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Abstract

Frames for operators or K-frames were recently considered by Gavruta
(2012) in connection with atomic systems. Also, generalized frames are im-
portant frames in the Hilbert space of bounded linear operators. Fusion
frames, which are a special case of generalized frames have various appli-
cations. This paper introduces the concept of generalized fusion frames for
operators also known as K-g-fusion frames and we get some results for char-
acterization of these frames. We further discuss dual and Q-dual in connec-
tion with K-g-fusion frames. Also we obtain some useful identities for these
frames. We also give several methods to construct K-g-fusion frames. The
results of this paper can be used in sampling theory which are developed by
g-frames and especially fusion frames. In the end, we discuss the stability of
a more general perturbation for K-g-fusion frames.
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1 Introduction

Frames in Hilbert spaces were first proposed by Duffin and Schaeffer in the
context of non-harmonic Fourier series [11]. Now, frames have been widely applied
in signal processing, sampling, filter bank theory, system modeling, Quantum
information, cryptography, etc ([3, 12, 15]). We can say that fusion frames are
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the generalization of conventional classical frames and special cases of g-frames in
the field of frame theory. The fusion frames are in fact more susceptible due to
complicated relations between the structure of the sequence of weighted subspaces
and the local frames in the subspaces and due to the extreme sensitivity with
respect to changes of the weights.

Frames for operators or K-frames have been introduced by Gavruta in [17]
to study the nature of atomic systems for a separable Hilbert space with respect
to a bounded linear operator K. It is a well-known fact that K-frames are more
general than the classical frames and due to higher generality of K-frames, many
properties of frames may not hold for K-frames. Recently, we presented g-fusion
frames in [22]. This paper presents K-g-fusion frames with respect to a bounded
linear operator on a separable Hilbert space which are a generalization of g-fusion
frames.

Throughout this paper, H is a separable Hilbert space and B(H) is the col-
lection of all bounded linear operators of H into H. Also, my is the orthogonal
projection from H onto a closed subspace V' C H and {H,},cy is a sequence of
Hilbert spaces where J is a subset of Z.

For the proof of the following lemma, we refer to [17].

Lemma 1. Let V C H be a closed subspace, and T be a linear bounded operator
on H. Then
v T* = nyT Ty,

If T is unitary (i.e. T*T = Idy ), then
Tl = Tmy.

Definition 1. (K-frame)[16]. Let {f;}jcy be a sequence of members of H and
K € B(H). We say that { f;}jey is a K-frame for H if there exist 0 < A < B < 00
such that for each f € H,

AIK*FIP <Y I )P < BIFIP
jel

Definition 2. (g-fusion frame)[22]. Let W = {W;} ey be a collection of closed
subspaces of H, {v;};ey be a family of weights, i.e. v; >0 and A; € B(H, H;) for
each j € J. We say A := (Wj,Aj,v;) is a generalized fusion frame (or g-fusion
frame) for H if there exist 0 < A < B < oo such that for each f € H,

AlIFIP <D o3l Amw, £IIP < BILFIIP. (1)
jel
If an operator U has closed range, then there exists a right-inverse operator
UT (pseudo-inverse of U) in the following senses (see [8]).

Lemma 2. Let U € B(Hy, Hs2) be a bounded operator with closed range R(U).
Then there exists a bounded operator Ut € B(Hy, Hy) for which

UUTz =z, xeRU).
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Lemma 3. Let U € B(Hy, Hy). Then the following assertions hold:
1. R(U) is closed in Hy if and only if R(U*) is closed in H;.
2. (U = (UT)*.
3. The orthogonal projection of Hy onto R(U) is given by UUT.
4. The orthogonal projection of Hy onto R(UT) is given by UTU.
5 NU) = REU) and R(UT) = NH(U).

Lemma 4. ([9/). Let Ly € B(Hy1,H) and Ly € B(H2, H) be on given Hilbert
spaces. Then the following assertions are equivalent:

1. R(Ly) € R(L9);
2. LiLt < N2LoL3 for some A > 0;
3. there exists a mapping U € B(Hy, Ha) such that L1 = LoU.

Moreover, if those conditions are valid, then there exists a unique operator U
such that

(a) ||U|]? = inf{a >0 | LiL} < aLsL}};
(b) N(L1) = N(U);

(¢) R(U) € R(L3).

2 K-g- Fusion Frames

In this section, we aim to define the notation of K-g-fusion frames and review
their operators. First, we define the space 5% = (Zjeﬂ ®Hj)s, by

A= {{fiYier + 15 € Hy, D Nfil? < oo} (2)
jel
with the inner product defined by
A =D (i 95)-
Jjel
It is clear that % is a Hilbert space with pointwise operations.

Definition 3. Let W = {W;};cy be a collection of closed subspaces of H, {v;};ey
be a family of weights, i.e. v; >0, A; € B(H, H;) for each j € J and K € B(H).
We say A := (Wj, Aj,vj) is a K-g- fusion frame for H if there exist 0 < A < B <
oo such that for each f € H,

AIK I <Y ofllagmw, fII? < BIFII*. (3)
JjeJ
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When K = Idy, we get the g-fusion frame for H. Throughout this paper,
A will be a triple (W}, Aj,v;) with j € J unless otherwise noted. We say A is a
Parseval K-g-fusion frame whenever

> ol Amw, fI17 = 1K f)1P.
2
The synthesis and the analysis operators of the K-g-fusion frames are defined by
TA : % — H,
Ta({f}ien) = > vymw; As £,

J€ed
and
Tx: H— 5,
Tx(f) = {vjAjmw; fYjes-

Thus, the K-g-fusion frame operator is given by

SAf = TAT;{f = Zvjzﬂ'wjl\;/\jﬂ'wjf

jel
and
(Saf. ) = vilAgmw, 1%, (4)
jel
for all f € H. Therefore,
(AKK™f, f) < (Saf, f) < (Bf. f) (5)
or
AKK* < Sy, < Bldy. (6)

Hence, we conclude that:

Proposition 1. Let A be a g-fusion Bessel sequence for H. Then A is a K-g-
fusion frame for H if and only if there exists A > 0 such that Sy > AKK*.

Remark 1. In K-g-fusion frames, like K-frames and K-fusion frames, the K-g-
fusion frame operator is not invertible. But, if K € B(H) has closed range, then
operator Sp is an invertible operator on a subspace R(K) C H. Indeed, suppose
that f € R(K), then

1P = 1 gy ) K FIP < TP 1

Thus, we have
AIETIZ2IFI? < (Safs ) < B

which implies that Sy @ R(K) — SA(R(K)) is a homeomorphism. Furthermore,
for each f € S\(R(K)) we have

B7YIFI? < ((Salrao) ™ o f) < AT
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Remark 2. Since Sy € B(H) is positive and self-adjoint and B(H) is a C*-
algebra, then SXl is positive and self-adjoint too whenever K € B(H) has closed
range. Now, for each f € SA(R(k)) we can write

(K, f) = (Kf,SASyf)
= (SA(Kf), Sy f)
= (> vimw, A Amw, K £, 51 )
J€J
::2{:1€<fiilﬂmgl\;Aj7ﬁW}}(faf>'
jEJ

Theorem 1. Let U € B(H) be an invertible operator on H and A be a K-g-
fusion frame for H with bounds A and B. Then, I := (UW;, Ajmw,U*,v;) is a
UK -g-fusion frame for H.

Proof. By closed linear operator theorem, we obtain that UW; is closed for any
j€J. Let f € H. Then by applying Lemma 1, with U instead of T, we have

Z:UJQ‘HAﬂTWjU*WUW]-fH2 = ZUJQ‘HAJ‘WW]-U*fHQ
jel jel

< B|U*f|?

< B|U|PIIFI?.

So, I' is a g-fusion Bessel sequence for H. On the other hand,

> A, Ut mow, 12 =D vl l|Aymw, U fII?
J€J JjeJ
> AU f?
and the proof is completed. O

Corollary 1. IfU € B(H) is an invertible operator on Hilbert spaces, A is a K -g-
fusion frame for H with bounds A, B and KU = UK, thenT" := (UW;, Ajmw, U™, v;)
is a K-g-fusion frame for H with bounds A||[U~||~2 and B||U||%.
Proof. Just notice that

IK*FI1? = (U= UK 11 < U KU f?

and by Theorem 1 the proof is obtained. O

Theorem 2. Let U € B(H) be an invertible and unitary operator on H and A
be a K-g-fusion frame for H with bounds A and B. Then, (UW;, A;U 1 v;) is a
(U=Y)*K -g-fusion frame for H.
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Proof. Using Lemma 1, we can write for any f € H,

AU < 3 oAU, £I2 < BIU-L|2)1 )1
j€J

O]

Corollary 2. If U € B(H) is an invertible and unitary operator on Hilbert
spaces, A is a K-g-fusion frame for H with bounds A, B and K*U = UK*, then
(UW;, A ;U v;) is a K-g-fusion frame for H.

Theorem 3. IfU € B(H), A is a K-g-fusion frame for H with bounds A, B and
R(U) C R(K), then A is a U-g-fusion frame for H.

Proof. Via Lemma 4, there exists A > 0 such that UU* < A2K K*. Thus, for each
f € H we have

[U*fI]> = (UU*f, f) < N(KK*f, f) = N|| K* f||>.

It follows that 4
pIIU*fH2 <> vl Amw, £
7l
O

In the following it is showed that condition R(U) C R(K) in Theorem 3 is
necessary.

Example 1. Let H = R3 and {e1,e2,e3} be an orthonormal basis for H. We
define two operators K and U on H by

Kej = ez, Kez=e3, Keg=es;

Ueir =0, Uey=¢e1, Ue3z=exs.
Suppose that W; = H; := span{e;} where j =1,2,3. Let
Ajf = (f,ej)e; = fiej,

where f = (f1, f2, f3) and j = 1,2,3. It is clear that (W;,A;,1) is a K-g-fusion
frame for H with bounds % and 1, respectively. Assume that (Wj,Aj,1) is a
U-g-fusion frame for H. Then, by Proposition 1, there exists A > 0 such that
KK* > AUU*. So, by Lemma 4, R(U) C R(K). But, this is a contradiction with

R(U) € R(K), since e1 € R(U) but e; ¢ R(K).

Theorem 4. Let K € B(H) be closed range, A be a K -g-fusion frame for H with
bounds A, B and U € B(H) where R(U) C R(K). Then (UWj, Ajmw,U*,v;)jep
is a K-g-fusion frame for H if and only if there exists a 6 > 0 such that for every
f E H?

U fI = oI K £l



K -g-fusion frames in Hilbert spaces 23

Proof. Let f € H and (UWj, Ajmw,U*,v;)jey be a g-fusion frame for H with the
lower bound C and U € B(H). So, by Lemma 1, we get

CIK*fI* <D villAjmw, Uy £ 112 = D vF | Aymw, U™ f1.
Jed jel

On the other hand, we have

> Amw, U fIIP < BIU™ fI.
jel

Thus, |[U*f|| > \/%HK*fH. For the opposite implication, we can write for all
feH,
U™ £l = 1K KU fl| < [[KF| | KU £

Therefore,

AP\ K| 2K FI1? < AlKTIZ? 0 £

< A|KU*f|?

<R Ay, U £
jel

= 3" A, U g £

§ 1AW Uw;

Jel

< B|U|?|I£11>.

So, (UWj, Ajmyw,U*, vj) jer is a g-fusion frame for H with frame bounds A§? | KT 2
and B||U||?. O

Theorem 5. Let A := (W;,Aj,vj) and © := (V;,0;,w;) be two g-fusion Bessel
sequences for H with bounds By and Ba, respectively. Suppose that Tn and Tg be
their analysis operators such that TeTy = K* where K € B(H). Then, both A
and © are K and K*-g-fusion frames, respectively.

Proof. For each f € H we have
IEFII = (K f K )
= (Txf, TSK* f)*
< T FIPNTSE f1?
= (D_ v lA5mw, 1) (D willOsmy, K™ £I1%)

Jjel jel
< (Y- w2l Ajmw, £I1P) Ball K £,
jel

thus, By H|K*f|)? < > jel v7||Ajmw, fII?. This means that A is a K-g-fusion frame
for H. Similarly, © is a K*-g-fusion frame with the lower bound B L O
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3 (-Duality of K-g-Fusion Frames

In this section, we shall define the duality of K-g-fusion frames and present
some properties of them.

Definition 4. Let A = (Wj,Aj,v;) be a K-g-fusion frame for H. A g-fusion
Bessel sequence A = (W, Aj,v5) is called Q-dual K-g-fusion frame (or brevity
QK-gf dual) for A if there exists a bounded linear operator Q : S5 — 5 such
that

frpk
where s = (> jes ©H;j)e,.
Like K-frames, the following present equivalent conditions of the duality.

Proposition 2. Let A be a QK -gf dual for A. The following conditions are
equivalent:

1 ThQ'TE = K;
2. TRQTy = K*;
3. for each f,f' € H, we have
(Kf. ') = (TLf. QTR = (QTLf. Tif).
Proof. Straightforward. O
Theorem 6. IfK is a QK -gf dual for A, then Aisa K* -g-fusion frame for H.

Proof. Let f € H and B be an upper bound of A. Therefore,

IKFI* = (K £ K )

(TAQ*T5f, K f)|?

(T5f, QTAK )

< |51 1QIPBI K £

= IQI*BIKfI* Y w5 | Ajmy, £

JeJ

and by definition, this completes the proof. O

Corollary 3. Assume C,, and D,, are the optimal bounds of K, respectively.
Then

Cop 2 B Q™ and Doy = A,)QII

where A,y and By, are the optimal bounds of A, respectively.
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Suppose that A is a K-g-fusion frame for H. Since Sy, > AKK™*, then by
Lemma 4, there exists an operator U € B(H ,#3) such that

T\U = K. (8)

Now, we define the j-th component of Uf by U;f = (Uf); for each f € H. It is
clear that U; € B(H, H;). By this operator, we can construct some QK-gf dual
for A.

Theorem 7.~Let A be a K-g-fusion frame for H. If U is an operator as in (8)
and A = (W, Aj,v;) is a g-fusion Bessel sequence where A; = AN;U*U; and
W; = U]’-"UWj, then A is a QK -gf dual for A.
Proof. Define the mapping

Dy : R(Ti) — %,

D(TLf) = UF.
Then ®q is well-defined. indeed, if fi1, fo € H and T/l{ h=T 7*\. f2, then 7717‘7,( fi—
J
f2) = 0. Therefore, for any j € J,
fi—fre (W)t =RUH* =ker Uj.

Thus, U f; = U fy. It is clear that ®¢ is bounded and linear. Therefore, it has a
unique linear extension (also denoted ®g) to fR(T{i\k). Define ® on % by setting

{@0, on R(T%),
- D
0, on R(TT\)
and let @ := ®*. This implies that Q* € B(4, #5) and
TAQ*TK* = TA‘I)T}: =T\U = K.
O

Proposition 3. Let A be a K-g-fusion frame with optimal bounds of A,, and
By, respectively and K has closed range. Then

Bop = [I1Sall = ITal* ,  Aop = [[U0] ™
where Uy is the unique solution of equation (8).
Proof. Via Lemma 4, equation (8) has a unique solution as Uy such that
|Uo]l? = inf{a > 0 | KK* < aT\T}}
= inf{o >0 | [|[K*f|* < o||TRfI* . f € H}.
Now, we have

gy =sup{A >0 | A|K* I < TSI, f € H}
-1
= (inf{a >0 | [K*fI* < allTifI*, f € HY)
— [T



26 R. Ahmadi, G. Rahimlou, V. Sadri, and R. Zarghami Farfar

3.1 K-g-fusion dual and some identities
Definition 5. Let A be a K-g-fusion frame for H. A g-fusion Bessel sequence
A = (Wj,Aj,v;) with A; € B(H, Hj) is called a K-g-fusion dual of A if for each
feH, N
Kf = ZUjQTjWWjA;AjWVij- (9)
jel
It is clear that a K-g-fusion dual is a QK-gf dual when @ is an identity. In

this case, we can deduce that A is a K*-g-fusion frame for H. Indeed, for each
f € H we have

- o 2
1B FI* < [ vjuimw, AjAmyp K )|
Jed
- 2
=D oA £ Nmw, K )
jel
< (2o 1w £1P A mw, K £
< v AT, v5 || Ay,
Jel Jjel
< BIIKfI?Y_ 0% Ajm 1%,
jel
where B is an upper bound of A.
Theorem 8. Let A be a K-g-fusion frame for H with bounds A, B and K be
with closed range. Then (K*SXIWSA(R(K))W]',Aj’]TWjﬂ'SA( () (Sx YK, v]) is a

K -g-fusion dual of A (in this case, we say canonical K-g-fusion dual).

Proof. We know that SXISA|R(K) = Idg k). Then, we have for each f € H,

Kf=Sx(Sy")'Kf
= Sams, @) (Sy ) K f

= ZU W, JA W, WSA(R(K))(SXI)*K]C
Jjel

= > vfmw, N A mw, s, (w(i)) (Sy ) Ky g
2

Xlﬂssz(K))ij'

On the other hand, we obtain by Remark 1, for all f € H,

ZU HA W, 71'S’A(R(K))(S ) Kﬂ-K SA Tsp (R(K) Wi f||2
Jjel

<SA((S ) kwK*SXIWSAm(K»W'f)’<SX1)*K7TK*SXIWSA<R<K>>WJ'f>

<K7TK “Sy ”sA(MK))W*f’ (SA VKM Sx sy (w0 Wi f>

< ATHIKTPIE PP

and the proof is completed by Definition 5. O
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Remark 3. If K = Idg in Theorem 8, we get a canonical g-fusion dual in [22].

Let A be a K-g-fusion frame for H and Abea K -g-fusion dual of A. Suppose
that I is a finite subset of J and we define

Sif = Zvj@ﬂwj/\?]\;”@f’ (v/ € H). (10)
jel

It is easy to check that Sy € B(H) is positive and
St + Spe = K

Theorem 9. Let f € H, then

S oy (R £ Agmw, K f) — 1117 = 3 g5 (A m £ Agmw, K f) — 1St £

jel jele

Proof. For each f € H, we have

> iRy £ Agmw, K £) = I1Suf 1P = (K Suf, £) — 1S/
jel
S]If f> - <Sﬁksﬂf> f>
(K S]I) S]If? f)
Ste(K — Ste) f, f)
SEE S ) — (S5t f, )
= (f, K*Stc f) — (Ste f, St f)
= 2wt Ay £ Agmw k) = 1S 11

jele

= (K
=
= {
= {

and the proof is completed. O

Theorem 10. Let A be a Parseval K -g-fusion frame for H. If1 C J and E C I°,
then for each f € H,

IS e, A FIP 1Y o, A A, £

jelUE JEI\E
= > mw, A A, £IP = D vimw, A A mw, £
jel jele
+2Re (Z v (Aymw, f, AijjKK*ﬁ).
JjeE

Proof. Let

,7 2
SA,]If = Z Uj WWjA;AjT‘—W]- f
Jel
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Therefore, Sy 1+ Sa e = KK*. Hence,

SR — SR = Sy — (KK — Syp)?
= KK*Sa1 + SA1KK* — (KK*)?
= KK*Sa1— Sare KK*.

Now, for each f € H we have
ISR LfIP = 1S3 g 17 = (KK*Saf, f) = (Sa e KK*f, f).

Consequently, for I U E instead of I:

1>~ oimw AN gmw, FIP =1 D ofmw, AjAmw, £

jEIVE jEI\E
= Y oA, f Nmw, KK f) = > 02 (A, fo A ymw, KK f)
jEIUE JEI\E
=Y X (Njmw, £ A, KK f) =Y of (Mmw, f, Ajmw, KEK* f)
jel jele
+2Re (D2 o Aymw, £, Ay, KK 1))
jeEE
=" vimw, A Agmw, £ = (1Y vimw, A A mw, £
jel jele
+2Re (Z v2(Aymw, f, AijjKK*f>).
jeEE

O

Theorem 11. Let A be a Parseval K -g-fusion frame for H. If1 C J and E C I°,
then for any f € H,

HZUW AT(‘Wf” —l—Re(Zv (Njmw, f, Ajmw, KK f>)

jel jele

_HZU T, N A, fH —|—Re<2v (Njmw, |, Ajmw, KK*f>) > ZHKK*fH?

jele jel
Proof. In Theorem 10, we showed that
512\,}1 - S/Qx,ﬂc =KK*Sy1 — Saje KK*.

Therefore,

(KK* _SA]I)2 (KK*)?

)

52 S2 c — 2
AL T PAL 5 5
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Thus,
KEK*Spp+ S + (KK*Spp+ S3e)* = KK*Sag+ S3 e + SatKK* + 53 e
= KK*(Sa1+ Sare) + Sap+ Sare

3
> Z(kk*)2.
> 5 (kK7
Now, we obtain for any f € H,

IS wbmw, Aj A, £+ Re (D7 w2 (Asmw, f, Aymw, KK 1))
jel jele

= || Y vimw, AjAjmw, fII* + Re (ZU]2'<Aj7Tij7 AjTFWjKK*ﬁ)
jele jel

= LKK Satf. )+ (SRaef )+ (L KK Sy af) + (.53 1)

3 e
> KK |

4 Perturbation of K-g-Fusion Frames

Perturbation of frames has been discussed by Casazza and Christensen in [5].
In this section, we present some perturbation of K-g-fusion frames.

Theorem 12. Let A be a K-g-fusion frame for H with bounds A, B and {©; €
B(H, Hj)} ey be a sequence of operators such that for each f € H,

1(vjAjmw, —20;mz,) FII < MllvjAjmw, Il + Aell2i©7z, 1] + evsl| K™ 1],

where 0 < A, A3 < 1 and € > 0 such that
UQ = ZUJQ < o0
7€l

and
(1— /\1)\/2.

v

e <

Then © = (Z;,0j, zj) is a k-g-fusion frame for H with bounds

(u_?r/g_%f and ((1+)‘1)1\/_§>\-;-U6HKH)2.
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Proof. Let f € H. We can write

N

1
(Z:ZJ2‘||@J‘7TZ,-fH2)2 = (Z 12;©m 2, f + viljmw, f —UjAﬂTijH2>
Jjel jel

1
< (D0 + M) lloshgmw, Sl + Aol 077, £l + v | K £1)
Jel

< (1) (S Iamw, f12)" + e (Y 20mz, 117)
jel Jj€l

+ vel[ K 1.
Therefore,

14+ M)VB +ve||K||\2
S 20y, £ < (LEANE LR e
i€l 1=

For the lower bound, we have

N

(Yo 2105mz, £12)" = (Y l105mz, f +vikimw, £ = vidjmw, £11)
Jel

Jjel

JjEJ

> (D0 = Al Asmw, Il = Aellz5€;mz, f1| - evs | K 1)

> (=) (Yl £12) " =2 ( D 20,2, 1112)
Jjel Jjel

— vel[ K7 f]|.
Hence,

1—X)VA—wve\2
20,7y f2 > (L2 7.
> ssma I > () 1K

O
Theorem 13. Let A be a K-g-fusion frame for H with bounds A, B and {©; €

B(H,Hj)}jcy be a sequence of operators. If there exists a constant 0 < R < A
such that

> vilAmw, f — ©mw, fI? < RIK* fII?

jel
for all f € H, then © := (W;,0;,v;) is a k-g-fusion frame for H with bounds

(VA-VR)? and (|K|VR+VB)>.
Proof. Let f € H. By the triangle and Minkowski inequality, we can write

1 1 1
(S e2losmw, f12) " < (Y wdlasmw, f = ©5mw, f12)" + (D o2lasmw, £112)
Jjel Jjel Jjel

< (IKIVR+VB)|If].-
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Also

(S zlesm f12)" = (X 2lhsmn, A1) = (3 2 isme, f - O,mm 1)

2 Jjel Jjel

> (VA= VR)|K*f].

Thus, these complete the proof. O
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