Bulletin of the Transilvania University of Bragov e Vol 13(62), No. 1 - 2020
Series II1: Mathematics, Informatics, Physics, 51-68
https://doi.org/10.31926 /but.mif.2020.13.62.1.5

TRIPLE POSITIVE SOLUTIONS FOR A CLASS OF
BOUNDARY VALUE PROBLEMS WITH INTEGRAL
BOUNDARY CONDITIONS
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Abstract

In this paper, by using Leggett-Williams fixed-point theorem and Hoélder
inequality, we study the existence of three positive solutions for fourth-order
differential equations with integral boundary conditions. The results are il-
lustrated with an example.
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1 Introduction

In this paper, by using Leggett-Williams fixed-point theorem and Hdlder in-
equality, we study the existence of three positive solutions for fourth-order two-
point boundary value problem (BVP)

ul (t) =w (t) f(tu(t), €(0,1),
U( fo (s)u (s (1)
fo (s)ds, ul 3 ( ) =0,
where w (.) is LP — mtegmble for some 0 < p < 400. In addition f and w satisfy
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(A2) Jec ([Oa 1] X [Oa OO) ) [07 OO)),
(A3) g, h € L'[0,1] are nonnegative and p € [0,1), v € [0, 1), where

1
V:/g(t)dt, uzo/h(t)dt

0

The theory of multi-point boundary value problems for ordinary differential
equations arises in different areas of applied mathematics and physics. For exam-
ple, the vibrations of a guy wire of uniform cross-section and composed of N parts
of different densities that can be set up as a multi-point boundary value problem.
Many problems in the theory of elastic stability can be handled as multi-point
boundary value problems too. Higher-order boundary value problems occur in
the study of fluid dynamics, astrophysics, hydrodynamic, hydromagnetic stability
and astronomy, be a mandlong wave theory, induction motors, engineering and
applied physics. The boundary value problems of higher-order have been exam-
ined due to their mathematical importance and applications in different areas of
applied sciences. In particular, third-order, fourth-order and nth order were con-
sidred, see [3, 4, 5, 6, 7, 10, 11, 20, 23, 27, 34] and the references therein.

The existence of positive solutions for nonlinear fourth-order multi-point bound-
ary value problems has been studied by many authors using nonlinear alternatives
of Leray-Schauder, the fixed point theory, monotone iterative technique and the
method of upper and lower solutions, see [1, 9, 12, 13, 14, 15, 21, 22, 25, 28, 35]
and references therein. The multi-point boundary value problem is in fact a spe-
cial case of the boundary value problem with integral boundary conditions.

Boundary value problem with integral boundary conditions is a typical nonlo-
cal problem, which arises naturally in hydrodynamic problems [8], semiconductor
problems [18], thermal conduction problems [29]. Such problems have been con-
sidered by many authors, see [16, 17, 24, 33].

Recently, Zhang and Ge [31] studied the existence of positive solutions by using
the Krasnoselskii fixed point theorem of the following fourth-order boundary value
problem with integral boundary conditions

U(4) (t) :w(t)f(t,u( )) €(0,1),
fo1 u(1) =0,
fo ds u” (1) =0,

where w (.) € L} [0,1],9, helL! [0,1], g(s) >0,h(s)>0

Bai [2] studied the existence of positive solutions by using the Krasnoselskii
fixed point theorem of nonlocal fourth-order boundary value problem

(4()+5u"()_)\f(tu()) te(0,1),
u (0) fo ds
u” (O) fo s) ds,
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where A > 0,0 < 8 <72, g, h€ L'[0,1], g(s) >0, h(s) >0 and
feC([0,1] x [0,00) x (—00,0],[0,00)).

Zhang et al. [32] studied the existence of positive solutions of the following fourth-
order boundary value problem with integral boundary conditions

u (1) - Af(tu())—o te(o 1),

u(0) = fo s) ds,
u” (0) = fO s)ds,

where \, 0 < 3 < 7%, g, he L'[0,1], g(s) >0, h(s) > 0 and
feC(0,1] x [0,00),[0,00)).

n [30], Yan studied the existence of positive solutions by applying the Krein-
Rutman theorem and fixed point index theory for the nonlinear problem

ul® (1) + Bu" (t) = plu t) u” (t)], t € (0,1),
u(0) = fo (s)u(s)ds,
u” (0) = fol h(s s)ds,

In [26], Shen and He used global bifurcation techniques to study the global struc-
ture of positive solutions of the singular problem

t))=0,te(0,1),

where A € (0,00), h(t) be singular at t = 0 and ¢ = 1 and fo s)da(s) is a
Stieltjes integral with a (¢) being not a constant on [0, 1].

Motivated and inspired by the above-mentioned works, in this paper, we study
the existence of three positive solutions for BVP (1). The argument are based
upon a fixed point theorem due to Leggett and Williams which deals with fixed
points of a cone-preserving operator defined on an ordered Banach space [19]. The
current paper is organized as follows. In Section 2, we provide some lemmas that
will be used to prove our main results of BVP (1). In Section 3, the main results
of BVP (1) will be stated and proved, and we give an example to illustrate our
results.

2 Preliminaries

We shall consider the Banach space C [0, 1] equipped with sup norm |ju| =

Jnax |u (t)]. C*[0,1] is the cone of nonnegative functions in C [0, 1].
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Definition 1. Let E be a real Banach space. A nonempty closed set P C E is
said to be a cone provided that

(i) cqu+ cov € P for all ¢y > 0, c2 > 0, and

(79) u, —u € P implies u = 0.

Every cone P induces an ordering in E given by v < v if and only if v—u € P.

Definition 2. The map 3 is said to be nonnegative continuous concave functional
on a cone P of a real Banach space E provided that 3 : P — [0,00) is continuous
and

Bte+1—t)y) >tp(x)+(1—1t)B(y), forallz,y e Pand 0 <t <1.

We will reduce BVP (1) to an integral equation. To do this goal, firstly by
means of the transformation

u' (t) = —v (1),

we convert problem (1) into

{ O +w®) f(tut) =0, 0<t<l,
v(0) = [ h(t)v(t)dt, v (1) =0,

and

{ " (t) = v (), 0<t<l, )

w(0) =u(1) = [ g(t)u(t)dt.

In arriving our results, we need the following six preliminary lemmas. The
first and third lemmas are well known.

Lemma 1. Assume (Hy) — (H3) hold. Then problem (2) has a unique solution

given by 1
0(t) = [ Ht.5)w () (5,0 () ds, @)

where 0 .
H(t,s)—G(t,s)—|—1_H/G(s,7)h(r)d7, (5)

and 0
N

The functions G (t, s) and H (¢, s) have the following properties.
Lemma 2. Letd € (0, %) , Js =1[0,1—0]. If u €10,1),then, we have

H(t,s) >0, G(t,s)>0,Vt sec(0,1) (7)
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H(t,s) >0, G(t,s)>0,Vt,selJ

< )< G(tt)=t=e(t)<1, Vt,seJ
pe(t)e(s) < H (t,s) <75 = ye(s) <7 b, s € J

G (t,s) > 6G(s,s), HI(t,s)>dH(s,s),Vteds,seJ

where .
h(s)d
L (s
I—p

Proof. The proof is evident, we omit it.
Remark 1. From (5) and (11), we can obtain

H (t,s) > ds = 0G (s, s)

Lemma 3. If (Hz) and (H3) hold, then problem (3) has a unique solution u given

by
1
w(t) = /H1 (t, ) v (s) ds,
0
where
1
Hy(t,5) = G (t.5) + 1 [ G (s.7) g ()
0
and

The functions G (¢,s) and Hj (t, s) have the following properties.
Lemma 4. Let § € (0, %) , Js =1[0,1—0]. If v €0,1),then, we have
Hi(t,s) >0, Gi(t,s)>0,Vt, se(0,1)
Hy(t,s) >0, Gi(t,s)>0,Vt,selJ
er () e1 (s) < Ci (£ ) < Gu (s,8) = €1 (s) < % Wt s € J
e1(t)Hy(s,8) < Hy(t,s) < Hy(s,s)<ey(s), Vt,seJ

v, Vt, s € J

NG

pre1(s) Hi(s,s) < Hy(t,s) < 71Gi(s,s) =ve1(s) <

G1(t,s) > 0°G (s,s), Hy(t,s)>0%Hy(s,s) > %1 (s), Vte Js, s € J

where

1 1 _ fol Gi(r,7)g(T) dT‘

er(t) =t(1—1), maxe (t) =7, m =1,/ —

(13)
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Proof. Since the proof is similar, we need to prove (20). It follows from (14), (17)
and (18) that

1
> [awamsma
0

1
_ fo €1 (17')91)(7') dTS (1—s)

_ fol Gy (r,7)g(T)dT

o s(1—s)
= piep (s).
In addition, from (18), we have
1
Hi(ts) = Gh (t5) + 1iy/G1 (s,7) g (r) dr
0

The proof is complete. O

Remark 2. Suppose that u is a solution of BVP (1). Then from Lemma 1 and
Lemma 3, we have

1 1
w(t) = //H(t,s) Hy (5,7)w (7) f (7,0 (7)) drds.
0 0
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Define a cone K by
K={ueC"[0,1]: u(t)>0, te0,1]}. (23)

It is easy to see K is closed convex cone of C* [0, 1].
Now, define an integral operator T' : K — C* [0, 1] by

11
://H (t,s) Hy (s,7)w (7) f (1,0 (7)) drds, (24)
0 0

From (24), we know that u is a solution of PVB (1) if and only if u is a fixed
point of operator T.

Lemma 5. Assume (A1) and (Az) hold. Then T(K) C K and T : K — K s
completely continuous.

Proof. Since the proof of completely continuous is standard, we need only to prove
T(K) C K. In fact, for any (¢,s) € [§,1 — d] x [0,1] and since f > 0, w > 0 and
fo 170 2(1 — 5) > 0, we have

1 1
(T) (t) = / / H (1, 5) Hy (5,7)w (7) f (7,0 (7)) drds,
0 0
1

Therefore, T (K) C K. The proof is complete. O

Now, let 0 < [ < r be given and let 5 be a nonnegative continuous concave
functional on the cone K. Define the convex sets K; and K (f,1,r) by

Ki={ueK : |u| <},

and
KB, l,r)={ue K : 1 <B(u), |ul| <r}.

The key tool in our approach is the following Leggett-Williams fixed point theo-
rem.

Theorem 1. [19] Let E be a Banach space and K C E be a cone in E. T :
K, — K. be a completely continuous and (3 be a nonnegative continuous concave
functional on K with B (u) < ||ul| for allu € K.. Suppose there exist 0 < d <1 <
r < ¢ such that
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(i) ue {K (B,l,r): B(u) > 1} #0 and B (Tu) > 1 forue K (5,1,r),
(1) [|Tul] < d for [lul| < d,
(7i1) B(Tu) > 1 foru € K (5,1,c) with | Tu| > r.
Then T has at least three fixed points uy,us,us satisfying
luil| < d, 1<p(uz2), |us||>d and B(ug) <I.
We will employ Holder inequality.

Lemma 6. (Holder). Let f € LP[a,b] with0 < a <bandp > 1, g € L[a,b)
with ¢ > 1, and 1% + % = 1. Then fg € L' [a,b] and

1Fglly < 1£1, llgllg -
Let f € L'[a,b], g € L [a,b]. Then fg € L' |[a,b] and

1Fally < 1fl llglloo -

3 Existence results
In this section, we apply Theorem 1 and Lemma 6 to establish the existence
of triple positive solutions for BVP (1). We consider the following three cases for

w(.)eLP0,1]: p>1,p=1andp=cc.

For convenience, we introduce the following notations:

52
D= e wll,, 60 =—,
7 lleall, lwll, o
and
f(tu)

f° = lim sup max
U—00 telo,1]  u

Theorem 2. Assume (A1) — (As) hold. Furthermore, suppose that there exist
constants 0 < d <1 < 5% < ¢ such that

(Hy) > < 3.

(Hs) f (t,u) > %, for (t,u) € [0,b—08] x [I,&], 6 € [0,4], N e N,
(Hs) f(t,u) < . for (t,u) € [0,1] x [0,d].

Then BVP (1) has at least three positive solutions uy,us and ug such that

|lui]l < d, 1< pB(u2), wug>dwithp(us)<l.
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Proof. Let (u) = %ibné]u (t). Then f(u) is nonnegative continuous concave
te[s,b—

functional on the cone K satisfying 5 (u) < |ju|| for all v € K. We denote r = 5%.
From (Hi), there exist 0 < 0 < 5, and I > 0 such that

f(t,u) <ou, andu > 1.

Let n = max f(t,u).
0<u<l, t€[0,1]
Then
ftu) <ou+mn, te0,1, 0 <u<+o0. (25)

Set

- Dn l

max —
¢ *11-Do o [’

and

e1(s)=s(1—-s).
Then, for u € K., it follows from (10), (19) and (25) that

:/l/lH t,8) Hy (s, 7)w (1) f (1,u (7)) dr
0 0

1 1
< [ [omer o) u+ n)drds
00

IN
o _

1
/ er () w (7) (o lul] + ) drds
0

1
<ym (oc+n) /
0

< (ge+n) @l llell,
<ec,

which shows that Tu € K.. Hence, we have shown that if (H;) holds, then T’
maps K. into K..
We verify that {u/K (8,1,7) : B(u)>1} # 0 and B(Tu) > [, for all u €

K (B,l,r).
Take ¢ (t) = &£, for t € [0,1]. Then

o € {u/ueK(ﬂ,l,é),ﬂ(u)>l}.

This shows that {u/K (8,1,7) : f(u) >1} # 0.
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Therefore, from (Hz),(11) and (21), we have

B(Tu) = tef?,ifi 5 (Tw) (t)

1 1

= te%ilné]//H (t,s)Hy (s,7)w (7) f (T,u (7)) drds

0

v

6/1/16 )Hy (s, T)w (T) f(T,u(T))drds
00

1-6

1
53/ / e(s)er (s)w () f(r,u(r))drds
0 ¢

v

1-6
zﬁ/fﬂ—@%/wﬁﬁﬁwmﬂf
0 )
53 121
> EA(l—za)m =1.

If u € K4, then it follows from (H3) that

(Tu) (t) H(t,s)Hy (s, 7)w (1) f (1,u(T))drds

Il
O\H
O\H O\H O\H

IN

IN
N O\»ﬁ O\H

Sl

yyier (1) w (1) f (r,u (7)) drds

d
ymer (T)w (1) Bdes

<

)V%IMukﬂqu

Finally, we assert that if u € K (8,1, ¢) and ||Tu|| > r, then 5 (Tu) > .
Suppose u € K (f3,1,c) and ||T'u|| > r, then it follows from (21) that

1

B (Tu) _tegliné]//H (t,s)Hy (s,7)w(7) f(m,u(r))drds

11
> 62//61 (s)H (s,7)w (1) f(r,u(7))drds
00

[e=]
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io/lo/l'ylel (s, T)w (1) f (T,u (7)) drds

> 5% | Tul| > 1

To sum up, the hypotheses of Theorem 1 hold. Therefore, BVP (1) has at least
three positive solutions uy,us and ug such that

|url| < d, 1< B(u2), wuz>duwith(u3) <l

The following Corollaries deals with p = +o0.

Corollary 1. Assume (A1) — (As), (H1), (H2) and (Hs) hold. Then BVP (1)
has at least three positive solutions uy,us and ug such that

|url| < d, 1< B(u2), wug>dwithj(us) <l
Proof. Let [|w|,, [le[l; replace [lw]], [le]|, and repeat the argument above. O

Finally we consider the case of p = 1.
Let
(Hy) [ < 27,
(Hs) f(t,u) < 4, for (t,u) €[0,1] x [0,d],
where
D' =y fwll -

Corollary 2. Assume (A1) — (As),(Hs) and (Hs) hold. Then BVP (1) has at

least three positive solutions uy,us and us such that

Juil| <d, 1<B(u2), |us|>d with 8(u3)<lI

Dn l
!> { Ok )

e1(s)=s(1-s),
where 0 < 0’ < ;. Then, for u € K, it follows from (10), (20) and (25) that

Proof. Set

and

11
//H (t,s)Hy (s,7)w(7) f(m,u(7))drds
0 0

1 1
< / / yyier (r)w (7) £ (v, u () drds
0 0
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1 1
< //wlel 7) (0'u+n) drds
0 0

1
/’y’ylel ( [lul| + 17) drds
0

O\H

1
< v (o'd +1) /w (1) drds
0
< (o' + 1) wll, = ¢,
which shows that Tu € K

. Hence, we have shown that if (H4) holds, then T'
maps K. into K.

If u € Kg4, then it follows from (Hs), (10) and (20) that

O\H

1
/H (t,s)Hy (s,7)w(7) f(r,u(T))drds
0

O\H

1
/’7’7161 T) f(T,u(T))drds
0

O\H

1
d
/ — et ( w(7)drds
0

1
d
< Lo [utori
0

d
< pmllwly = d.
Finally, we assert that if u € K (8,1,¢) and ||Tu|| > r, then 5 (Tu) > .

Suppose u € K (,1,¢) and ||[Tu|| > r, then it follows from

B(Tu) = tel[gifié]//H (t,s)Hy (s,7)w(7) f(m,u(r))drds
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ﬁ\%

/1 /1 mer ( 7w (1) f (1,0 (7)) drds
0 0

> 6% | Tul| > L.

To sum up, the hypotheses of Theorem 1 hold. Therefore, BVP (1) has at least
three positive solutions uy,us and ug such that

|luill <d, 1<B(u2), wus>duwithf(us)<l.
O

Remark 3. We remark that the condition (Hg) in Theorem 2 can be replaced by

the followmg condition:
(H ) fi < -, where

[t u)

f& < max { max
te[0,1]

D u € [O,d]}.

Corollary 3. If the condition (Hs) in Theorem 2 replaced by (H3), or (Hg)”,
respectively, then the conclusion of Theorem 2 also hold.

We construct an example to illustrate the applicability of the results presented.

Example 1. Let § = 1 > m=3,a=0,b=1andp=1. It follows from p =1
that ¢ = oco. Consider the following boundary value problem

V) =w® ftu®),  te(01),
u 0) =u(l) fo (s)u(s)ds, u' (0) =0, (26)
u’ (0) = fl (s)u" (s)ds,  u® (1) =0

where
w(t) = 5154-1%, h(t)=g(t) =t,
and
¢ (t,u) € [0,1] x [0, 4],
e =) w00 ) () o<,
’ (10)* (&) . (t,u) € [0,1] x [1, 4],

(10)* (&) + (u— &) t, (t,u) €[0,1] x [, 00).

It is easy to see by calculating that w (t) > X = {5, for a.e.t €[0,1].
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By simple calculation, we obtain

1 1 1 2 1
TTI oy T T, T e Ty 32

It follows from w (t) = tt+ 5 and e (t) =t (1 —t) that

1
1 1 1
= [ (=t+—=)at=—
lell = [ (50+35) = 15
0

and

Q=

1
_ — 1 q q _
lell, = llello = tim | [ (0 (1= 7de | =1,
0
It is easy to verify that
2 o0
D= el ol = 5. and [ =1.

Choosing 0 < d <1 < SL* < ¢, we have

5 1

OO:1 _——= —

fre1<3 =1,
B 31_ 3 _ _ 201

f(tu) = (10)° = =32 (10) l>l_64(400)—753(1_25))\,
13 l
V(t,u)e |:474:| |:7(5*:|’
and

f‘(t,u):d<%:5?d,V(t,u)E[O,l]x[O,d]7

which shows (Hy), (H2) and (Hs) hold.

Thus all assumptions and conditions of Theorem 2 are satisfied. Hence, Corollary
1 implies that BVP (26) has at least three positive solutions uy, uy and uz such
that

luil| <d, 1< pB(u2), wus>duwithf(ug) <lI.
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