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ON THE MERSENNE AND MERSENNE-LUCAS
HYBRINOMIAL QUATERNIONS

Engin ESER!, Bahar KULOGLU? and Engin OZKAN*?3

Abstract

In this paper, we introduce Mersenne and Mersenne-Lucas hybrinomial
quaternions and present some of their properties. Some identities are derived
for these polynomials. Furthermore, we give the Binet formulas, Catalan,
Cassini, d’Ocagne identity and generating and exponential generating func-
tion of these hybrinomial quaternions.
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1 Introduction

Hybrid numbers were introduced by Ozdemir in [11]. A hybrid number is given
by

K={a+bi+c +dh : a,b, ¢c,d €R,
i2= —1,e2=0,h=1,ih = hi = ¢ +i}

where i, €, h are hybrid units and their multiplication rules are in Tablel.

Recently, many researchers [3, 11, 12, 6, 7, 22, 20, 21, 23] have studied hybrid
numbers. k- Fibonacci, k-Lucas, Pell, Pell-Lucas, Jacobsthal, Jacobsthal-Lucas
hybrid numbers were studied, and some properties were given. In addition, the
results of these studies were generalized by creating a Horadam hybrid number se-
quence. In addition, Kuzilates, Szynal-Liana, Kiirtiz and Wloch [10, 23, 17] worked
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Table 1: Multiplication Rules
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on these hybrid number sequences and created their polynomials and named them
as hybrinomial. Later, a study was carried out on their more general conditions
which generalized the special polynomials of these number sequences to form hy-
brinomials. The Fibonacci and Lucas hybrinomials are defined, respectively, as:

FHy(z) = Fo(z) + Fop1(2)i + Fago(z)e + Foys(2)h

and
LHn($) = Ln(l‘) + Ln+1($’)Z + Ln+2(l‘)€ + Ln+3($)h

with FHy(z) = i +xe+ (22 +1)h, FHi(z) = 1+zi+ (2?2 +1)e+ (z3 +
2z)h, LHo(z) = 2+ xi+ (2% +2)e+ (2 + 3z)h and LHi(z) = = + (2% +
2)i + (2% + 32)e + (2t + 422 + 2)h.

Forn > 2, there are recurrence relations between F'Hy,(x) and LH, (x) as follows:

FH,(z) = 2FH,_1(x) + FHy,_o(x)

and
LH,(z)= xzLH, 1(z) + LH,_2(x).

In [14], the Horadam polynomials, h,(x) = hy(x;a,b; p(x),q(x)), are given by
b (@) = B() hnr (2) + (@) o2 (2), 7 > 2 1)

with hi(x) = a and he(z) = bx.
Let’s consider the characteristic equation t> — p(z)t — ¢ (x) = 0 where its roots
are

o = POt \/1022(1)+4q(x) and 8 — p(z)— P;(I)Hq(w) '
If we take p(x) = 3z, q(z) = —2,h1(z) = 2 and ho(z) = 3z, we get Mersenne
polynomials,

M, (z) = 3xMp—1(x) —2Mp—2(x), n > 3

with M;(x) =0 and Ma(z) =1 [9].

Mersenne polynomials were studied by many researchers [1, 5, 9].

Similarly, when p(z) = 3z, ¢(x) = —2,hi(x) = 0 and ha(x) = 1, we get
Mersenne-Lucas polynomials,

my, () = 3zmp_1 () — 2mp—2 (), n > 2

with mo(z) =2 and my(z) = 3.
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For n > 1, the Horadam hybrinomials are given by
Hp(z) = hn(2) + hns1(2)i + hpgo(2)e + hnys(z)h.

If we substitute M, (z) for h,(z), we get Mersenne hybrinomials. Similarly, if we
substitute m,, (x) for h,(x), we get Mersenne-Lucas hybrinomials. So that

My (z) = Mp(2) + Mpt1(2)i + Mpio(z)e + Mpys(@)h (2)

My () = mp(x) + mpp1()i + mpyo(x)e + mppz(x)h. (3)

In 1866, Hamilton introduced the quaternions. And many researchers had studied
them as extension of complex numbers [13, 14, 4, 15, 16, 8, 18, 24, 25].
Quaternions are used in different fields such as quantum physics and analysis.
Quaternions, also called real quaternions, are defined as follows:

Q = z0+ 210 + 22§ + 23k

where zg, 21,29 and z3 are real numbers. Also 4,7 and k are the units of real
quaternions which satisfy the following equalities

i2=j2= K =ijk=-1,ij=—ji=k, jk=—kj=1, ki=—ik=j (4)

2 Mersenne Hybrinomial Quaternions

Now, we define Mersenne hybrinomial quaternions by using Mersenne polynomials
and give some of their properties.

Definition 1. The Mersenne hybrinomial quaternions denoted by M, (z) are de-
fined as follows

M, (€) = My, () + iMpi1 (2) + M (2) + kM3 (2).

Furthermore, every Mersenne hybrinomial quaternions can be written as

~

Mn (x) = Mn(x) + iMn+1 (.T) + €Mn+2(33) + th+3(:E)

Hi(M, ) (@) + iMoo (x) + eMpys(x) + hMypa(2)

+5(M, o (x) + iMyy3(x) + €My ya(2) + hM, 1 5(2))

+h(M,, (&) + My a(2) + eMoys(z) + hM,16(2))
= My, (z) + iMpy1 () + eMyio (z) + hM 4 3(z)

where M, (2) = My, (x) +iMpi1(z) + M, 4 o(x) + kM, 3(x) is the n th Mersenne
quaternion polynomials.
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Definition 2. Let S, (x) and Kn(w) be the Mersenne hybrinomial quaternion
such that

S () = S () +iSps1 () + jSnt2 (€) + kSpys (2)
=S5, (2) +iSpt1 (x) + eSnta (x) + hS,y3(x)

and

A~

K, (z) = K (z) +iKpi1 (2) + jKpia (2) + kK,ps (2)
=K, (2) +iKn1 (2) + eKppo (2) + WK, 3(z).

Then, their addition and subtraction are defined, respectively, by
Sn (2) F K (x) = (S, (2) F Kn (2)) +i(Sp+1 () F Kps1 () + 5 (Spr2 (2)

:FKn+2 (ZL‘)) + k(sn+3 (l‘) + Kn+3 (ZL‘)),

S (@) F Kn (2) = (S, (2) F Kn (2)) +i(Snt1 () F K,y (2))
+e(Sny2 (2) F Kntz) + h(Snis () F Knpa(@)).

Definition 3. Multiplication of the Mersenne hybrinomial quaternions is defined
in terms of Mersenne hybrinomial as follows:

Sn (z) Kn (x )
= (Sn (2) Kn (2) = Snt1 (%) Kot () = Sz () Kz () = Sn (2) Ky ()
aa ( () n+1 () +Sn+1 (z) Rn (z) + gn-i-? () Kn+3 (z) - S 3 () Rn—&-? (33))
+ 5 (Sn (2) Knpz (2) = Snt1 (2) Knas (2) + Spaa (2) Kn (2) + Spgs (@ )Knﬂ(fﬁ
+ ( n () K n+3 (z) + Sn-H ) Kn-ﬁ-? (z) — Sn-l-? (z) Kn+1 (z) +5

n

T~

or it can be defined in terms of Mersenne quaternions as follows:

(x) —Sn+1 (2) f(nJrl (z) + §n+3 (2) f{n+3 () + §n+1 () f{nJrQ (z)

11 (2) K (@) + St (2) Knss (@) = S (2) Kni (@)
St (@) Kngs (@) + Snrz (2) Kn (2) + Sz (2) Kngs (2) )

e —Sm (2) Kot (2) + Suss (@) Kgz ()

The scalar and vector parts of S, (z) are denoted, respectively, by
Sgn(m) = Sp(x) and V Sn(a) = ZSn_H () + jSnt2 () + ESp+3(x).
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So, S, (z) can be given as S, (z) = Sg@) T Va, (@) Now, we also can define
addition and subtraction of two the Mersenne hybrinomial quaternion sequences,
respectively, as

~

S0 (@) F K (2) = (85,000 F Sttoe)) F Vo) F Vi)
and multiplication
Sy (z) Ky (2)
= 55,0 k@ ~ V3u@) VEn @) T9500) Viu@) T 0 0) V500 TV 800) Vit

Definition 4. The conjugate of Mersenne hybrinomial quaternion can be defined
in three different types

i. Quaternion conjugate, M, () : M,(z) = M,(z) + i My (2)
+ & Mo (z)+h My (x)

C A C

i. Hybrid conjugate, M, (x)" : My (x) = M, (x)—iMys1 (x) — My (z) —
thJrS(l')
iii. Total conjugate, M, (;16)t . M, (JL‘)t = M, (:I:)C = M, (z) — iM,1 (z) —

€My i0 (z) — hMy 43 ().
Theorem 1. Forn > 1 we have the following relations:
i. 3xM, (x) — 2Mp,_1 (z) = Mpy1 (2)
1.
—2M,, () =iM g1 (2) + 2§ My ya (z) — kM3 (2)
= 11 (2) (1 = 30) 4 1745 () (1 4 3i) — 6kM,, 43 (2)
Proof. i.

32 M, () — 2Mp_1 (2) = 32 M, (v) — 2Mu—1 () + i (32 Mt (x) — 2M, (2))
+ 7 (BaMps2 (2) — 2Mpi (2))
+ k (35 Mnts (2) — 2Mypi2 (z)) = Mt (2).

i —2M, (2) —iMyp1 () + 25 Mpya () = kMg (2) = —2M, (2) + My yo (z) —
2Mp+a (2) + Myt (x) — 6kMpig (2) + 3i(Mpgs (2) — Myt (2))

= Tint1 (2) + Mpys () + 30 (Mngs (1) — Mg (2)) — 6kM, 43 (2)

= (1 = 30) s (2) + (14 34) s (2) — 6kMy 3 (2)
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Theorem 2. For M, (z) and i, (z), we have
i. —2Mp—1 () + Mt () = 1, ()
ii. Myyo (2) =AM, _o () = 3y, (@)
Proof. i
_2Mn71 (z) "’MnJrl (z) = (_2Mn71 (z) + Mn+1 (m))
+i (—2My, (2) + Mpgo (7))
+ 5 (=2Mps1 () + M3 (2))
+ E(=2M 40 () + Myyy ()
= 1 (z) + i1 (2) + jiinge (2) + kiings (z)
= 1y, ().
Mn+2 (z) _4Mn72 (z) = (Mn+2 (z) — AMyp 2 (x))
+1 ( nas (z) — 4M,_y (z))

+ ] ( n+4 (l‘) 4Mn (J:))

+k (Myys (z) — 4Myp 1 (2))

= 3y, (z) + 3ithp41 (2) + 3jMpg2 () + 3kmy, 43 (2)
= 3my, (z).

O
Theorem 3. The following relations are satisfied:

i. M, (x)+ M, (x) = 2M, (z)

ii. Ny () + My (2)° = 287, (2)

iii. My (z)+M, ()" ] ] ]
= —2Mn (.CC) — 8Mn+1 (a:) + 2(Mn+1 (l’) + Mn+2 (JI) + Mn+3 (a;))
Proof. i.

Wy () + My (2)° = (W () + NI () + (
+ j (Mpy2 () )+ MYy (x (z))
+ k (Mpys (2) + M, 5 (2))
=2(M, (z) +iMyy1 (z) +
= 2M, ()

Mn+1 + MS+1 ( ))

JMpio () + kMpy3 ()
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Nty () +Ny (2)'
= (M, (z) + M () + i (Mp41 () — My({:rl( )
+ 5§ (Mpso (z) = ME o (7)) + k (Mpys (x) — MS, 5 (2))
= —2M,, (z) — 8 Mp+1 ()
+ Q(Mn+1 (x)+ Mn+2 (z) + Mn+3 (z))

Theorem 4. The Binet’s formulas for M, () is given by

a* (x) o (z) o" (x) — B~ (x) B (x) B" (x)
a(z) - f(z)

where o* () = 1+ ia(z) + jo? () + ka3 (z), B*(z) = 1+iB(x) + jB%(z) +

o™ (z) = 1+ia (x)+ea? (z)+ha? (z) and B (z) = 1+i8 (z)+8? (z)+h33 (z).

M, (z) =

Proof. Ozkog [15] gave the Binet’s formula for (p, ¢)—Fibonacci quaternion poly-
nomials. If p = 3z and ¢ = —2 are taken, Binet formula is found for Mersenne
quaternion polynomials.

v a* (z) " (x) — B* () 5" (x)
a(z) - B(z) '
From M, (z) = My, (x) + iMy41 (@) + eMyyo (@) + hM,43(2), we obtain
(o (z) @™ (z) + ia* (z) ™! () + ea* () "2 (z) + ha* (z) a3 (2))
a(r) = B(z)
(B (@) 8" (2) +iB" (2) B! (x) + B (x) B2 (2) + hB* (x) B2 ()
a(z)—p(z)
_ o (z) a™ (z) (1 +ia (z) + ea? (z) + ha® (z))
a(z) =B (x)
—B" (x) 8" (x) (1 +if (x) + ef? (z) + h3* ()
a(z) =B (z)

_ o (z)a™ (x) " (x) — B* (x) 5 (z) B (x)
a(z) - B(z)

M, (z) =

Theorem 5. The generating function for M, (x) is

My (z) +t(M, (z) — 3z Mo (z)) '

My (z) = 1— 3tx + 22
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Proof. The generating function gM, (z) for M, () is given

iMn )" = Mo (x) + My (@)t 4+ Mo (z) 8> + -+ M, (2) t" + . ..

—3tegM, (z) = —3tzMg (z)—3z M (x) t? =3z My () t3—- - - — 32 M, () t" T 4. ..
229N, () = 22 M (x) + 20 () 5 + 205 (2) t* + - -+ + 2V, (2) "2 + ..
gM,, (z) — 3tagM, (z) + 2t2gM, (z) = gM,, (z) [1— 3tz + 2752]
= Ny (2) +t [Ny (2) = 32 (2)| + ¢ [ Vs () — 320y (2) + 20 ()]
+ £ [ My (2) — 320 (2) + 200 ()] +
From Theorem 1 (i), we get
gM, (z) [1 = 3tz + 2t*] = Mo () +t(M, (z) — 32 Mo (z))

My () +t(M, (z) — 3z My (z)) |

M () = 1— 3tz + 22

O

Theorem 6. Forn >0 and M, (x), we have the following binomial sum formula
for odd and even terms, respectively,

ity (@) = Y () (<2 (3 M 1)

m

m=0
Mo () = Y (1) (=27 (32) " My ()

m=0

Proof. From the Binet’s formula, we get

5™ (M) (- g (Ba” ()" @) 5 )3 1) 8" o)

(o o () — A(e)
RS (i
TeE ) mZ:O (") 2
:m( 2+ 3zo(x ))”—m(—2+3mﬁ(:ﬂ))"
e i ey o
_a*(2)a (:c)aagg_g(i))ﬁ (z) 5 (x):M%(x).

The other case can be done similarly. O
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Theorem 7. The sum of the first m terms of the sequence {Mm (m)}oo is given
by "

m
> My (x)

— M1 (2) —a* (z) @™ (2) B (x) — B () B (x) a(z)
(1 —a(z))(1 =5 (2)) '

Proof. From the Binet’s formula of Mersenne hybrinomial quaternion, we have

a(z)—f(z)

T al) - pl) 1- @)
_ o' (@)a" (@)~ o’ (@) a” () B (x) ~ " (a) 0" (x) " (@)
(1= a(@)(1 - (o)) (@) - 5(a)
, o’ @a” @)a" @)a(x) Ba)
(T = a(@)(1 - B(z))(a (x) - H(a)
B @) (@) = B () B (w) a (@) — B () B (2) B (@)
(= (@)1 - fw)a @) - 5(a)
| A (@) (@) 8" (@) 8 () ala)
(= a(@)(i - f@)a &) - p(a)
_ Iy (@) + 200 (2) = M (@) = 0" (2) ™ (2) B (2) = B (@) B (2) aa)
(1 -a(@)( -5 z)

Theorem 8. The exponential generating function for the M,, (x) is

My (x) o (2) o™ (z) @@L — B* () B (x) P
kzzo k! &= a(x) — B(x) ’

Proof. From the Binet’s formula for Mersenne hybrinomial quaternion, we have

> My (z L [ar (z) o™ (z) oF (z) — B* (2) B (z) BF (x) ¢F
3 i;d()gkzz< (z) ™ (z) a” (z) — f* (z) B ()6()>k'

2 2 a(2) -~ Bla)

o (z) ™ (x)

a(z) — B(z)

o (@) 7 (@) 5 (1) o= (B(2)0)"
Z a(x) — p(x) Z k!

k=0
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B o (33) ao* (I‘) e(x)l _ B* ($> B (I) eBx)e
a(z) = B(z)

O]

Theorem 9. For r > s > 1, Catalan identity for the Mersenne hybrinomial
quaternion is

Wiy () My () — (N, (x))2

— (-2’ ()0 () 8" (0) 5 (o)
Proof. From the Binet’s formula for Mersenne hybrinomial quaternion, we have

~ N N 2
Myys (2) My—s (x) — (MT (37)>
—a* (z) o™ (z) B* (x) ™ ()

(a(z) = B(2))*

o7+ () B &) + 0" (@) 87 (0
— 20" (2) 5" ()]

Theorem 10. Forr € N, Cassini’s identity for the Mersenne hybrinomial quater-
nion s

My () My (2) = (M (1) = (-2)" 0" (2) @™ (2) B (&) B ().
Proof. Taking s = 1 in Catalan identity, the proof is completed. O

Theorem 11. For s > r, d’Ocagne’s identity for the Mersenne hybrinomial
quaternion s

M, (@) Myq1 () — Mgy (2) M, (x)

— o () 0™ (2) B (2) B (2) 2 (

o’ " (x) — BT (ﬂf))
a(z) - f(z) ‘
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Proof. From the Binet’s formula for Mersenne hybrinomial quaternion, we have

3 Mersenne-Lucas hybrinomial quaternions

Now, we define Mersenne-Lucas hybrinomial quaternions by using Mersenne-
Lucas polynomials and give some of their properties.

Definition 5. We denote the Mersenne-Lucas hybrinomial quaternions by 1, (x)
as follows

mp (l‘) = 1My, (55) + Mg (l‘) + JMnt2 (CC) + k143 (SU) .

Furthermore, every Mersenne-Lucas hybrinomial quaternions can be written
as
My (x) = (M, (x) + impy1(x) + emppo(x) + hmpisg(x))+

i(Myy 1 (x) + imny2(2) + emng3(x) + hmnpa(z))+

J(my,  o(x) +impy3(z) + empya(w) + hmpys(x))+

k(m,,  3(7) +imppa(r) + empis(x) + hmy6(x))

= ’I’hn (ﬂj) + ’iﬁln+1 (l‘) + 5ﬁ1n+2 (x) + hmn+3(x)
Theorem 12. The Binet’s formulas for these sequences are given as follows:

i (2) = @™ (2) @" (2) " (&) + B (&) B° () B" ()
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+ zmn+1 ( ) + 677’Ln+2 (33) + hﬁ'l/n+3 (l‘)

o™ (z) + 5** (x) 8" (2))

a3 (@) + B () B ()

o’ (x) +ia™* (a:) o™ (z) + o™ (z) "2 (z)
+ha™ () @™ () + 6% (z) B (@)

i () B () + B () B2 (@) + R (2) B ()
=a" (z)a" (z) ((1 +ia(x) + ea (z) + ha? (:U))

+ 87 () B (2) (1 +iB(x) + e6° (x) + h° (2))

= o™ (z)a” (z)a" (z) + 5 (z) 5*( ) B (x)

x)
( )+ B (2) B (z) + i (o™ () " (2) + B () B7F (2))
+

O]

Theorem 13. For n > 0, m, (x) have the following binomial sum formula for

odd and even terms,

Fion () = (

3

Mant1 (T) = (n

m=

) (2 (32) g ().

o

Proof. The proof is done similarly to Theorem 6.

O]

Theorem 14. The sum of the first m terms of the sequence {1, (z)},._ is given

by

1o () + 20 () = mg () — o™ (z) o (2) B (x) — B (z) B* (z) a
)

(1—a()(1-p()

Proof. The proof is done similarly to Theorem 2.

Theorem 15. The exponential generating function for the 1y, (z) is

[e.e] A~

k=0

Proof. The proof is done similarly to Theorem 7.

()

O]

B (LE) o (SU) ea(m)l+ﬁ** ((L‘) ﬁ* (ZL‘) eﬁ(z)l‘

O
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Theorem 16. For r > s > 1, Catalan identity for the Mersenne-Lucas hybrino-
mial quaternion is

My s () Tp_g () — 02 (2) = 277%™ (z) o () B (z) B* () (o — 55)2.
Proof. The proof is done similarly to Theorem 8. O

Theorem 17. Forr € N, Cassini’s identity for the Mersenne-Lucas hybrinomial
quaternion is

Mt (@) ity (2) = (1 (2))°= 277 0™ (2) a* (2) B (2) B (@) (a (2) — B (2)).
Proof. Taking s = 1 in Catalan identity, the proof is completed. O

Theorem 18. Fors > r, d’Ocagne’s identity for the Mersenne-Lucas hybrinomial
quaternion is

ms () Myt1 (2) — Mgt () My (@)
= o ()™ (2) 5 (2) 67 (2) (20 = 2) (@ )

Proof. The proof is done similarly to Theorem 10. O

4 Conclusions

In this work, we gave Mersenne and Mersenne-Lucas hybrinomial quaternions
with their properties. Furthermore, we obtained some important identities such
as the Binet formulas, Catalan, Cassini, d’Ocagne identity and generating and
exponential generating function of these hybrinomial quaternions.

This work can be moved to other number sequences and the relationships between
them can be examined.
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