 4+ ¢"~! is not invertible, then there
exists b = rg + 719+ -+ 19"t € RC, such that (1 + ¢" )b = 1. Then
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(I+g" b= (1+g"V(ro+rig—+ - +r19""") = (ro+7r1)+ (r1 +712)g +
oot (2 Fre1)g" 2+ (a1 +10)g™ !t = 1. Hence rp,1 = —19 = —Tp_2,
ro+r=1,r1=r3=---=rp_o. Sorg=1"y_9 =1r1. Thus 2ro = 1. This is in
contradiction with the condition that R is Boolean. Hence 1 + g"~! ¢ U(RC,).
Letz = g+g¢?+---+¢"'. Then 22 = x and x+¢"~! € U(RC,,) by the proved of
[14, Proposition 24]. Because (14+g+g¢*+---+¢" 1) = (1+g+g¢*+---+g" 1)+
(9+9*+ -+ )+ (¢ 14 g4+ 9" ) =n(l4g+- - +g" ) =
(I+g+--+g" 1Y), 1+g+---+g¢" ") is an idempotent in RC,,. It is easy to
prove that ¢"~' € U(RC,,). Thus 1+¢" ' =(1+g+---+g" )+ (z+g¢"!) are
different clean decompositions in RC,,. Hence RC,, is not GUC. ]

We conclude with

Questions 4.8. Let R be a ring. Is it ture that R is a GUC ring if for every
not invertible element a € R there exists a unique idempotent e € R such that

e—a € J (cf. Theorem 3.5 (4))?
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