Bulletin of the Transilvania University of Bragov e Vol 13(62), No. 2 - 2020
Series II1: Mathematics, Informatics, Physics, 649-660
https://doi.org/10.31926 /but.mif.2020.13.62.2.20

GENERALIZED BERNSTEIN TYPE OPERATORS
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Abstract

In this paper we investigate certain properties of a class of generalized
Bernstein type operators.
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1 Preliminaries

Let By, : C[0,1] — C]0, 1] be the Bernstein operators, defined as follows:
(Bnf)(z) = fjbnk(m) : f(ﬁ> Vf e C0,1]
per n/’ o

where

bi(2) = (Z) 2k (1= 2)n Tk

In [1] the following Bernstein special operator have been introduced. Denote
by V,, the operators defined as:

V@) = Y panta)- £(5)
k=0

where

Pnk(7) = <1 + %)” (Z) k. (nil _x)n—k

1
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Similarly, we introduce a generalization to Bernstein operator:

SZ:C[O,l]%C[O,L}, t>0, neN,
n+t

k

s;<f><x>=kzzosn,k<x>-f(m), vfech), ae o =] )

o) = ()" (1) - ()™

Operator St can be defined also on the space C[O, HLH}, and we denote a

where

function f € C]0,1] and his restriction to the interval [O, n%rt} with the same
symbol.

2 Auxiliary results

Denote the monomial functions by e;(t) =%, t € R, i =0,1,2,.... We use the
Pochhammer symbol: (a), =ala—1)...(a, +1), fora € R, r € N.

Proposition 1. Operator S! satisfies the following relations:
) St >0, S > 0.
i) Sh(H@) 20, if f€Clo, L], F =0
ii) Sp(eo)(x) = 1;
iii) St (e1)(z) = z;

i) SL(es)(x) = x(

n—1 1
x_i_i),
n n-+t

1
where x € {0,1 — ]
n+t

Proof. 1) It is obvious by definition;

i)
t _n"‘tn.n n_n_kx.n.
Snleo)(x) = < n ) ];)(nth > ' (k> !
= <n;:t)n <nit>n:1’
i)
Sy(en)(z) = (n‘f't)” (nit_x>n_kxk (Z)nit
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iv)

3

Sp(e2)(x)

n n n— n 2
+t) ;(nﬁ ) k$k<k>(nit)2

(%
- (n:t)n.(n—it)g'xQ.n.(n_l).(nZtyZ_Q
(5

n t)n 1 ( n )nfl
. . -n- —_—
n+t2 ” n+t

-1 5 1 n—1 1
= ST+ 'x:x( - T+ )
n

n+t n n+t
O
Proposition 2. The following recurrence relation holds:
x(nL—Ft - .T)S/mk(%) =n- <nk+t - a:)sn,k(:p).
Proof. We have:
T
n n—k
_ x.(nit_x).<n;t) .(z>.(k,xk_1.(nit_x)
—zF . (n—k)- (nL—i—t - m)nikﬂ)
n n—k—1
= o) ) () G o)
><<k- (nL—H_x) —x-(n—k))
= n- (L - x)smk(x).
O

Theorem 1. Let be the m-th order moment for the operator (1) be defined by

m
,U'n,m ank (7_3}) 7m:071727"'7

then we have:
@) Mn,O(x> = 1;'

ii) pin(z) = 0;
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ii1) i1 (2) = 2 = &) (@) + Mt (2) )

n+t
. T n
) pn2(z) = E(T—H —30);
T n 1 2z
v) pin3(x) = 7<n+t )(n—i—t_?)’

) ()_1:< n ){1( n )( 1 4x+3> x( 1 23:)}
U BT = n+t ) n+t v n+t n n\n+t n/l
Proof. 1) Tt follows immediately from Proposition 1 - ii)

ii) From Proposition 1 - i), ii) we have

pin.1 () = Sy, (e1)(x) — 2y, (eo) () = 0.
iii) First note that

) =3l (o ) - mkzi%sn,m) (E )"

k=0

Then, using also Proposition 2 we obtain

n+t

— ("_x)isfk() L
n+t — " n+t
"k k "

= 03 (o) ()

= nun,m+1($)-

iv) Using i), ii) and iii), we have:
_rn__ / _ T
pna(@) = (5 = @) (@) + o) = (2 — ).

v) Using ii), iii) and iv), we have:

(@) = & (1 = ) (o) + 2pna(e)) = 2 (I ) (A - 2,

vi) Using iii), iv) and v), we have:
pna@) = (I @) (ha(@) + Bpna(a)
= tin2(2) (i 3(x) +3unz( )

1 4x T 1 2z
—o) G ) b
n+t n n\n+t n

1
= Mn2 |:
n
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3 Convergence properties
Theorem 2. For allt >0, f € C[0,1] and 0 < € < 1, it is true the following:

lim Sy, (f)(x) = f(x)

n—oo

uniformly on [0,1 — €.

Proof. There exists ng € N such that for all n > ng, % >1—c¢.
n

From Proposition 1 we have that lim,_, SZ (e;)(z) = #¢,i = 0, 1, 2 uniformly
on [0,1 — €]. Then we can apply Korovkin theorem for the sequence (S%), on
interval [0,1 — €]. O

Next, we give a Voronovskaja-type theorem.

Theorem 3. Let be f € C|0,1] be a bounded function two times derivable at the
point x € (0,1). Then

tim n[$4,(7)(2) — £@)] = " ),

n—oo 2

Proof. Fix a point z € (0,1). Taylor expansion of f in point = leads to:

(t —2)°

5 f@) + (t =2t — =), t€ 0,1, (2)

where 7, is a bounded function having the property limy_,gn,(h) = 0. Denote
U($,t) = (t - 33)2771(15 - $), le [07 1]

We can choose an indice ng, such that nL—i—t > x, for n > ng. Applying operator
St for n > ng in (2) and taking into account Theorem 1 one obtains

SLN@) = @@+ @@ + L, 0@) + o, ) @)
= @+ (- e )Y o))
Then
T[S0 @) - @) = LD ) ¢ n(Sioe @), ©)

Using Holder inequality it follows

n Zn: (nlj—t — x) 2?7,,0 (nlj—t - x) S ()

k=0

[nS,(o(z,))(2)] =

n

A DITIET LI L N ey

k=0 k=0

_ nm St ((n)?) (z)

IN
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From Theorem 1-vi) we obtain py, 4(z) = O (#) Then ny/pina(z) = O(1).
On the other hand from Theorem 2 we have

lim S}, ((7:)*)(x) = na(x) = 0.

n—oo

We deduce
lim n(SLo(x,-))(z) = 0.

n—oo

This finishes the proof.

4 Simultaneous approximations
We adopt this known definitions

Definition 1. A function g : I — R, I interval, is named convex of order r > —1
if all the divided differences on r + 2 points in I are positive.

Hence o positive function is a convex function of order —1, an increasing
function is convex of order 0 and so on. In other words, for r > 0 if f € C"*1(I)
, then f is convex of order r iff f("+1) > 0.

Definition 2. A linear operator is named convex operator of order r, r > —1 if
it transforms any r convex function into a r-convex function.

The following property is essential for proving the existence of the simultaneous
approximation.

Theorem 4. Operators St is convex of order r — 1, Vr € [0,n].

Proof. 1t suffices to prove that we have Sfl(f)(r) >0,VfeCr [O, %} , such that
n
) > 0, because if f is convex of order r — 1 on I, there is ¢ € C(") [0, %},
n
such that g coincides with f on the knots niﬂ, 0 < k < n and we ca take g instead
of f.
For r = 0, the affirmation is true from Proposition 1 - i).
Let be r > 1 and a function f € C” [0, %} such that f(") > 0.
n
We use formula:
S k() (4)
(n—1)(n+1) (n—1)(n+1)
0 (20 (OO 0
(n+1)|$n-16-1 n(n+t71)x Sn—1.k n(n+t71)x 0 "

Here we made the convention s, _1(t) = 0 and s, ,41(f) = 0, for any ¢ and
n > 1.
We denote by Ay f(x) := f(x + h) — f(h) and by A}, the r-th iterate of Ay,.
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From formula (4). We have:

(Sn(f))'(x)
n—1 ~ 1\(n n—1)(n
= kzo(n +1) [Sn_1,k—1 (Wfo — Sp—1,k (mﬁ)} f(n i t)
n—1 —D(n
(SR k(L
n—1

(S LEDN

nnti—1) A*f(i)' (5)

_ ¢ - (
(n—l— ) Sp—1,k L I

Now we apply induction. Suppose that the following is true:

S S e RO L CL) B

where (n + t), is the Pochhammer symbol.
Taking the derivative in (6) an using formula (5) we obtain:

(sLm©@@)
n—r—1

= (n+1t), Z (n—r—+t)sp_r_1k

(G
XAn-lH ( n+t <n+t>)
)

) ()

n—=1)(n+t)y (n—r—1)(n—1r+1) >
n+t—1)r(n—7’)(n—r+t—1)m

e
Il
o

n—r—1 (

= (n+t)r+1 Z Sn—r— 1k<

k=0

So, relation (6) was proved.

k
Now if f is convex of order r — 1 then all the finite differences A", f ( n t)
ntt n
are positive. Then from formula (6) one obtains that (S (f))’ > 0. This means

that S’ is convex of order r. O]

The study of simultaneous approximation is based on the use of Kantorovich
operators of higher order. First we prove the following additional theorems.

Theorem 5. Writing T, -(x) = S!(e;)(z), we have:
Tori1() =2 Top(@) + = (1 = 2) T, ().

Proof. Using Proposition 2, we obtain
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()T = (o) Yoo ()

0
YT
- (ank (n—l—t)rﬂ_xzsn’k(:v)(nlj—t)r)

= nTn,TH( x) — nzTy ().

From this it results

Tyrir () = 1(#—3:)? (2) + 2T (x).

Theorem 6. Forn > 1,r >0,z € [0,1], we have:

Top(z) = Appa” + Bn,rm’ul + C'n,,na:r*2 + Ry, ()

where
(n_l)r—l
An,r - ?7
—1 — 1),
5 _ =1 (=1

’ 2w 2(n+t)
r(r=1)(r—=2)B3r-5 (n-1)3
’ 24 n"=3(n +t)?2

and R, is a polynomial of degree r — 3.

Proof. From relation

Thrti(z) = x( @ 4 Byt 4+ Cppa” 2 4 Ry (2 ))
X n

ﬁ (n + t
+(r — 2)Cpa” 3 + Rn,T_l(x)),

) (rAnyrxT_l + (r—1)By "

by identifying the coefficients, we obtain:

n—r
An,r+1 = n : An,r;

n—r+1 r
Bn,r-l—l = T : Bn,r + m : Anm;
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c _on—r+2 n r—1
nr+1  — n n,r not n,r-
Using Proposition 1 and Theorem 5 one obtains
Thi(z) = x
n—1 1
Tho(z) = - ~x2+n+t‘:c
and then
T/ n
Toa(e) = o Tuale) + (2 = o) T o)
m=1)(n—-2) 4 3(n—-1) , x
e €T X .
n? n(n +t) (n+t)?
e (0= 1)(n -2) 30— 1) I
n—1)(n— n—
A q=~ 2" 2 g 22" ) o= =
’I’L,S TLQ Y n,3 n(n + t)’ n,3 n(n + t)

So that Theorem is true for Theorem is true for r = 1,2, 3.
Further suppose by induction that Theorem is true for . Then applying the
relations of recurrence one obtains:

n—r n—r (n—1),_
An,r—i—l = - . An,r = - . ( nr)lr 1
_ (1),
=
n—r+1 r
Bn,r—l—l = T : Bn,r + r—i—t . An,r
on—r+1 r(r—1) (n—1), r (n—1)_1
N n 2 n"2(n+t) mn+t nr—1
_ (n—1)r—1 (r(r -1) N T)
n"~t(n+t) 2

r(r+1) (n—1),
2 n"~l(n+t)
n—r-+2 r—1

C"’rJrl = n ’ Cﬂﬂ“ + ntt : Bn,r
on=r+2 rr—1)r—-2)3r-5 (n—1)_3
B n 24 n"=3(n +t)?

+r—1.r(r—1)' (n—1),—2
n+t 2 n"=2(n +t)
(=1 (r(r —1)(r —2)(3r —5) N r(r — 1)2)

n"~2(n +t)? 24 2
_ ) -)Br-2) (n-1)
24 nr—2(n + ¢ 2
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The main result is the following
Theorem 7. For any function f € C"[0,1], r > 1 any t > 0 and € > 0 we have

h_}m (SE(F) (@)™ = f") (), uniformly forz € [0,1 — €. (7)
Proof. We take n € N, such that ;%5 <1—¢cand n>r.
For r € N, we denote the derivative operator of order r, by

D' (f)(x) = f(z), f€C0,1], z €[0,1]. (8)

The antiderivative operator of degree r, is defined by

Ty r—1
r@e = [ &= ), f € C[0,1]. (9)

o (r—=1!

Consider be the Kantorovich operator of order r attached to S!, namely
Koo (H)@) = (D7 0 Sho J7) (f)(@). (10)

Let show that operator K, , is positive. If g € C {0 ] is positive then J"(g)

’ n+t
has the derivative of order r positive and hence all the divided differences on r+ 1
points are positive. In particular his finite differences on r + 1 point are positive.

If in formula (6) we replace function f by function J"(g) one obtains

(ST @)(@) = (n+ ), Z sori(B D ) ) (22) 20

But if this is equivalent with the condition that K, , is positive operator.
Using (8),(9),(10), we deduce

D (S)(F) = Kus (f7), ¥f € CJ0. 2], (11)
So that, in order to prove the theorem it suffices to show that the sequence of
operators (K, ), satisfies the conditions of the theorem of Korovkin.
We begin with the following relation, which are true for any z € [0, 1]:

Ieo)(@) = =
:rr+1
Jr(er)(x) = Ik
xr+2
JT(€2)(;U) = (7“+2)
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Consequently,

r

Knr(eo)(x) = (Sz(i!)(xw(r)

1 (r)
= o (An r&" + By, LT 4 Cn,rxT_Q + Rn,r(x)>

n,rs

A
st = (3(55)0)”

()
] un n,7 n,r (N )
( ) (A +1:ZJ‘ + B +1.T + C +1ZE + R , +1($)

1
= Anr-i-l cx+ m - B+,

Knr(e2)(r) = (S (2 e’ ))( ))(r)

(r+2)!
= L (A er+2 + B 2$r+1 + C, 2" + R 2(.7})) "
(T + 2)! nyT“l‘ TL,T—‘— 'I’L,T—‘r TL,T‘—‘r
2 2r!
= AnT+2 .CU —f—? Bnr+2 $+( +2) +Cn7"+2
Since
lim A4,, = 1,Vs>1
n—00
lim By, = 0,Vs>2
n—oo
lim C,s = 0,Vs>3
n—oo
it results
lim K, ,(ej)(x) = e;(z), uniformly on [0,1 — €], for j = 0,1, 2. (12)
n—oo
O
References

[1] Deo N., Noor M.A. and Siddiqui M.A., On approzimation by a class of a
new Bernstein type operators, Applied Mathematics and Computation 201
(2008) 604-612.

[2] DeVore R.A., Lorentz G.G., Constructive Approximation, Springer-Verlag
Berlin Heidelberg, 1993.

[3] Gonska, H. and Paltanea, R.,Simultaneous approzimation by a class of
Bernstein-Durrmeyer operators preserving linear functions, Czechoslovak
Mathematical Journal 60 (135) (2010), 783-799.



660 Alexandra Diana Melegteu

[4] Gonska, H., Heilmann, M. and Rasa, 1., Kantorovich operators of order k,
Numer. Func. Anal. Optimiz. 32 (2011), no. 7, 717-738.



