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¢-DERIVATIVE
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Abstract

In this paper, we introduce new subclass @gE(/\, t) of bi-univalent func-
tions by applying the Chebyshev polynomials. In the following, we obtain
bounds for the initial coefficients and the Fekete-Szegé inequalities for func-
tions in this subclass. The results presented in this paper generalize the
recent work of Altinkaya and Yalcin.
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1 Introduction

Denote A be the class of analytic functions in the open unit disk U= {z € C:
|z| < 1}, satisfying the conditions

f(0)=0 and f'(0)=1.

Then each function f € A has the Taylor expansion

f(z)=z+ Zanzn. (1)
n=2
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Further, we let 8 to denote the class of functions f € A which are univalent in U
(see details [3, 4, 8, 12]). Also, function f is said to be bi-univalent, If both f and
f~! belong to 8. We denote o for the class of bi-univalent functions in U. Also
every function f € § has an inverse f~!, which is defined by

FHf) == (z€U)

and

S (w)) = w (rw| < ro(f), o(f) > i) |

Also, the inverse function f~! is given by
fHw) = w — asw? + (243 — az)w® — (5a3 — Sagaz + ag)w? + - - - (2)

We say that f is subordinate to F' in U, written as f < F' (z € U), if and only if
f(z) = F(w(z)) for some Schwarz function w(z) such that:

w(0) =0 and |w(z)] <1 (z € ).

If F is univalent in U, then the subordination f < F'is equivalent to f(0) = F'(0)
and f(U) c F(U).

The important roll of Chebyshev polynomial in numerical analysis is increased
in both theoretical and practical points of view. There are four kinds of Chebyshev
polynomials. Many researchers dealing with orthogonal polynomials of Cheby-
shev.

Doha [7] expressed a brief history of Chebyshev polynomials of the first kind
T, (t), the second kind U, (t) and their applications (for details see [9, 11]).

The Chebyshev polynomials of the first and second kinds are well known. In
the case of a real variable z on (—1, 1), they are defined by

sin(n +1)0

Tn(x) = cosnf and U,(x) = i
sin

where n denotes the polynomial degree and x = cos6.

Lemma 1. [8] If p(z) € P, then |ck| < 2 for each k, where P is the family of all
functions p(z) analytic in U for which

Rp(z) >0, pz)=1+crz+cz®+c32+--- for z€U.

Definition 1. [10] For a function f € A given by (1) and 0 < q < 1, the q-
derivative of function f is defined by

s o

FO); z=o.

qu(z) =
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According to the definition, we conclude that
Dyf(z) =1+ Z[n]qanzn_la (3)
n=2

where

n

l—gq
1—q°
If ¢ — 17, then [n], — n. We note that lim,_,,- D, f(2) = f'(2), for f € A.

(4)

[n]q =

Definition 2. [2] For a function f € A given by (1) and 0 < q < 1, the symmetric
q-derivative of function f is defined by

flaz)—f(g 1) | 240

~ (g—q= Yz 7
qu(z) =
f'(0) ; 2=0.
According to the definition, we conclude that 5qz” = qun_l, and a power series
of INqu(z) is
Dyf(z) =1+ Z [n]qanznila (5)
n=2
where
o qn _ qfn
[n]q = PRy (6)

If ¢ — 17, then [n]; — n. We note that limqﬂl_ﬁqf(z) = f'(2), for f € A.

2 Coefficient bounds for the function subclass @gﬁ()\, t)

In this part, we present the subclass @ZB (A, t) of bi-univalent functions by using
the Chebyshev polynomial expansions. In the following, we obtain the coeflicients
estimates for functions in this subclass. Also the Fekete-Szegd problem in this
subclass is found.

Definition 3. Let A, q and t be real numbers such that 0 < A <1, 0 < g <1
and t € (%, 1]. The bi-univalent function f is said to be in the class B, (\t), if
the following conditions are satisfied:

(ADuS () + (1= VDS (2)) < H(z,0) i= 15— (=€ 1)
and
(ADyg(w) + (1= N)Dyg(w) ) < H(w, ) = Tllwwz (w € U),

where the function g = f~1 is defined by (2).
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If we put t = cosf), where 6 € (=%, %), then

H(z,t) = 1 —2coi€z+z2 =1 —I—;Mzn (z € U).
Thus

H(z,t) = 1+ 2cos0z + (3cos*0 — sin*0)z* +--- (2 € U).
So we can write

H(z,t) =1+ Ui()z2 4+ Us(t)2® +--- (€U, te(—~1,1))

where U,_1(t) = %\/%}8” (n € N) are the Chebyshev polynomials of the

second kind and we get
Un(t) = 2tUp—1(t) — Un—2(?)
and
Uy(t) =2t, Us(t) =4t> — 1, Us(t) =83 —4t, Uy(t) =16t* — 126> +1,--- . (7)

The Chebyshev polynomials of the first kind can be obtained from the generating
functions

ad 11z
T,t)" = ————— U).
nz:;) n()2 1— 2tz + 22 (z€0)

However, the Chebyshev polynomials of the first kind 7),(¢) and the second kind
U, (t) are linked by the following connections

dT,(t)
dt

= nUp_1(t)  and  Tp(t) = Un(t) — tUn_1(t).

Remark 1. By putting A = 0, then the class %gﬁ()\,t) reduces to the class Utfqz(t)
that was introduced and studied by Altinkaya et al. [1].

By taking ¢ — 17 and X = 0, then the class %ZE (A, t) reduces to the class
Hx(t) that was introduced and studied by Altinkaya et al. [1].

By taking ¢ — 17 and A = 1, then the class %gm()\,t) reduces to the class
Hsx(t) that was introduced and studied by Altinkaya et al. [1].

Theorem 1. Let function f given by (1) be in the class ié‘?,B (A, t). Then

2t

las| < min{ —,
Al2lg+ (1 =N)[2],
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2t\/2t
\/ [4(ABla+ (=N Bl, - ARl +(1 =2 2],)? ) 2+ e+ A2l +(1- 1) 2],)2

9

42 2t
lag| < —— + —
(Al2g + (1 =N)[2])*  ABJg+ (1 —N)3],
and
8t—8t3 __10¢2 _ S < 1+v5
Adlg+(1-N[],  AR2l+0=-N2])ABl+a-N3E,) 2~ — 4
lag| <
_ 2_g43 2
4416t2—8t3 10t . 1+4\/5 <t<l.

Mdlg+(1-N[],  ARlg+1-N[2],)ABlg+(1-13],)

Proof. Suppose that the function f € op given by (1) be in the class BEL (A, t).
Then there exist two functions w and v, analytic in U, with «(0) = v(0) = 0,
|u(2)| <1 and |v(w)| < 1, such that:

ADgf(2) + (1= NDyf(z) = H(u(2),t)

= 14+ U (t)u(z) + Us(t)u(z)* + - - (8)
and
ADgg(w) + (1 = N)Dyg(w) = H (v(w),t)
= 14+ U (t)v(w)+Ust)vw)*+---.  (9)
Next, define the functions h and k by
1+ u(z) B 9 3
h(z) = 1= u(z) =1+ hiz+ hoz” + h3z” + (10)
and
1+ v(w) B 9 3
k(w)*il—v(w) =1+ kw+ kow” + ksw® + - - - (11)

Since w and v are Schwarz functions, h and k are analytic functions in U, with
h(0) = k(0) = 1 and which have positive real part in U. From the equations (10)
and (11), we get

h(z)—1  hy 1 h? h3.

—_— —_— J— _— — 2 — — . ..
u(z)—h(z)+1— 2z+2(h2 2)2 + (hs — hiho + 4)2 + (12)
and
k(w) =1 k1 1 % 2 i)’ 3
v(w) = = —w+ — (ke — = )w” + (k3 — k1ko + —)w’ + (13)
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From (8), (9), (12) and (13), we have

AD,f(2) + (1 = N)Dyf(z) = 1+U1(t)h +(U1()(h2—]ﬁ)+[]1@)h2>z2

2 2
+(U12( ) (hy — huhs + }f) + UQQ(t)hl(hg - hj)
U3( )h3> . (14)
and
ADgg(w) + (1 — A)ﬁqg(w) = 14 UlQ(t)klw + <U12(t)(/<:2 — kj) U24(t) k2> w?
+(U12( )(k‘s — kiko + k41) U22( )k‘ (ko — k;)
L Us(®)
= k3> . (15)
From (14) and (15), we get
A2y + (- NEla = 2, (16)
B+ (1 - NBles = D, -1 B )
(Ald]q + (1 - A)[Z]q)az; = U12(t) (hg — hiho + }f)
U (t) h?.  Us(t)
22 haha = ) + 38 hd, (18)
SORl+ - NElar = D, (19)
(Bl + (1 - VB —ar) = DO, Ay Bl oy
and
—(A\[4]y+ (1 - A)mq)(mg — Bagag + ay4) = Gut )(k3 — kyky + "f)
+U22(t)k:1(k:2 - k;) + U3( )k3 (21)
From (16) and (19), we have
hy = —ki (22)
and
ap= O (23)
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Now, from (17) and (20), we obtain

By using (23) in (24), we obtain

2 [(ABly + (1 = NBI)UZ®) + (U1 (1) = Ta(®) (A2l + (1= N[2],)?] a3 =

Ui (t)
2

So, applying Lemma 1 and substituting the values of Uj(t), Us(t)
from (7) into (23) and (25), we immediately have

2t
|az| < —

ALl + (1= )]

q

and

laz|* <
8¢3

(hz + kg).

617

(24)

[4 (ABly + (1 = VB, = A2y + (1= VL)) 2 + (2t + DRy + (1= V2L,

Next, in order to obtain the bound on |as|, by subtracting (20) from (17), we have

Uy (t
as :a%—l— 1() — (hQ—k‘Q).

4(ABlg + (1 =Ny

By using (23) in (26), we have

h2UR (t) . (ha — k2)U1(75)~ '
4(A2lg + (1 =N[2],)*  4(A[Blg+ (1 =N)[3],)

az —

So, by using Lemma 1 again, we obtain

412 2t
las| < — + —

(AR2lg + (1 =M2])*  ABlg+ (1= )3

q

(26)

Finally, to determine the bounds on a4, Subtracte (21) from (18) with hy = —kq,

we obtain

ayq =

_ 201()(hs = ks) + 2(Us(t) — Ur (1)) (ha + ko) + M (Us(¢) — 2Us(t) + Us(1))

8(A[4lg + (1 = A)[4],)
5ha (hy — k2)UR (1)

+ — .
16(A[2lg + (1 = A)[2],)(ABlg + (1 = A)[3],)

(28)
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By substituting the values of Uj(t), Usa(t) from (7) into (28), we have

. 2t(hg — k3) + (4t2 — 2t — 1)hy(hg + ko) + h3(4t3 — 412 —t + 1)
4 = —

A(A[4lg + (1= N)4],)
+ 5ha(ha — ka)t” S (29)
A(A2]g + (1 = N2l ) (ABlg + (1 = N)[3],)

So, by using Lemma 1, we get

il < 2t + 204t? — 2t — 1| 4 2/4t3 — 42 — t + 1]
4 >~ —
Ald]g + (1= A)[4]
10t

(A2l + (1 = N)[21,) A3l + (1= N)[3],)

q

_|_

Now, we consider functional |az — pa3| for real p.

Theorem 2. Let f given by (1) be in the class @ZE()\,t) and p € R. Then

2t __ : h < 1 _
ABlg+(1=)[3], Ih(p)] < 4(A[3]g+(1-X)[3])t?
s — ped] < 1
8t’h(p)’ ; ‘h(p)’ 2 4()\[3](1_,’_(1_)\)(5{](1),527
where
h(p) =

(1 - p)

a2 A3l + (1= Nl — (A2l + (1= V[2),)2] + @t + DOEl + (- V(2,02

Proof. From (23) and (24) for some p € R, we get

U(t)(he + ka2)(1 — p)

2 _
P T A0l (1= NBIUR) + (Ua(0) — Vo) 2l + (1~ N,
Ur(t)(he — ko)
4By + (1= N)[3],)
Hence
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where
Mp) = VA -p) _
£[(ABly + (1= VBV + U1 (#) = Ua() A2y + (1 = N)[2],)?]

_ (1 - p) _
422 (A8, + (1= N3], = (Al2lg + (1= N[2J)?| + 2+ DRl + (1= V)2

q

So, by using Lemma 1, we obtain

1
laz — pa3| < 2|U1(t){ h(p) + =
A4(ABlg + (1= A)[3],)
1
+ |h(p) — = }
4(ABlg + (1 =M)[],)
Therefore, we derive that
2 h(p)| €
ABlg+(1-2)[3], 4(AB]g+(1=1)[3],)
4z = pa]| < 1
8t|h i |k >
|h(p)] Ih(p)] = OB

3 Corollaries and Consequences

By putting A = 0 in Theorem 1, we conclude the following corollary.

Corollary 1. Let the function f given by (1) be in the class JTCqZ(t) Then

2t\/2t 2t
laz| < min =1
— 9 =2| [2]
48], -2, )2+ e+,
442 2t
ja3] £ — + =
2, 3,
and
L e P AL
W, BB, 2T
lag| <
—4+162 865 | 1022 . 145 oy
i, 2,8, 0t T

By putting A = 0 in Theorem 2, we conclude the following corollary.
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Corollary 2. Let the function f given by (1) be in the class j-quZ(t) and p € R.
Then

|a(B3],~ 20, )2+ (204 1),

2t . ol < J_
11— pl e

) —

‘4([?3/]47[’2v]j)t2+(2t+1)[’2v]3’
4[3] 2 '

8|1—p]t? s
)4([3%—[2}2)t2+(2t+1)[2ﬁ" 1—pl=

By taking ¢ — 17 in Corollary 1, we conclude the following corollary.

Corollary 3. Let the function f given by (1) be in the class Hx(t). Then

V2t 2t
|a2|§min{\r t}, lag| < t? + 2

142t — 2 3
and
2t — 203 + L l<p< /s
las| <
—14a2 234 3 1 <y o,

By taking ¢ — 17 in Corollary 3, we conclude the following corollary.

Corollary 4. Let the function f given by (1) be in the class Hx(t) and p € R.
Then

2t Co1—pl < 14-2t—¢2
pl <
B 9 < 3 ’ 3t2
laz — pa3| < 21— plt? ,
—plt® . 142¢—t
Trmee s L—nl2 5
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