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ON A TYPE OF N(k)-QUASI EINSTEIN MANIFOLDS

K. LALNUNSIAMI' and J.P. SINGH*?

Abstract

The object of this paper is to study N(k)-quasi Einstein manifolds. W*-
Ricci pseudosymmetric, Ws-pseudosymmetric and Z-generalized pseudosym-
metric N(k)-quasi Einstein manifolds are considered. Finally, we construct
examples to prove the existence of such manifolds.
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1 Introduction

Chaki and Maity[4] introduced the notion of a quasi Einstein manifold. A
quasi Einstein manifold is a generalization of the Einstein manifold. A non flat
Riemannian manifold (M™,g)(n > 2) is said to be quasi Einstein if the Ricci
tensor S is not identically zero and satisfies

S(X,Y) =ag(X,Y) + bn(X)n(Y), (1)

VX,Y € TM, where a and b are smooth functions, b # 0 and 7 is a non-zero
1-form defined by

9(X, &) =n(X), g(&,&) =n(&), nE&) =1, (2)

for the associated vector field €. Here, a and b are called the associated scalars and
¢ is called the generator of the manifold. Clearly, if b = 0, the manifold reduces
to an Einstein manifold.
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Quasi Einstein manifolds has been studied by several authors such as Chaki
and Maity[4], De and De[6], De and Ghosh[7], Debnath and Konar[11] and oth-
ers. The notion of quasi Einstein manifolds has been extended to generalized
Einstein manifolds[1], generalized quasi Einstein manifolds([2], [8]), mixed gener-
alized quasi Einstein manifolds[3] and others. Ozgiir[20] also studied super quasi
Einstein manifolds.

In 1988, Tanno[25] defined the k-nullity distribution of a Riemannian manifold
as

N(k):p—= Np(k)={Z T ,M: R(X,Y)Z=klg(Y,Z2)X —g(X,Z)Y]}, (3)

VX,Y,Z € T,M, and k is a smooth function. If the generator £ of a quasi-Einstein
manifold belongs to some k-nullity distribution, then it is called an N (k)-quasi
Einstein manifold[26]. In an N (k)-quasi Einstein manifold, k is not arbitrary as
given by[26]:

Lemma 1. In an n-dimensional N (k)-quasi Einstein manifold,

a+b
k= ) 4
p— (4)

N (k)-quasi Einstein manifolds have been studied by several authors such as
Hui and Lemence[14], Yildiz et al.[27], Singh et al.[22] and others.
In an N(k)-quasi Einstein manifold, we have[26]

R(X,Y)§ =k[n(Y)X —n(X)Y], (5)
R(X,§)Y = k[n(Y)X - g(X,Y)¢] = —R(£, X)Y, (6)
N(R(X,Y)Z) = k[g(Y, Z)n(X) — g(X, Z)n(Y)]. (7)

Pokhariyal and Mishra[21] introduced two types of tensors

Wo(X,Y)Z = R(X,Y)Z — ﬁ [9(Y,Z2)QX — g(X, Z)QY | (8)

and

W*X,Y)Z = R(X,Y)Z - [S(Y,2)X - S(X,Z)Y

2(n—1)
known as the Ws-curvature tensor and the m-projective curvature tensors respec-
tively, where @ is the Ricci operator.

Mantica and Molinari[17] defined a generalized (0, 2) type tensor known as
the Z-tensor as

Z(X,Y)=S(X,Y)+ ¢g9(X,Y), (10)



On a type of N(k)-quasi Einstein manifolds 221

where ¢ is a smooth function. The study of the Z-tensor was continued by Mantica
and Molinari[17], Mantica and Suh([18], [19]), etc. In 2016, Mallick and De[16]
studied the derivation conditions R(§,X)-Z =0and P(§,X)-Z = 0in an N(k)-
quasi Einstein manifold, where P is the projective curvature tensor. N (k)-quasi
Einstein manifolds satisfying C'(§, X)-R =0, R(§, X)-W* =0and W*({, X)-S =
0, where C' is the conformal curvature tensor have been studied by De et al.[10].
Also, in 2018, Chaubey|[5] studied W*-pseudosymmetric and Z-recurrent N (k)-
quasi Einstein manifolds. These motivated us to study the properties of N (k)-
quasi Einstein manifolds.

This paper is organized as follows: After the preliminaries, we study the m-
projective curvature tensor in an N (k)-quasi Einstein manifold. In section 4, we
consider W*-Ricci pseudosymmetric N (k)-quasi Einstein manifolds and section
5 deals with Wa-pseudosymmetric N (k)-quasi Einstein manifolds. Z-generalized
pseudosymmetric N (k)-quasi Einstein manifolds are studied in section 6. Finally,
we construct examples to support the existence of these manifolds.

2 Preliminaries
Using equations (1) and (2), we obtain

S5(X,§) = (a+b)n(X), (11)

r =mna+b, (12)

where 7 is the scalar curvature of the manifold. In an n-dimensional N (k)-quasi
Einstein manifold, we have

WalX. V)6 = s [0(V)X = n(X)Y ), (13)

Walé X)Y = -5 [n(¥)QX — (a-+ b)n(v)X]. (14)
n(Wa(X,Y)Z) =0, (15)

W (X.Y)E = gt [aV)X = (XY, (16)
WH(EX)Y = 5 oK) = (V) X]. (a7)
WX, Y)2) = =———[g(Y, Z)n(X) - g(X. Z)n(¥)]. (18)

2(n—1)
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The generalized Z-tensor in an N (k)-quasi Einstein manifold takes the form,
Z(X,Y) = (a+¢)g(X,Y) + bn(X)n(Y), (19)

which by contraction, reduces to

Z = (a+ ¢)n+b. (20)
Also,
Z(X,8) = (a+ b+ ¢)n(X), (21)
Z(&,8) = (a+b+9), (22)
VX,Y,Z € M".

3 m-projective curvature tensor in an N(k)-quasi
Einstein manifold

Suppose an N (k)-quasi Einstein manifold which satisfies
W€, X). W2 =0,
or,
W&, X)Wa(U,V)Z — Wo(W* (&, X)U,V)Z
—Wo(U,W*(&, X)V)Z — Wo(U,V)W*(&,X)Z = 0. (23)

Using (18), (23) it becomes
S [ WalU. V) 2)¢ — n(Wa(U.V)2) X
—g(X, U)W (&, V) Z +n(U)Wa(X,V)Z
—g(X,V)W2(U,)Z +n(V)Wo(U,X)Z
—9(X, Z)Wo(U, V) +n(Z2)Wo (U, V)X | = 0. (24)
Since b # 0 and n > 1, we have
9(X, Wa(U,V)2)§ —n(Wa(U,V)Z) X
—g(X,U)Wa (&, V) Z +n(U)Wo(X,V)Z
—g(X, V)W (U,8)Z + (V)W (U, X) Z
—9(X, Z)Wo(U, V)€ + n(Z)W2(U, V)X = 0. (25)
Taking the inner product of (22) with respect to &, we have
W3 (U, V, Z, X) = n(Wa(U, V) Z)n(X)
—9(X, U)n(W2(&, V) Z) +n(U)n(Wa(X

(
—9(X, V)n(Wa(U, ) Z) + n(V)n(Wa(U.
—9(X, Z)n(Wa (U, V)§) + n(Z)n(Wa(U, V) X) = 0. (26)

>
N
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From (16) and (26), it follows that W3(U,V,Z,X) = 0. Thus, we can state
the following theorem:

Theorem 1. An n-dimensional N(k)-quasi Finstein manifold satisfies the con-
dition W*(&, X)) - Wa = 0 if and only if the manifold is Wa-flat.

Definition 1. A Riemannian manifold is said to be semi-symmetric([23], [24])
if

R-R=0, (27)
where R is the Riemannian curvature tensor.

Consider an N (k)-quasi Einstein manifold which is W*-semisymmetric. Then,

we have
(R(X,Y)-W*)(U,V)Z =0,

which implies that
RX, YYW*(U,V)Z - W*(R(X,Y)U,V)Z
-W*(U,R(X,Y)V)Z - W*(U,V)R(X,Y)Z = 0. (28)
Taking the inner product of (28) with respect to £, we have
Substituting X = &, (29) reduces to
Using equations (6) and (17) in (30), we get

b

WU, V,Z,X) - 1)

9(U.Y)g(V.2) = g(V.Y)g(U. 2)] =0.  (31)

Making use of (10) and (31), we obtain

R(U,V,ZY) - 2(711_1) |S(V, 2)g(U,Y) = S(U, 2)g(V, V)
+S(U,Y)g(V.2) = S(V.Y)g(U, 2)]
5y [ )a(V.2) = (V.Y )g(U. 2)] = . (32)

Contracting (32) with respect to U and Y, we have
S(V,2) = (a+b)g(V, 2),

which is a contradiction as the manifold is quasi Einstein. This leads to the
theorem:
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Theorem 2. There does not exist a W*-semisymmetric N (k)-quasi FEinstein
manifold.

Definition 2. A Riemannian manifold is said to be a symmetric manifold([12],

[15]) if
(VxR)(Y,Z)V =0, (33)
where V is the operator of covariant differentiation with respect to metric g.

Consider an N (k)-quasi Einstein manifold which is W*-symmetric. Then, we
can write

(VxW*)(U,V,Z,Y) =0.
Using (9), we have

(VxR)OV.ZY) = 5o [(Tx$)V. 2)g(¥.0) = (TxS)(U. Z)g(V.Y)

T (VxS)Y)V,Z) — (VxS)(V.Y)gU,2)]. (34)

Setting U = Y = e; and summing over i,1 <1 < n, we get

(vx8)(v,2) = T2

9V, Z). (35)
Using (2) in (35), we obtain

da(X)g(V, Z) + db(X)n(V)n(Z) + b[(Vxn)(Z)n(V)

Hxm@mv)] = ", 2) (36)
Putting Z = V = £, we get
dr(X) = n[da(X) + db(X)]. (37)
Also, from (12), it follows that
dr(X) = nda(X) + db(X). (38)
From (37) and (38), we get
db(X) =0,

i.e., b is constant. Therefore, we have

Theorem 3. There exists no W*-symmetric N (k)-quasi Einstein manifold unless
the associated scalar b is a non-zero constant.
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From (10), we can write
(divW*)(X,Y)Z

— (divR)(X,Y)Z — —

m [dr(X)g(Y, Z)—dr(Y)g(X, Z)], (39)

where “div” denotes the divergence.
We know that in a Riemannian manifold,

(divR)(X,Y)Z = (VxS)(Y, Z) — (VyS)(X, Z). (40)
Using equation (39) in (40), we get
(diwW*)(X,Y)Z = (VxS)(Y,Z) - (VyS)(X,Z)

- w:_@[dr(X)g(Y,Z)—dr(Y)g(X, Z)]. (41

Suppose that an N (k)-quasi Einstein manifold is W*-conservative. Then,
(divW™*)(X,Y)Z =0,

or,

(VxS)V.2) = (W$)(X.2) = g [ar(X)g(v.2)

— dr(Y)g(X, Z)]. (42)

Making use of (2) in (42), we obtain

da(X)g(Y; Z) + db(X)n(Y)n(Z) — da(Y)g(X, Z) — db(Y)n(X)n(Z)

+O[(Vxn)(Y)n(Z) + (Vxn)(Z)n(Y) — (Vyn)(X)n(Z) = (Vyn)(Z)n(X)]
= 5 =3 [r(X)e(Y.2) - dr(¥)g(X. 2)] (13)

Assume that the associated scalar b is non-zero constant. Then db(X) = 0,
from which it follows that dr(X) = nda(X), VX. Therefore (43) becomes

oo [4a0)9(Y. 2) = da(Y (X, 2)] + (T xn) ¥ 2)
X ZY) = (Tyn)(X)n(Z) = (Tyn)(Zn(X)| 0. (44)
Substituting Y = Z = ¢ in (44), we obtain
Ten)(X) = o=k [da(X) ~ da(e)n()]. (45)

Contracting (44) over Y and Z, we have

Ten () + 030 Y (Ven(e] - 2y M da) —0. (4o
=1
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From (45) and (46), it follows that

(0 (Vo)) = 3(”2(‘23(_”3; 2) fa(X)
_ 232(27; - 23>) |da(X) — da(€)n(X)] (47)
Taking X = &, (47) becomes
> (Ven(e) = Mg gy o) (4s)

Making use of (45) and (48), (46) becomes
da(X) = da(&)n(X). (49)
Substituting X = £ in (44) and using (49), we get

b[(Vxn)(Y) — (Vyn)(X)] =0,
| (Vxm)(Y) = (Tym)(X) = 0.

which implies that the 1-form 7 is closed.
Setting X = &, the above equation reduces to

(Ven)(Y) = 0.
which implies that
Ve =0.
Therefore, we can state the theorem:
Theorem 4. On an (n > 3)-dimensional N(k)-quasi Einstein manifold which is

W*-conservative and b is non-zero constant, the associated 1-form n is closed and
the integral curves of the generator & are geodesics.

4 W*-Ricci pseudosymmetric N (k)-quasi Einstein man-
ifold

Definition 3. A Riemannian manifold is said to be Ricci pseudo-
symmetric [13] if the tensors R - S and Q(g,S) are linearly dependent at every
point of M™, 1. e.,

R-S=1LsQ(g,S),

where Lg is a smooth function on Ag ={x € R: S # _g at x}.
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Consider an N (k)-quasi Einstein manifold which is W*-Ricci pseudosymmet-
ric. Then the vectors W* - S and Q(g, S) are linearly dependent, i.e.,

(WH(X,Y)-8)(2,U) = LsQ(g,5)(Z,U; X, Y), (50)
where Lg is a function on Ag = {z € R: S # g at x}. Then,
SWHX,Y)Z,U)+S(Z,W*(X,Y)U) = Ls[S(XAY)Z,U)

+ S(Z,(X AY)U). (51)

Taking X = ¢ in (51), we have

SW*(,Y)Z,U)+ S(Z,W*(£,Y)U) = Ls[S(ENY)Z,U)
+ S(Z,(6nY)U)]. (52)
Using (17) and

(XAY)Z=g(Y,2)X —g(X, 2)Y, (53)

equation (52) becomes

[Q(nb—l) _ Ls} [S(U, X)g(Y, Z) — S(U,Y)g(X, Z)
+g(U,Y)S(Z,X) — g(U, X)S(2,Y)] =0, (54)
which implies that either ;
Ls = 2n—1)

S(U,X)g(Y,Z)—S(U,Y)g(X, Z)
+9(U,Y)S(Z,X) — g(U,X)S(Z,Y) = 0. (55)
Using equation (2), (5
[9(U, X)g(Y, Z) - g(U.Y)g(X, Z)
+9(U )( ) 9(U, X)g(Z,Y)]
+b[77(U)77 )9(Y, Z) —n(U)n(Y)g(X, Z)
+9(U.Y)n(Z)n(X) — g(U, X)n(Z)n(Y)] = 0. (56)
Contracting equation (56) with respect to X and U, we get
9(Y,2) = (Y)n(Z).

Substituting Y = Z = £ in the above equation, we have

) can be written as

Q

?

n=1,

which is a contradiction. Therefore,

Thus, we can state:

Theorem 5. An n-dimensional W*-Ricci pseudosymmetric N (k)-quasi Einstein

manifold satisfies the relation Lg = Q(nb—l)'
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5 Ws-pseudosymmetric N(k)-quasi Einstein manifolds

Definition 4. An n-dimensional Riemannian manifold is said to be pseudo-
symmetric [13] if
R-R=LQ(g,R),

i.e., R- R and Q(g,R) are linearly dependent and L is a function on B = {z €
R:R#0 at x}.

Suppose that an N (k)-quasi Einstein manifold is Wa-pseudosymmetric. Then,
(R(X,Y) - W2)(U,V)Z = Lw,Q(g, W2)(U,V, Z; X, Y), (57)

where Ly, is a smooth function on By, = {z € R: W3 # 0 at z}.
From (57), we have

R(X,Y)W,(U,V)Z — Wa(R(X,Y)U,V))

—Wy(U, R(X,Y)V)Z — Wa(U, V)R(X,Y)Z

— L, [(X Aw, Y)Wa(U,V)Z = Wa((X Aw, YU, V)Z

—Wa(U, (X Aw, YIV)Z = Wa(U, V(X Aw, Y)Z]. (58)

Put X = £ in the above equation, we have

R(&Y)Wa(U, V) Z = Wa(R(,Y)U, V) Z)

~Wa(U, R(§,Y)V)Z — Wa(U,V)R(E,Y) Z

= Lw, [(€ Awy YI)Wa(U,V)Z = Wa((€ Aw, YU, V) Z

—Wa(U, (€ Aw, YIV)Z = Wo(U,V)(€ Aw, V) Z). (59)

Using (6) and (53), we get

(k = Lw,) [W3(U,V, Z,Y)§ — n(W2(U,V)Z)Y

—g(Y, U)W (&, V) Z +n(U)W2(Y,V)Z

—g(YV,V)W2(U,€)Z +n(V)W2(U,Y)Z

—9(Y, Z)Wa(U, V)¢ +n(Z)W2(U,V)X] =0 (60)

Taking the inner product of (60) with respect to £, we get

(k — Lw,) [W3 (UVZY) n(Wa(U, V) Z)n(Y)
—g(Y, U)n(W2(&, V) Z) + n(U)n(Wa(Y, V) 2)
—g(Y, V)n(Wa(U, ) ) +n(V)n(W2(U,Y)Z)
—g(Y, Z)n(Wa(U, V)§) + n(Z)n(W>(U,V)X)]| = 0. (61)

By virtue of (15), (61) reduces to
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Since Wy # 0, we have
k — Ly, =0,

or,

k = Ly,.

This leads to the theorem:

Theorem 6. An N(k)-quasi Einstein manifold is Wa-pseudosymmetric provided
that k = Lyy,.

6 Z-generalized pseudosymmetric N(k)-quasi Einstein
manifold

Definition 5. A Riemannian manifold is said to be Ricci-generalized pseudo-
symmetric [13] if at every point of M™, the tensors R- R and Q(S, R) are linearly
dependent, i. e.,

R-R=LQ(S,R),
where L is a function on A={z € R: Q(S,R) # 0 at z}.

Consider an N (k)-quasi Einstein manifold which is Z-generalized pseudosym-
metric. Then,

R-R=1L1;Q(Z,R),

where Lz is a function on Ay = {z € R: Q(Z,R) # 0 at x}. Then,

R(X,Y)R(U, V)W — R(R(X,Y)U,V)W — R(U, R(X,Y)V)W
—R(U,V)R(X, Y)W = Lz [(X Az Y)R(U,V)W
—R((X Az Y)U,V)W — R(U, (X Az Y)V)W — R(U,V)(X Az Y)W](62)

Taking X = ¢ in (62), we have

R(&,Y)R(U, V)W — R(R(£,Y)U, V)W — R(U,R(£,Y)V)W
—R(U,V)R(&, Y)W = Lz [(¢ Az Y)R(U, V)W
—R((E Az Y)U, V)W — R(U, (£ Az Y)V)W — R(U,V)(£ Az Y)W]. (63)

Using (6) and

(X Az YU = Z(Y,U)X — Z(X,U)Y,
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in (63), we have

[k — Lz(a+ @)I[R' (U, V,W,Y)¢ — n(R(U,V)W)Y

—g(Y,U)R(E, V)W +n(U)R(Y, V)W

—9(Y,V)R(U, )W +n(V)R(U, Y)W

—g(Y,W)R(U, V)¢ +n(W)R(U, V)Y ]

= Lzb[n(Y)n(R(U, V)W) = n(R(U,V)W)Y

—g(Y,U)R(E, V)W +n(U)R(Y, V)W

—g(Y,V)R(U, )W +n(V)R(U, Y)W

—g(Y,W)R(U, V)¢ +n(W)R(U, V)Y]. (64)

Taking the inner product of (64) with respect to £, we have

[k — Lz(a+ ¢)|[R'(U,V,W,Y) = n(R(U,V)W)n(Y)
—g(Y,U)n(R(E V)W) +n(U)n(R(Y, V)W)

—g(Y,V)In(R(U, W) + n(V)n(R(U,Y )W)

—g(Y, W)n(R(U,V)€) + n(W)n(R(U,V)Y)]

= Lzb[n(Y)n(R(U, V)W) = n(R(U, V)W )n(Y)

—g(Y,Un(R(E V)W) +n(U)n(R(Y, V)W)

—g(Y,VIn(R(U, W) +n(V)n(R(U,Y )W)

—g(Y, W)n(R(U,V)€) +n(W)n(R(U,V)Y)]. (65)

Using (3) and (8), (65) reduces to
Lzbkln(W)n(U)g(V,Y) = n(W)n(V)g(U,Y)] = 0,

which implies(since b # 0),
Lzk =0,
i.e., Ly =0o0r k=0.
This leads to the theorem:

Theorem 7. A Z-generalized pseudosymmetric N (k)-quasi FEinstein manifold is
either semisymmetric or k = 0.

7 Examples of N(k)-quasi Einstein manifolds

Ezample 1: Consider a Riemannian metric g on R? by
ds? = gjjdr'dr! = e$3cos(:v3)[(dx1)2 + (dz?)?] — (dz®)2.

Then, we have ,
g1 = gaa = €* cos(a®), gz =—1,

11 22 —z3

g = g% = e " sec(a?), ¢ =-1.
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Then, the non-vanishing components of the Christoffels symbols and the cur-
vature tensors are

F% _ F§’2 _ (cos(z3) — sin(x?))

2 Y
cos(x3) — sin(x?)
Pig=Th = 2cos(z3) '
1 — sin(223 1+ sin(223
Rz = —¢** (L= sin(2z)) Riss1 = Rosgo = —¢” {1+ sin(2z))

4 ’ 4cos(x3)

Also, the non-vanishing components of the Ricci tensors are
3 . 3
S11 = Sog = —e” sin(x”), Ss3 =

Using these results in
T = gijSij, (66)

we get

. (sec?(z3) — 6tan®(z3))

2

which is non-zero.
To show that the manifold is N(k)-quasi Einstein, we choose the scalar func-
tions a and b and the 1-form 7 as

a = —tan(z®), b= -sec*(x?),

0, otherwise,

at any point = € R3.
From (1), we have

S11 = agi1 + bmn, (67)
Sa2 = agaa + bnane, (68)
S33 = ags3 + bnzns (69)

and all others hold trivially.
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R. H.Sof (69) = agss+ bnsns
= —tan(z®)(~1)+ %(9602(303)(1)

_ (Atsin() g
N 2c082(z3) 0

= L.H.S of (69).

Similarly, it can be shown that equations (67) and (68) hold. Using (66), we
get
a+b  sin(2z®) —1
n—1 4 '
So, (R3,g) is an N (%)fquasi Einstein manifold.
Ezxample 2: Consider R* with the Riemannian metric g defined by

k=

ds? = gizdr'da? = (23)?[(da')? + (de?)? + (dz®)?] + (da)?.
Then, we have
g =go2 = gs3 = (z°)%,  gu =1,

1
11 . 22 _ 33 _ 44 _
97 =97 =97 = = 1.

The non-vanishing components of the Christoffels symbols, the curvature ten-
sors and the Ricci tensors are

1 1
3, =13, =——, I'l =Tl =I%=—
11 22 23 133 13 23 = 3
2
Ri331 = Ragzo = —1, Rogzo =1, Si11=582=S844=0, S33= (3)2

Using (66) and the above results, we get
r=2,

which is non-vanishing. To show that the manifold under consideration is an
N (k)-quasi Einstein manifold, we choose the scalar functions a,b and the 1-form
7 as

0, otherwise,

e =3,
ni(z) = {x3

at any point z € R*. From (2), we have

S11 = agi1 + by, (70)
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Sag = agaa + bnang, (71)
S33 = ags3 + bnzns, (72)
Sas = agaa + bnana (73)

and all others hold trivially.
R.H. Sof (72) = agss+ bnsns
= —0+2(5) ()
= @3)2 = 533
= L. of (72),

Similarly, it can be shown that equations (70), (71) and (72) hold. Using (4),

we get
a+b 2
S n—-1 3
So, (R*,g) is an N (%)—quasi Einstein manifold.
Example 3: A perfect fluid pseudo Ricci-symmetric spacetime is an N (%)—quasi
Einstein manifold[9].

Example 4: A four dimensional conformally flat perfect fluid (M*, g) is an

N (;lg (37 + f(T) + emp*(p + p)f’(T))>—quasi Einstein manifold[5].
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