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A NEW CLASS OF METRICS ON THE COTANGENT
BUNDLE

Abderrahim ZAGANE!

Abstract

In this paper, we introduce a new class of metrics on the cotangent bundle
T*M over an m-dimensional Riemannian manifold (M, g) as a new natural
metric with respect to g non-rigid on T*M. First, we investigate the Levi-
Civita connection, curvature and we characterize some geodesic properties
for the new class of metrics on the cotangent bundle 7M.
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1 Introduction

In the field, one of the first works which deal with the cotangent bundles of a
manifold as a Riemannian manifold is that of Patterson, E.M. and Walker, A.G.
[7], who constructed from an affine symmetric connection on a manifold a Rieman-
nian metric on the cotangent bundle, which they call the Riemann extension of the
connection. A generalization of this metric had been given by Sekizawa, M.[12]
in his classification of natural transformations of affine connections on manifolds
to metrics on their cotangent bundles, obtaining the class of natural Riemann ex-
tensions which is a 2-parameter family of metrics, and which had been intensively
studied by many authors. On the other hand, inspired by the concept of g-natural
metrics on tangent bundles of Riemannian manifolds, F. Agca considered another
class of metrics on cotangent bundles of Riemannian manifolds, that he callad
g-natural metrics [1]. Also, there are studies by other authors, Salimov, A.A. and
Agca, F. [9, 10], Yano, K. and Ishihara, S.[13], Ocak, F. and Kazimova, S. [5],
Gezer, A. and Altunbas, M.[3] etc...

The main idea in this note consists in the modification of the Sasaki metric.
First, we introduce a new class of metrics, noted g/ on the cotangent bundle 7 M
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over an m-dimensional Riemannian manifold (M, g), where f is a strictly positive
smooth function on M. Then, we establish the Levi-Civita connection (Theorem
1) and the curvature tensor (Theorem 2) of the metric gf. We also gives some
results on the geodesics on the cotangent bundle (Theorem 3 and Theorem 4).
After that, we construct some examples of geodesics on the cotangent bundle with
the metric g/.

Let (M™, g) be an m-dimensional Riemannian manifold, 7*M be its cotangent
bundle and 7 : T*M — M the natural projection. A local chart (U, x’)lzm on
M induces a local chart (7= }(U), 2, 2 = pi)i:ﬁ,%:m+i on T* M, where p; is the
component of covector p in each cotangent space Ty M, x € U with respect to the
natural coframe dz’. Let C°°(M) (resp. C°°(T*M)) be the ring of real-valued
C* functions on M (resp. T*M) and Q% (M) (resp. S5(T*M)) be the module
over C*°(M) (resp. C°(T*M)) of C tensor fields of type (7, s).

Denote by Ffj the Christoffel symbols of g and by V the Levi-Civita connection
of g.

Let X = X° 621» and w = w;dx’ be local expressions in U C M of a vector
and covector (1-form) field X € S§(M) and w € IY(M), respectively. Then the
complete and horizontal lifts X, X# € S}(T*M) of X € I}(M) and the vertical
lift WY € SHT*M) of w € IV(M) are defined, respectively by

0 oxh 9

X¢ = Xt g
ox? Ph ox' dgt’

(1)

0 -
0
wV = Wi@, (3)

o 0
with respect to the natural frame {W’ ﬁ}, where F;‘j are components of the
x

Levi-Civita connection V on (M, g) (see [13] for more details).

From (2) and (3) we see that (aii)H and (dz')" have respectively local ex-

pressions of the form

D 9 9
%0 = ()" = gt Pelhig @
_ a0
& = (dz")V = o (5)

The set {€(a)} = {€(1), € } is called the frame adapted to Levi-Civita connec-

tion V on (M, g). The indices o, §3,... = 1,2m indicate the indices with respect
to the adapted frame.
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Using (2), (3) we have.

Wi

W= wié(g)7 W o= < 0 ), (7)

with respect to the adapted frame {€:,)} (see [13] for more details).

a=1.2m>
Lemma 1. [153] Let (M, g) be a Riemannian manifold, V be the Levi-Civita con-
nection and R be the Riemannian curvature tensor. Then the Lie bracket of the
cotangent bundle T*M of M satisfies the following

(1) [w",0"] =0,

(2) [XH79V] = (VXQ)Va

(3) (X7 Y] = (X, Y] + (pR(X, Y)Y,
for all vector fields X, Y € (M) and w,0 € IV(M).

Let (M, g) be a Riemannian manifold, we define the map

£V (M) — (M)
w = fw
for all X € S3(M), g(fw, X) = w(X), the map £ is C°°(M)-isomorphism.
Locally for all w = w;da’ € SY(M), we have fw = g¥w; -2, where (¢%/) is the

29
inverse matrix of the matrix (g;;).

For each x € M the scalar product ¢g—! = (¢¥) is defined on the cotangent
space Ty M by g~ (w,0) = g(fw, 10) = g7 wib);.
If V is the Levi-Civita connection of (M, g) we have

Vx(fw) = §(Vxw), (8)

Xg M w,0) = g7 (Vxw,0) + g7 (w, Vx0), (9)
for all X € S3(M) and w,6 € IY(M).

In the following, we noted fiw by @ for all w € S (M).
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2 New class of metrics g/

Definition 1. Let (M, g) be a Riemannian manifold and f : M —]0,4o00[ be a
strictly positive smooth function on M. On the cotangent bundle T* M , we define
a new class of metrics noted g/ by

(XH YH) = ¢g(X,Y)V =g(X,Y)om, (10)
g (x".6V) = o, (11)
g W, 0Y) = fgt(w,p)g ' (0.p), (12)

where X, Y € S{(M), w,0 € SYUM).

Since any tensor field of type (0,s) on T*M where s > 1 is completely deter-
mined with the vector fields of type X and w" where X € S§(M) and w € I§(M)
(see [13]). In the particular case the metric g/ is tensor field of type (0,2) on T* M.
It follows that g/ is completely determined by its formulas (10), (11) and (12).

By means of (1) and (2), the complete lift X of X € S}(M) is given by
X¢ = X" —(p(vXx))" (13)

ox"
ozt
Taking account of (10), (11), (12) and (13), we obtain

where p(VX) = pp(V: X")dz' = pp( + T X7)da!

d (XYY = g X, + fg  (p(VX),p)g  (p(VY), p). (14)

Since the tensor field g/ € SIY(T*M) is completely determined also by its
action on vector fields of type X¢ and Y'¢ (see [13]), we say that formula (14) is
an alternative characterization of g7.

Remark 1. From formulas (10), (11), (12) we see that

. g 0
ngj = gf(e(i)ve(j)):9(@7@)‘/2%7
fo= 5 sy —
95 = 9’ €@ ¢) =0,
gk = 19" g v

Then the metric g/ has components with respect to the adapted frame {é(&)}azm

9ij 0
g’ = o (15)
0 fg™ g% prp
Lemma 2.

Let (M, g) be a Riemannian manifold and p: R — R a smooth function.
For all X,Y € S$(M) and w,6 € SY(M), we have:
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1. XM (p(r*)) (@) =0,

(zp) —

2. WY (p(r?)) wp) = 20 (r) g (w,p)a,

3. XH(9_1(97P))(x,p) = g‘l(VXG,p)x,

4. Wv(gil(evp))(x,p) = gil(wa G)IB

where 2 = g~ (p, p) and (x,p) € T*M.

Proof. Let (z,p
TxM, such that P, =p € T M, we have:
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) € T*M, If P be a local covector field constant on each fiber

LX)y = (X500 4l X 5 (o)
= [X'p/(r?) 8(36,;(7“2)+p’( 2)pnl'}y X7 8(1902( ] P

) 0

_ /0.2 i h xj =

= P )[X 7a7 9 PePe) + PRTXT 50" pep)]
[

= p(r)Xg"
= 0,

where VxP = —pth-Lijda?i

2. (1) ey =l (%)

= 20/ (r*)wig"ps

= 20(r*)g (@, P)a-
s 0 s
( tespt) +phrz]X] apl( taspt)]p

(phrh X7g%0,),

3. XH (g™

; 0
):[Xaz

= Xg_l(gvj))x

= Xg 16,P), —

= gil(vXevj))a:-
0

1(97 p))(m,p

4. wV(g—l(e’ p))(x,p

= wig™0,
= g_l(wv e)x

) = [wiapi (gStespt)](m,p

) + 29" pepnl X7
) — 297 (P, VxP),

(9" PsPt)) (2.)

O]

Lemma 3. Let (M,g) be a Riemannian manifold and (T*M,g') its cotangent

bundle equipped with the metric gf | for all X € %(1)

(M) and w,0 € SVU(M), we
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have

(1) XHgl (6" ") = }X(fmf(ev,nV)+gf<<vX9>V,nV>
+g7(8V, (Vxn)¥),
2) Vg 0V, nY) = fg M w,0)g  (n,p) + fg (w.,n)g (6, p).

Proof. The proof of Lemma 3 follows directly from Lemma 2.

1) X770V 0"y = X"[fg7'(0.p)g " (n.p)]
= X(f)g "(0.p)g ' (n.p) + fg ' (Vx0,p)g~ " (n,p)

+f971(0,0)9~ (Vx,p)
N }X(f)gf(ﬁv,nv) +97((Vx0)".n")

+g7 0V, (Vxn)").
(2) w g (0V.n") = W [fg ' (0,p)g " (n.p)]
= w(fg " 0.p)g ' (n.p) + fg ' (w,0)g " (n, p)
+fg7 (0, p)97 (w,n)
= f9 N w,0)g " (n,p) + g~ (w,m)g (0, p).

3 The Levi-Civita connection of ¢/

We shall calculate the Levi-Civita connection V/ of the cotangent bundle T M
equipped with the metric ¢f. This connection is characterized by the Koszul
formula:

20/(VIV, W) = Ug/(V,W)+Vg/(W,U) - Wg/(U,V)
+gf (W, [U, V) + ¢/ (V,[W,0)) — ¢/ (U, [V, W]), (16)

for all U,V, W € S5 (T*M).

Lemma 4. Let (M, g) be a Riemannian manifold and T*M its cotangent bundle



equipped with the metric gf,

1) g (V] YT, 2"
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then we have:

f((va)H’ ZH)?

) g
2) ¢! (Viu Y™, 0V) = o,
3) gf(vaHavu ZH) 07
1
4) ¢! (v].,0" 1" g (Vx0)".n") + gX(f)gf(GV,nV),
5) of (VI YH, ZH) = o,
1
6) g/ (VI .Y V) = ﬁY(f)gf(wV,nV),
_]_ _ _
7) ¢l (VI 0V, 27 = 59 Yw,p)g (0, p)g’ ((grad ), Z1),
1
8) ¢! (v, 0V n") = 507 (@.0)g" (" 0"

for all X,Y,Z € S§(M) and w,0,n € SV(M), where r* = g~ (p,p), P € SY(M)
such that P, = p € Ty M.( PV the canonical vertical or Liouville vector field on
TM ).

Proof.

The proof of Lemma 4 follows directly from Kozul formula (16), Lemma 1, Defi-
nition 1 and Lemma 3.

1) The statement is obtained as follows.

29/ (V] YT, 2 xXHgf v 20y L yHel (ZH Xy = zHgl (X" yH)
+g! (2, XY ) + g/ (Y (27, X))
—g (XM, Y ", ZH))
= Xg(Y,2)+Yg(Z,X) - Zg(X,Y) + ¢/ (2", [X,Y]")
+ol (Y7 (2, X)) — g/ (X [y, 21)
= Xg(Y,2)+Yy(Z,X) - Zg(X,Y) +9(Z,[X,Y])
+9(Y,[Z, X]) — 9(X, [, Z])
= 29(VxY,Z)
= 29/ ((VxV)", Z").
2) Direct calculations give
20" (VL Y V) = XHgl(vH V) + Y Hgl (Y XH) — Vgl (X7, v )
+g! (" (X YT 4+ gf (YT [V, X))
—g/ (XM, Y n¥])
= /(" X", Y1)
g (PR(X,Y))",n")

fg (pR(X,Y),p)g~ " (n,p)
— 0.
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Where

' PR(X, V) = (PR(X,Y))i",
ps R XYY = g RS XY pF
Ry X'YIp'p* = g(R(X,Y)p, p)

= 0.

9 ' (pR(X,Y),p)

3) Calculations similar to those in 2) give

297 (V] 0V, 2" = XHgl(0V,2") + 0V gl (2", XT) — 2H gl (X7 9Y)
+g (27 (XM 0V]) + gf (07, (21, X))
—g/ (X", [0V, Z2"))
= ¢V, 12", x")
g ((pR(Z,X))V,6")
f9 ' (pR(Z,X),p)g (0, p)
—- 0.

4) The statement is obtained as follows.

297 (V],0V . 0") = XHgl(0V n") +6Vg (¥, XH) — Vgl (X 0V
+g7 (", X7, 0V]) + ¢ 0V, 1n¥, X))
—g! (X", 10V, 9"
= X"gl 0V 0") + g/ (", [XH,0V]) + g/ (0¥, [0, X))

Using the first formula of Lemma 3 we have

}X(f)gf(HV, ")+ g/ (Vx0)" . n")+ g7 (0, (Vxn)")

+9' (", (Vx0)Y) — g7 (67, (Vxn)")
= 297 (Vx0) ") + ;X<f>gf<ev,nv>.

29/ (V0" ,0")

5) Calculations similar to those in 3) give the result.
6) Calculations similar to those in 4) give the result.
7) Direct calculations give

20/ (V1 0V, 27 = WwVgl(0V,27) + 0V ¢f (21, 0Y) — ZH g (WY, 0Y)
+gl (ZH, WY, 0V]) + ¢ 0V, 127, 0V))
_gf(wv7[9V7ZH])
= —zHgl (WY, 0V) + ¢/ (8V, 21, V) — ¢/ (WY, [8", Z1)).
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Using the second formula of Lemma 3 we have

20/ (V1 0V, 2" = —Z(f)gf (W",0Y) — ¢! (V7w)V,0")

(
+9 (@Y, (V20)")

1
f
_gf ij (VZQ)V) + gf(9V7 (VZW)V)
g 14
1
f

= —Z(N)g'",8")

= —Z(f)g (w,p)g~ " (6,p)
= —g w,p)g " (0,p)g’ (grad )", Z").

Where g/ ((grad )", 2") = g(grad f, Z) = Z(f).
8) Direct calculations give

205 (V1,0 0Y) = WVl 0V, 1Y)+ 0V (0", w") — Vgl (wV,0")
+9' (", [w",0Y]) + ¢/ (6V,[n", "))
WY, [60Y,n"])

—g

w gl (0 0")+ 0" (", w") — " gl WV, 0

= f9 ' (w,0)g " (n,p) + fg (w,m)g (0, p)
+f97' 0, m)g  (w,p) + fgH(B,w)g  (n,p)
—fg (n,w)g(0,p) — fg~ (n,0)g " (w,p)

= 2fg ' (w,0)g7" (n,p)

2
= 39 Yw, 0)g! (P, 0").

Where ¢/(PV.,n") = fg~t(p,p)g~1(n,p) = frig~(n,p). O

As a direct consequence of Lemma 4, we get the following theorem .

Theorem 1. Let (M, g) be a Riemannian manifold and T* M its cotangent bundle
equipped with the metric g7. Then the corresponding Levi-Civita connection V71
satisfies the followings:

1) Vi, YT = (vxy),

(2) VL ,0Y = <vxe>v+21fX(f>9V,

(3) v/ v = ;fY(f)wV,

4) v,0V = %Q*I(w,p)gfl(&p)(gmdf)H+%Q*I(Wﬁ)?‘/,

for all X, Y € S{(M) and w,0 € SY(M), where PV is the canonical vertical vector
field on T*M and R denotes the curvature tensor of (M,g).
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Lemma 5. Let (M, g) be a Riemannian manifold and T*M its cotangent bundle
equipped with the metric gf, then we have:

foaovy 1 v
L(Vyu®?") = ﬁX(f)? ;
r? _ 1
2. (VU{VfPV) = W' - 59 1(w,p)(gmd f)H + ﬁg(va)yvv

for all vector fields X € S{(M) andw € IY(M), where PV is the canonical vertical
vector field on T*M .

Proof. By Theorem 1 we have:

LV, = Vi pi(da®)”
= X" (py)(da®)Y + ppVip (da®)V
— Pl X (de®)Y 4 p(Vxda®) + ZEX (1) (dat)Y

2f
1
= —(VxP)V +(VxP)" + gX(f)TPV
1
= —X(HPY
37 X(7)
where VxP = —phFZijdxk.
The second formula is obtained by a similar calculation. O

4 Curvatures of g/

We shall calculate the Riemannian curvature tensor RY of the cotangent bundle
T*M equipped with the metric g/. This curvature tensor is characterized by the
formula:

T TV — o T ol o T
RIU V)W = VIVIW = VIVIW — VoW, (17)

for all U,V, W € SH(T*M).

Theorem 2. Let (M, g) be a Riemannian manifold and T* M its cotangent bundle
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equipped with the metric g, then we have the following formulas

RIx" yMzH = (R(X,Y)Z)" - 21fZ(f)(pR(X7 Y)Y, (18)
RI(XT.6V)n" = ;g‘l(va)g‘l(n,p)(ngmdf)H

17X (D™ 0.0)5 .p)grad )7, (19)
RIWY, 0V ZH = o, (20)
RIXM01)Z1 = (5-0(Z Vxgrad f) = 15X (N2 (21)
RI(XT vy = o, (22)
RIWY,6V)n" = %[9’1(9,n)wv—g’1(wm)9v]

r

—41f|!gmd 1P ) [g7 O, p)w” — g7 (w,p)0V],  (23)

for all X,Y,Z € S{(M) and w,0,w € IV(M), where PV is the canonical vertical

vector field on T*M an

Proof.

d R denotes the Riemannian curvature tensor of (M, g).

Let X,Y,Z € S§(M), w,0,n € SV(M) and PV the canonical vertical vector field
on T*M. By applying Definition 1, Lemma 2, Lemma 3, Theorem 1 and Lemma

5 we have:

VRN (xH vz =V V], 2" - V],V 2" - v/ 7H

Direct calculations give

and
and
f
Vixmym?
Hence, we have:
RI(XH yH)

(XY H]

Vi VinZ" = (VxVy2)H,

V{,HVQHZH = (VyVx2)H,
H _ f H f H
= VixyZ" +Virxyyrs
1
= (Va2 + ﬁZ(f)(pR(X, )Z)V.
27— (RX,YV)Z)" — L Z(N R, Y)Y,

2f

for all , X,Y, Z € S{(M).

_ v/
2)RI(XH, 6V )Y =V,

vavnv - vgv VQHTIV - V{XHVQV]T’V
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From direct calculation we get:

Vi Vi = Vi [;g‘l(H,p)g‘l(n,p)(gmd HT+ %29‘1(0,77)9”]
= Sl (Vx.p)g ™ 000) + 97 (0. 0)g ™ (Vn, )] grad )
~ 397 0,990 (Vxgrad T + 5 X (g™ 0P
+% [g 1 (Vx0,m) + 978, Vxn)| PV
where XHg=1(0,n) = g~ (Vx0,1) + g~ (6, Vx7).
and
VA = i [(Vxn) + 5 X (]
= 507 0.0)g (Vxnp)grad )+ g7 (0, Vxn)?Y
X (N 0P ) grad )P + X (£~ 0.7
and
Vgt = —597 (Vx0,0)g7 () (grad ) + g~ (Vxb,m)?",
which gives,
RI(X™, 7)Y = _719‘1(9,10)9‘1(77,p)(ngmdf)H

+£,0X(f)91(9,p)91(n,p) (grad /),

for all X € S3(M) and 0,7 € SV (M).
3) Applying formula (19) and 1% Bianchi identity.

RI (WY, 0V z" = RI (z",0V)wV — R/ (2%, V)6V,

we get
RIZM67)0Y = g™ 6.p)g™ (. p)(V grad )1
+41fZ(f)g1(9,p)91(w,p)(gmdf)H,
and
RIZ"W)0Y = g w.p)g™ (6.0)(V grad )1

1 _ _
+Ez(f)g l(va)g 1(9ap)(gradf)H7
which gives,
RI(WY,0V\z" = o,

for all Z € S{(M) and w, 0 € SY(M).
The other formulas are obtained by a similar calculation. O
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5 Geodesics of g/

Let (M, g) be a Riemannian manifold and v : I — M be a curve on M (I C R).
We define on T*M the curve C : I — T*M by C(t) = (y(t),9(t)), for all t € T
where 9(t) € T3 yM ie () is a covector field along ~(t).

Definition 2. Let (M,g) be a Riemannian manifold, C(t) = (y(t),9(t)) be a
curve on T*M and V denote the Levi-Civita connection of (M,g). If Vi =0
the curve C(t) is said to be a horizontal lift of the cure ~(t), where 4 the tangent

field along ~(t).

Lemma 6. Let (M,g) be a Riemannian manifold. If w € SY(M) is a covector
field on M and (x,p) € T*M such that w, = p, then we have:

dyw(Xy) = X(J;I’p) + (VXw)Xc,p).

for all X € S§{(M).
Proof.

Let (U, z") be a local chart on M in z € M and (7~ *(U), 2%, p;) be the induced
chart on T*M, if X, = X(x)-% |, and w, = w;(x)dz’|, = p, then

Oxt
d;rw(Xx) = X (x)%’(x,p) + X (.%') axz (x)aipj’(a:,p)
= X@g5 ke + @O @X @) 5
- 0 L Ow; 0
k i
@) X @) 3oy + X @) @) 5 e
= Xi@) 2 I, (2) X9 () 2
- (x)%’(a?,p) + Pk ]z(x) (w)aipz‘(x,p)
+X"(z) 83:? (33)873] (z,p) — Wk(l’)rij(l’)x (w)@kz,p)
A oo A .
= X+ X'(@)[5 3 (@) @)l (@)X ()] [da)], )
H 14
= Xep T (VX))

O]

Lemma 7. Let (M,g) be a Riemannian manifold and V denote the Levi-Civita
connection of (M, g). If v(t) is a curve on M and C(t) = (v(t),9(t)) is a curve
on T*M, then

C =4+ (Vi) (24)

Proof. Locally, if w € V(M) is a covector field such w(y(t)) = 9(t), then

C(t) = dC(t) = dw(v(1)) = dypyw(dey) = dyyw(7)-

Using Lemma 6 we obtain C(t) = 4 + (V;0)V. O
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Theorem 3. Let (M, g) be a Riemannian manifold and T* M its cotangent bundle
equipped with the metric g7. If V (resp. V1) denote the Levi-Civita connection
of (M, g) (resp. (T*M,g%)) and C(t) = (y(t),9(t)) is the cure on T*M such V(t)
is a covector field along y(t), then

foC = {Vw— 59 (V50,9) gmdf]
[v Vi + }’y(f)v I+ - 1(v,yq9,v719)ﬁ]v. (25)

Proof. Using Lemma 6 we obtain

Lo - ol : .
_ vfny‘yH+fo(v¢9)V+v(vmvf‘yH+vf(‘v 79)V(w9)v
= (V)" +(V5V59)" 2f F(F)(V50)" 2f () (V49)"

1 _ T
—59 (V39,9)g ™ (V39,9) (grad /) + 297" (V49, V50)9"

= (Vi) — 507 (T4, 9)(grad )"
+ }wf)(v )
- [V,Yy 1 (V 9,1)? gradf

+(V5V49)Y "NV, V5 0)9”

1 1 v
[v Vil + 23(H)V50 + — (vw,vw)zﬂ

77
O

Theorem 4. Let (M,g) be a Riemannian manifold, T*M its cotangent bundle
equipped with the metric g7 and C(t) = (y(t),9(t)) a cure on T*M such 9(t) is a
covector field along y(t), then C(t) is a geodesic on T*M if and only if

.1
Vit =597 (V40,9)%grad f,
(26)
1. 1
V4Vid = —?y(f)v;yﬁ ~ 39 1(V,~Yz9, V40)9.

Proof. The statement is a direct consequence of Theorem 2 and definition of
geodesic. O

Corollary 1.

Let (M, g) be a Riemannian manifold and T* M its cotangent bundle equipped with
the metric gf and C(t) = (v(t),9(t)) be a horizontal lift of the curve v(t). Then
C(t) is a geodesic on T*M if and only if y(t) is a geodesic on M.
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Proof. Let C(t) = (v(t),¥(t)) be a horizontal lift of the curve (t), then V40 = 0.
Using Theorem 4 we deduce the result. O

Remark 2. If C(t) = (v(t),9(t)) horizontal lift of the curve y(t), locally we have:

o), dry?
Vi =0 & b Ty =

& I(t) = exp(A(t)).K

0

where ; K € R, A(t) = [an;] , api = ngh dr

Remark 3. Using Remark 2 we can construct an infinity of examples of geodesics
on (T*M, gf).

Example 1. Let R equipped with the Riemannian metric g = e*dx?.
The Christoffel symbols of Riemannian connection are given by

1 11,0911  0g11  Ogii 1
F _ — 11 o _ =
=59 ( ozl Ozl ozt ) 2

The geodesics y(t) such that v(0) = a € R, 4/(0) = v € R satisfy the equation,

A2~k d~* d~y?
i ’Y’)/Fki()@,}//_'_

dt? L= dt dt Y
3,7=1

1
5(’/)2 = 0.

2 t
Hence +'(t) = Y and therefore v(t) = a+ 2In(1 + %)

2+t
If C(t) = (v(t),0(t)) is horizontal lift of the curve y(t) i.e Vi1 = 0 then,
dﬁh i d’V o / ’r . 1, .
7 h — ;=09 — 797 —Oéﬁ(t)—k.exp(jy(t))—k.exp(2+vt).

Example 2. Consider the upper half-plane
R: = {(z,y) € R%y > 0},

with the metric of Lobachevsky’s non-euclidean geometry given by

1
91129222?7912292120

The Christoffel symbols of the Riemannian connection are given by:
1
[j =3 =T}, =15 =0, Fll_g F22—F12—F51:—§

1) If C(t) = (v(t),9(t)) is a horizontal lift of the curve v(t) = (a,y(t)), a € R
then the matriz A(t) is given by

_ 1Ly o
A(t)_y(t)< 0 y’(t))
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and
_ —L(y@®) 0
ﬁ(t)—exp(y(t)< 0 y’(t)))'K’ K € R%.
2) If C(t) = (v(¢),9(t)) is a horizontal lift of the curve y(t) = (x(t),y(t)) such
y(t) = ax(t) + b, a,b € R and x # 0, then the matriz A(t) is given by
_ =d(t) [a -1
Al) = ax(t) +b (1 a > ’
and

9(t) = exp (a;(f;(i)b (‘f _al> >K , K € R%.

Theorem 5. Let (M,g) be a Riemannian manifold, T*M its cotangent bundle
equipped with the metric g7 and y(t) be a geodesic on M. If C(t) = (y(t),9(t)) is
a geodesic on T*M such that V,yﬁ %0, then f is constant.

Proof. Let y(t) be a geodesic on M , then V;y"y = 0. Using the first equation of

formula (26) we obtain grad f = 0 i.e f is constant.
O

Corollary 2. Let (M, g) be a Riemannian manifold, T*M its cotangent bundle
equipped with the metric g/ and y(t) be a curve on M. If C(t) = (y(t),9(t)) is a
geodesic on T*M such that |9 is constant, then (t) is a geodesic on M.

Proof. We have 0 = 4g~1(9,9) = Qg_l(V;yﬁ,ﬁ) Using the first equation of for-
mula (26) we obtain Viy=0. O
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