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REFINEMENTS OF CAUCHY-BUNYAKOVSKY-SCHWARTZ
INEQUALITY AND BERGSTROM INEQUALITY WITH
APPLICATIONS

Diana Georgiana DRAGOMIR ! and Cristina Maria PACURAR*?

Abstract

The present paper proposes some generalizations of Cauchy-Bunyakovsky-
Schwarz inequality and some improvements of the Bergstrom inequality based
on the newly obtained results. Also, improvements of the Bergstrom inequal-
ity based on Milne’s inequality and Callebaut’s inequality are presented. The
newly acquired results are particularized and new applications are presented.
In the last part of the paper, the current results are applied to attain im-
provements of the Nesbitt inequality.
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1 Introduction

The Cauchy-Bunyakovsky-Schwarz inequality, which is also known as the
Cauchy-Schwarz inequality, states that for ai,as,...,a, € R and b1,b2,...,b, € R

we have
n 2 n n
2 2
(San) <3aryst
i=1 i=1 i=1

The equality holds for n_%2_ o
b1 by by,

This inequality is used in numerous fields of mathematics and it is one of the
most important and largely used inequalities. Thus, various mathematicians have
made refinements and improvements to the Cauchy-Bunyakovsky-Schwarz (CBS)
inequality. Among the numerous scientific articles which deal with this inequality
we note the ones by Dragomir [3], [4], [5], De Buijin [1], Daykin, Eliezer and
Carlitz [2], and Wigren [9].
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In [2], Daykin, Eliezer and Carlitz obtained a refinement of the (CBS) inequal-
ity as follows.

Theorem 1. Let ay,ag,...,ayn,b1,b2,...,b, € R and let f,g : [0,00) x [0,00) —
(0,00). The inequality

n 2 n n n n
<Zaibi) < Zf(ai,bi)Zg(ai,bi) < Za%Zbg (1)
i=1 i—1 i—1 i—1 =l

holds if and only if

f(a,b)g(a,b) = a®b*; (2)
f(ka, kb) = k*f(a,b); (3)
bf(a,1) af(byl) a b
af6 D) T hf@D) b a 4)

for all a, b,k > 0.

Particularizing Theorem 1 for f(a,b) = a® 4+ b? and g(a,b) = a2+b2, the in-
equality known as Milne’s inequality is obtained:

(Son) <SS ey e o

Another generalization is obtained for choosing f(a,b) = a'**b'~* and g(a, b) =
al=p!*t* o € [0,1] which leads to the inequality of Callebaut

<Zn: aibz> Z aitopl-e Z al~opite < Zn: a? Zn: b2. (6)
=1 =1 =1

=1

On the other hand, the (CBS) inequality has numerous applications for a

particular choice of a; and b;. Thus, taking a; = %, and b; = /b;, fori =1,n
and b; # 0, we obtain the following inequality '
2 2 a2 2
af a, _ (a1 +az+ .. +ap)
b1+b t +bn ~— bi+by+..+0b, (7)

known as Bergstrom inequality.

2 Improvement of Cauchy-Bunyakovsky-Schwarz in-
equality

Let us first prove a useful lemma.

Lemma 1. Let a,b,c,d be positive real numbers. The inequality

b
242 >E+g (8)

<
S

holds if and only if
(ad — be)(ac — bd) > 0. 9)
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Proof. We can rewrite equation (8) as follows

which leads to

and hence we obtain relation (9). O
Next, we will prove a Theorem which reformulates Theorem 1.

Theorem 2. Let h: [0,00) % [0,00) — (0,00) which satisfies
1. h(ka,kb) = h(a,b);
2. (ah(b,1) — bh(a,1))(ah(a,1) — bh(b,1)) > 0

The following inequality holds:

n 2 n n n n
<Zazbz> < Zaibih(az, Z h a CLZ2 b? (10)
i=1 i=1 i»0i)

Proof. Let us consider f(a;,b;) = a;b;h(a;,b;) and g(a;, b;) h(‘;"_bi_ in Theorem
1. We have to prove relations (2), (3) and (4).

It is obvious that f(a;,b;)g(a;, b;) = a?b?.

Let us prove relation (3):

and since h(ka;, kb;) = h(a;.b;) we get f(ka;, kb;) = k?f(a;, b;).
Relation (4) becomes
abh(a,1)  abh(b,1) _a b

<4
ah(,1) | abh(a,1) = b

S|

If we consider ¢ = h(a,1) and d = h(b,1) in Lemma 1, we have that
(ah(b,1) — bh(a,1))(ah(a,1) — bh(b,1)) >0
which is true. O

Proposition 1. Let a; > 0 and b; > 0, for all i = 1,n, then the following
inequality holds:

n b n . b 2
<Zaibz> <Zazz C(Lll—:_b QZ a;b; C;_:bg Szagzb? (11)
=1 i =
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Proof. We consider h(z,y) = (”’;:yy;

We verify conditions 1. and 2. from Theorem 2. It immediately follows that
(kz)* + (ky)? _ K*(2® +y°)
(kx +ky)2  k2(x +y)?
and simplifying with k2, we get h(kz, ky) = h(z,v).
In order to prove condition 2., let us consider ¢ = h(a,1) and d = h(b,1) in
Lemma 1. We need to prove that

(ah(b, 1) — bh(a, 1))(ah(a, 1) — bh(b,1)) > 0

h(kx, ky) =

which is equivalent to
1

(a+ 1) b+ 1)3 (a(a+1)*(b*+1)—b(a*+1)(b+1)?)(a(a®+1) (b+1)*~b(a+1)*(b*+1)) > 0.

1
Since S EL > 0 we need to prove that

(a(a+1)2(b? +1)=bla®+1)(b+1)})(a(a® +1)(b+1)* —bla+1)*(b*+1)) > 0. (12)

We compute
(a(a+1)%(b*41)=b(a®+1)(b4+1)?) = a®b*+2a*b* +ab®+a3+2a* +a—a?b> —2a>b* —a?b—b> —2b> —b =
= (a—b)(a®b® +a® + 0> +2a+2b+1).

Similarly, we get
(a(1+a®)(b+1)% —bla+1)2(b? + 1)) = (a—b)(a®? + 2a%b + 2ab® + a® + B> +1).
Consequently, relation (12) is proved. O
2+ y?
zy

Remark 1. Considering h(z,y) = in Theorem 2, we obtain Milne’s
inequality.

Remark 2. If we take h(z,y) = a“b~ in Theorem 2, we obtain Callebaut’s
inequality.

2.1 Particularizations of the improved C-B-S inequality

1
We can take relation b, = —,i = 1,n in (11) to obtain a new relation as
@
follows '
a2+ 1 1 2
n i ) n a; + — n n
2 a; ( ' ai) 2 1
nt s 1\ 2 , 1 S‘Eai' pvL (13)
i=1 | a; + @ i=1 aj; + —5 i=1 =1 ¢
i
1. .
and for b; = —,7 = 1,n, we obtain
n
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3 Generalizations for three sequences

We shall give some results for three sequences of positive real numbers.

Lemma 2. Let a = (ai,...,an), b = (b1,...,b,) and ¢ = (c1,...,cp) be three se-
quences of positive real numbers. The following inequality holds

n 2 n n n
(Zaibi@) S ZaibiZbiciZciai. (15)
i=1 i=1 i=1 i=1
Proof. We shall first prove by induction the following result
n 2 n n n
P(n) : (Zalbzcl) S ZaibiZbiCiZCiai,
i=1 i=1 i=1 i=1

for all n > 1.

For n = 1 we obtain the equality. We show that P(2) is true and we have
(a1b101 + a2b202)2 < (a1b1 + azbg)(blcl + 5202)(61611 + CQCLQ)
a2b?c? + 2a1bycraghycy + adbacs <

< a%b%c%+a1b%01a202+a%b101b262+a1blcga2b2+a1blC%agbﬁ—a%blbgclcg+a1a2b30102+a%b%cg.
Notice that
(bh/alagclcg — bQ\/a1a26162)2+
—i—a%blCleCg + alblcgagbg + alblc%GQbQ + a%bleClcQ > 0.

Since the sequences are positive, the inequality is proven.
We assume P(n) is true:

n 2 n n n
(Zaibicz‘> < Zaibizbicz‘zcz’aiu
i=1 =1 =1 =1

for all n > 1, and we prove that P(n + 1) is true
n 2 n n n
(Z a;b;c; + abc> < (Z a;b; + ab> <Z b;c; + bc) <Z cia; + ca) ,
i=1 i=1 i=1 i=1

for all n > 1.
We make the following notations

n n n n
a=> aibi; B=Y bicii ¥=) cai 5= abic;
i=1 i=1 i=1 i1

and thus we obtain
6% 4+ 2abed + a’b*c? <
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< afy + afca + aybe + aabc® + Byab + Bach + ’yabQC + a?b? .
We know that
5% < ap,

and we need to prove that
2abcd < afica + aybe + aabc® + Bryab + Babe + yabe.

If we consider the pairs (afca,yab’c), (aybe, Babc), (abc?, fyab), and we
apply the geometric-arithmetic mean inequality we obtain

afica + yab*e

5 > \/O[ﬁCCL’YCLb2C = \/aﬁyabc > 5abC;
b %b
%ﬁac > \/aybefaZbe = \/apyabe > dabe;
be? b
M > /aabc?Byab = \/afrabe > dabe.

Summing the inequities we get

afca + aybe + aabc® + Byab + Babe + yab*c > 65abe > 26abe.

Thus, the lemma is proved

n 2 n n n
(Zalblcz> § Zalszblcz Zcmi.
=1 =1 =1 =1

O]

Theorem 3. Let a = (ay,...,a,), b = (b1,...,b,) and ¢ = (¢, ..., ¢,) be thethree
sequences of positive real numbers and f,g : [0,00) X [0,00) — (0,00). The in-
equality

n 2
(Z aibici) <
i1

n n n n n n

D flaib) Y glaibi) Y fbise) Y glbiei) Y fleai) Y gleirai) <

i=1 =1 =1 =1 =1 i=1

n n n
gZa?Zb?Zc? (16)
i=1 =1 =1

IN

holds if and only if
f(a,b)g(a,b) =
f(ka, kb) = k* f(a,b)
bf(a,1) af(b,1) a b

af6 D) T bf@n) b T a

for all a,b,k > 0.
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Proof. Applying Theorem 1 for the pairs (a,b), (b, ¢), (c,a) we get
n 2 n n n n
(Zaibi> <> flanbi)> glaibi) <D al> b
i=1 i=1 i=1 =1 i=1
n 2 n n n n
O3 D WCR) SO ED 30D B
i=1 i=1 i=1 i=1  i=1
n 2 n n n n
(Zcm) <D fleiai) Y gleia) <Y Y af
i=1 i=1 i=1 =1 i=1

Multiplying relations (17), (18) and (19), we get

n n n 2
( Z aibi Z biCi Z cia2->
i=1 i=1 i=1

n

121

(17)

(18)

(19)

Sif(azabz)z az, Zf bzacz Z bzacz Zf Ci, Qj Z Czaai) <
i=1

i=1 =1

2
2 2 2
<(Laywya).
i=1 i=1 i=1
which is equivalent to

n n n
E a;b; E bic; § cia; <
i—1 i=1 i1

< D flaib Z g9(ai,b Zf bz;czz (birci) Y fleiai) Y glei ai) <
i =1

n n n
2 2 2
Y@y Y
i=1 =1 =1

Using the result in Lemma 1, we obtain

(Zn:aibicl> Zazb Zb CZZClal <
i=1

=1

i=1 i=1

< D0 flas b Z 9(a;, b Zf bi, ci) Z (birci) Y fleia) Y glei ai) <
i =1

n n n

2 2 2

< E a; E b; c
i=1 =1 i=1

which gets us the desired result

n 2
<Z aibicz‘> <
i—1

=1 i=1
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IN

D flaib) > glaibi) Y fbise) Y glbiei) Y fleiai) Y gleirai) <
=1 1 =1 =1 =1

i=1 1=

n n n

2 2 2

< g a; E b; E c;.
=1 i=1 =1

3.1 Applications

If we combine Milne’s inequality (5) and Theorem 2 we obtain the following

inequality
n 2
<Zaibici> <
i=1
< (@i +07) ) 55 ) Wi+c)) mrs) (d+a)) =5
i=1 - Y +b; i=1 i=1 b +¢; i=1 =1 G +a;
n n n

1
We can particularize the inequality for b; = —,7 = 1,n and we obtain the new
a;
inequality
n 2
i=1
n n n n n n
1 1 a’c? +1 c? c2a?
< Y@y ris 4 Shesany 90
- 2 1 2 2 2 7 7 2 2 —
i—1 G ST @ o et o G
n n 1 n
2 2
< a; Z ol ;.
i=1 =1 1 i=1
(20)
1
Another particularization, for b; = —,i = 1, n, gives us the following inequality
n
1 (< 2
N} ( Z aicz‘> <
=1
1 n n a2 n n 2 n n 2a2
2,2 j 2.2 ‘ 2 2 i 4
S5 > (na?+1)) a1 D (1)) -y B > (¢ +ap) o
i=1 i=1 i i=1 i=1 i i=1 i=1 i

1 n n
< — E a? g cf.
n“ :
=1 =1
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Another result can be obtained by taking into consideration Callebaut’s in-

equality (6) and Theorem 2:

n 2
(Z aibici) <
i—1

n n n n n n
l+arl—a l—a1pl4a 1+a 11—« l—a l4+a 1+a 1—« l—a 1+«
< g a; " “b; g a; “b; g b, “c; g b, “c; g c; “a, E c; “a;
i=1 i=1 i=1 i=1 i=1 i=1
n n n

< Z a? Z b? Z .
i=1 =1 i=1

o . 1. .
A similar choice for b; = —,i = 1, n, gives us

n n 1 n Cl_a n Cl+a n n
< g a?® g — L L citogl=a " lraglte < (22)
) (ZZa al-}—g al—a 1 ) 1 1
i=1 =1 "t 4=1 " =1 "1 i=1 i=1
n n n
1
2 2
< a; el Cis
i=1  i=1  i=1
1
and for b; = —,i = 1,n, we get
n

1 (¢ ?
) ( Z aicz’> <
=1

1=

n n n n n

n
1
14+« 11—« -« 14+« 1+a, 1—« l—a, 1+«
3 gai Eai Eci Eci gci a; Eci a; "< (23)
i=1 i=1 i=1 i=1 i=1 i=1

IN

4 Improvements of the Bergstrom inequality

We shall give some improvements of the Bergstrom inequality.
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4.1 Improvements based on Milne’s inequality

Proposition 2. Let a; > 0 and b; > 0, for all i = 1,n, then the following
inequality holds:

n 2+b2 n 2b2 n 2
g R0 2 (a0 ()
D e > (24)

T

Vi

>3 (L) S () (L

Proof. If we consider a; = and b; = /y; in relation (5), we get

and thus, we get equation (24). O
Proposition 3. Let a; > 2b;, b; > 0 and ¢; = v/a; + 2b;, d; = v/a; — 2b;, for all
i = 1,n, then the following inequality holds:

n ) n n 2
Z (ci j)ld')?’ ; (i = di) 1 (Z(CZ * dl))
2 =1 _ 1= Z CTZ g 1:71 ) (25)
' i=1 a;

C; —

[\')

=1 =1

Proof. Let

in inequality (24). For x; and y; from Proposition 1 we get

20; ~= b?
no L g Zczaz_; (chﬂz)
Z(Cz+dz) 2 i=1 i=1 >
4 Ci—di_ . -

1
i=1 4 Gea—di 7

from which we obtain
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Observation 3.1. Taking b; = z; and a; = y; in (25) we obtain a new upper
bound
n

2 2
= a7 ;(\/yz‘Jr?fCi Vi — 21;) 32 Vi o+ 20— Vi - 20)
<2 0 L@

= Z%(%ywm—\/yi—m)
i=1""

Observation 3.2. Combining equation (27) with the result in Proposition 1, we
get

I2

n

2; (Vyi +2z; —

$2

\/y — 2212' 3 Z \/yz+2xz \/yz - 2331 n 2

0 22j>
Z%(\/yi+2xz’*\/yi*2$i) =
i=1""

" x2+y2> n ( 22y > (” '>2
- .
> i > i
=1 )

4.1.1 Particularizations of Milne’s inequality

We can particularize relation (5) for b; = —,i = 1, n to obtain a new relation
@
as follows '
2 2
ey (b z) X X d Yy n 25)
i=1 vt/ 4=1 "1 ' a2 i=1 =1
1
and for b; = —,i = 1,n, we obtain
n
1 n 2 1 n a2 n
_ L 2 2 i 2
HEe) it Eadn e @
=1 =1 =1 g i=1
1
Moreover, if we take b; = —,i = 1,n, in (24) we get
az
- af—l—l - af Zn:a 2
n — a al +1 — ’
@ 2 T Z 5
=1 _ -
1 )
i=1 =1
1
and for b; = —,1 = 1,n, we have
n
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4.2 Improvements based on Callebaut’s inequality

Proposition 4. Let a; > 0 and b; > 0, for all i = 1,n, and « € (0,1) then the
following inequality holds:

n

n n 2
1+a1—a l—ara .
- gai b; Eai b; <E al>
) =1

o, il s il L (30)

= Z b; Z b;
i—1 i=1

Proof. In Callebaut’s inequality (6), we consider a; = \jl and b; = /y; and we

Yi
get
(z) <Yy e <y H
— — Yi
i=1 i=1 =1
which leads to the desired inequality. O

4.2.1 Particularizations of Callebaut’s inequality

We can particularize relation (6) for b; = —,i = 1,n to obtain the inequality
a;

n

n <Za2°‘z Zaf %
(2

1= 1 =1 =1

3

and taking b; = =1,n, we have

B\H

1
Particularizing relation (30) for b; = —, we get
a;

Z 1+2az 1 2c¢ (zn:ai>2
=1
Z - "1 T 1

a:
i=1 "

and for b; = = 1,n, we have

n n n n 2
n g a? > E aZHO‘ E a%fa > < g aZ) )
i=1 =1 =1 ]

S |-
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5 Application - refinements of Nesbitt inequality

Consider the Nesbitt inequality

a b c 3

> —. 1
b+c+a+c+a+b_2 (31
Equation (31) can be rewritten as

a? b? c?
a(b+c) * bla+c) - c(a+0b)

>3
-2

Using inequality (24) with a; = a, as = b, ag = cand by = a(b+c), by = b(a+c)
and bz = c(a + b), we get a refinement of the Nesbitt inequality as follows

a . b N c a? L b2 i c? S
b+c a+c a+b alb+e) blat+e) cla+b) T
1 a b c
1+(b+e)?)+—(1 2 1 b)?)| -
2(a+b+c) [b—i—c( +(b+e) )+a+c( +lato) )+a+b( +(a+ ))]

a’(b+ c)? b%(a + c)? c2(a + b)?
’[1+(b+c)2 1+ (a+c)? 1+(a—l—b)2}_
(a>+b*+c*) _ 3
2(ab+be+ac) = 2°
(32)
Moreover, from inequality (30) we get the further refinement of Nesbitt in-
equality

a n b i c a? . b? i c? S
b+c a+c a+b alb+e) blat+e) cla+b) "

1 a b c
2(a+b+c) [(b%—c)a * (a+c)> * (a—l—b)a} '
a?(b+ c)? b?(a+ c)? c*(a+b)?
'[1+(b+c)2 1+ (a+c)? 1+(a+b)2} =
3
2

(33)

(a? + b2 + c2)
2(ab + bc + ac)
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