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Abstract

In this paper, we obtain the coefficient inequalities for functions in certain
subclasses of Janowski starlike functions of complex order which are related
starlike functions associated with a hyperbolic domain. Our results extend
the study of various subclasses of analytic functions. Several applications of
our results are also mentioned.
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1 Introduction

Let A denote the class of functions analytic in U = {z : |z| < 1} and having
a Taylor series expansion of the form

f(z) = z +
∞∑
n=2

cnz
n cn ≥ 0. (1)

Let S denote the subclass of A of analytic and univalent functions in U. Also, let
S∗(η) and C(η) denote the familiar subclasses of A consisting of functions which
are respectively starlike of order η and convex of order η in U. The class P denotes
the class of functions of the form p(z) = 1+p1z+p2z

2+p3z
3+· · · that are analytic
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in U and such that Re (p(z)) > 0 for all z in U. For detailed study of various
subclasses of univalent function theory, we refer to [5].

The functions pα(z) plays the role of extremal functions related to the hyper-
bolic domains (see [14, 21]) and is given by

pα(z) = (1 + 2α)

√
1 + bz

1− bz
− 2α, (2)

where

b = b(α) =
1 + 4α− 4α2

(1 + 2α)2
, α > 0

the branch of the square root
√
w being chosen such that Re

√
w ≥ 0. Clearly,

pα(z) ∈ P is analytic with the expansion of the form

pα(z) = 1 + L1z + L2z
2 + · · · , (Lj = pj(α), j = 1, 2, 3, . . .), (3)

where

L1 =
(1 + 4α)

1 + 2α
and L2 =

(1 + 4α)(1 + 4α+ 8α2)

2(1 + 2α)3
.

In [21], Stankiewicz and Wísniowska defined SH(α) as the class of functions
f ∈ A satisfying the condition∣∣∣∣∣zf

′
(z)

f(z)
− 2α

(√
2− 1

)∣∣∣∣∣ < √2Re

(
zf
′
(z)

f(z)

)
+ 2α

(√
2− 1

)
,

for some α > 0. Note that f ∈ SH(α) if and only if zf
′
(z)

f(z) lies in the hyperbolic
domain

Ω(α) =
{
w = u+ iv : v2 < 4αu+ u2, u > 0

}
which is included in the right half-plane and is symmetric to the real axis with a
vertex at the origin. Equivalently, a function f ∈ SH(α) if and only if

zf
′
(z)

f(z)
≺ pα(z),

where ≺ denotes the subordination. The function pα(z) maps the unit disk con-
formally onto the domain Ω(α) such that pα(0) = 1 and p′α(0) > 0. The class
SH(α) was motivated by the study of uniformly convex and uniformly starlike
functions (see [6, 9, 10, 17]).

Now we briefly recall the q-calculus and the notations which are required
for our study. Quantum calculus (q-calculus and h-calculus) is common classical
calculus without the notion of limits. Here, h represents Plancḱıs constant, while q
represents quantum. Due to its application in a variety of branches such as physics,
mathematics, the area of q-calculus has gained great importance for researchers.
The first study on q-calculus was systematically established by Jackson [8] as
q-derivative is merely a ratio which is given by

Dqf(z) =
f(qz)− f(z)

(q − 1)z
.
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Note that limq→1− Dqf(z) = f ′(z). Notations and symbols play a very impor-
tant role in the study of q-calculus. Throughout this paper, we let

[n]q =
n∑
k=1

qk−1, [0]q = 0, (q ∈ C)

and the q-shifted factorial by

(a; q)n =

{
1, n = 0

(1− a)(1− aq) . . .
(
1− aqn−1

)
, n = 1, 2, . . . .

In [7], Ismail et. al. introduced the class S∗q to be the class of functions which
satisfy the condition∣∣∣∣zDqf(z)

f(z)
− 1

1− q

∣∣∣∣ ≤ 1

1− q
, (f ∈ S).

Equivalently, a function f ∈ S∗q if and only if the following subordination condition
(see [13, 20])

zDqf(z)

f(z)
≺ 1 + z

1− qz
holds. It can easily be seen that if q → 1−, S∗q reduces to the well-known class of
starlike functions.

Recently in [15], the authors defined the following q-differential operator
Jmλ (a1, b1; q, z)f : U→ U given by

Jmλ (a1, b1; q, z)f = z +
∞∑
n=2

[1− λ+ λ[n]q]
m Γncnz

n, (4)

(m ∈ N0 = N ∪ {0} and λ ≥ 0) ,

where

Γn =
(a1; q)n−1(a2; q)n−1 . . . (ar; q)n−1
(q; q)n−1(b1; q)n−1 . . . (bs; q)n−1

, (|q| < 1) .

Remark 1. For a detailed study and applications of the operator Jmλ (a1, b1; q, z)f ,
refer to [15] and the references provided therein. We let Dm+1f denote the well-
known Sălăgean derivative operator (see [18]), which is a special case of the oper-
ator Jmλ (a1, b1; q, z)f .

Throughout our present discussion, to avoid repetition, we lay down once and
for all that −1 ≤ B < A ≤ 1, z ∈ U and Γn is real.

Motivated by the class SH(α), we define the following.

Definition 1. For pα(z) defined as in (2), a function f ∈ k−SHλ,m
q, α (γ; a1, b1;A,B)

if and only if

1 +
1

γ

(
zDq [Jmλ (a1, b1; q, z)f ]

Jmλ (a1, b1; q, z)f
− 1

)
≺ (A+ 1)pα(z)− (A− 1)

(B + 1)pα(z)− (B − 1)
, (f ∈ A) (5)

where γ ∈ C \ {0}, k ≥ 0 and 0 ≤ α < 1.
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Remark 2. If we let A = 1, B = −1, γ = 1 + 0i, m = 0, r = 2, s = 1, a1 =
b1, a2 = q and q → 1−, the class k − SHλ,m

q, α (γ; a1, b1;A,B) reduces to the class
SH(α).

Definition 2. Let S
λ,m
q, α (γ; a1, b1;A,B) denote the class of functions f ∈ A sat-

isfying the inequality

1 +
1

γ

(
zDq [Jmλ (a1, b1; q, z)f ]

Jmλ (a1, b1; q, z)f
− 1

)
≺ (A+ 1)p̂(z)− (A− 1)

(B + 1)p̂(z)− (B − 1)
, (6)

where p̂(z) = 1+z
1−qz , q ∈ (0, 1), γ ∈ C \ {0}.

Remark 3. The study of classes k−SHλ,m
q, α (γ; a1, b1;A,B) and S

λ,m
q, α (γ; a1, b1;A,B)

was motivated by the Noor and Malik [12]. For geometrical interpretation and pur-
pose to study such conic region, refer to [2, 12, 20] and the references provided
therein. Several well-known classes (just to name a few) α-spiral functions, con-
vex α-spiral functions, starlike functions of complex order and convex functions
of complex order can be obtained as special cases our class S

λ,m
q, α (γ; a1, b1;A,B).

By definition of subordination, a function f ∈ A is said to be in
S
λ,m
q, α (γ; a1, b1;A,B) if and only if

1 +
1

γ

(
zDq [Jmλ (a1, b1; q, z)f ]

Jmλ (a1, b1; q, z)f
− 1

)
=

(A+ 1)w(z) + 2 + (A− 1)qw(z)

(B + 1)w(z) + 2 + (B − 1)qw(z)
, (7)

(q ∈ (0, 1), z ∈ U) ,

where w(z) is analytic in U and w(0) = 0, |w(z)| < 1.

2 Coefficient inequalities

We need the following Lemma to prove our main result in this section.

Lemma 1. [23] Suppose that |(A−B)γ(1 + q)− {B(1 + q) + (1− q)} ([n]q − 1)|−
4 ([n]q − 1) > 0.

(A−B)2(1 + q)2 | γ |2

+

j−1∑
n=2

{
|(A−B)γ(1 + q)− {B(1 + q) + (1− q)} ([n]q − 1)|2 − 4 ([n]q − 1)2

}
× Ω2

n

{
1

Ω2
n

n∏
j=2

| (A−B)(1 + q)γ − ([j − 1]q − 1) [B(1 + q) + (1− q)] |2

2 ([j]q − 1)2

}

=
1

([j − 1]q − 1)!2

j∏
n=2

| (A−B)(1 + q)γ − ([n− 1]q − 1) [B(1 + q) + (1− q)] |2

2

where q ∈ (0, 1), γ ∈ C \ {0}, n ∈ N \ {0}.
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Theorem 1. Let the function f(z) defined by (1) be in the class

S
λ,m
q, α (γ; a1, b1;A,B) and let Ln = |(A−B)γ(1 + q)− {B(1 + q) + (1− q)} ([n]q − 1)|−

4 ([n]q − 1).

(a) If L2 ≤ 0, then

|cj | ≤
(A−B)(1 + q) | γ |

2 [1− λ+ [j]qλ]m ([j]q − 1) Γj
. (8)

(b) If Ln ≥ 0, then

| cj |≤
1

[1− λ+ [j]qλ]m Γj

×
j∏

n=2

| (A−B)(1 + q)γ − ([n− 1]q − 1) [B(1 + q) + (1− q)] |
2 ([n]q − 1)

(9)

(c) If Lk ≥ 0 and Lk+1 ≤ 0 for k = 2, 3, . . . , j − 2,

| cj |≤
1

[1− λ+ [j]qλ]m ([j]q − 1) ([k]q − 1)!Γj

×
k+1∏
n=2

| (A−B)(1 + q)γ − ([n− 1]q − 1) [B(1 + q) + (1− q)] |
2

(10)

The bounds in (8) and (9) are sharp for all admissible A, B, γ ∈ C \ {0} and for
each j.

Proof. Since f(z) ∈ S
λ,m
q, α (γ; a1, b1;A,B), the inequality (6) gives

2 [zDq [Jmλ (a1, b1; q, z)f ]− Jmλ (a1, b1; q, z)f ] = {(A−B)γ(1 + q)Jmλ (a1, b1; q, z)f
(11)

+ [B(1 + q) + (1− q)] [Jmλ (a1, b1; q, z)f − zDq (Jmλ (a1, b1; q, z)f)]}w(z).

Equation (11) may be written as

∞∑
n=2

2Ωn ([n]q − 1) cnz
n =

{
(A−B)γ(1 + q)z

+
∞∑
n=2

[(A−B)γ(1 + q)− {B(1 + q) + (1− q)} ([n]q − 1)] Ωn cnz
n

}
w(z),

(12)

where Ωn = [1− λ+ λ[n]q]
m Γn. Equivalently

j∑
n=2

2Ωn ([n]q − 1) cnz
n +

∞∑
n=j+1

dnz
n =

{
(A−B)γ(1 + q)z

+

j−1∑
n=2

[(A−B)γ(1 + q)− {B(1 + q) + (1− q)} ([n]q − 1)] Ωn cnz
n

}
w(z),

(13)
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for certain coefficients dn. Since | w(z) |< 1, we have

∣∣∣∣∣∣
j∑

n=2

2Ωn ([n]q − 1) cnz
n +

∞∑
n=j+1

dnz
n

∣∣∣∣∣∣ ≤
∣∣∣∣(A−B)γ(1 + q)z

+

j−1∑
n=2

[(A−B)γ(1 + q)− {B(1 + q) + (1− q)} ([n]q − 1)] Ωn cnz
n

∣∣∣∣∣ .
(14)

Let z = reiθ, r < 1, applying the Parseval’s formula (see [3] p.138) on both sides
of the above inequality and after simple computation , we get

j∑
n=2

4Ω2
n ([n]q − 1)2 |cn|2 r2n+

∞∑
n=j+1

|dn|2 r2n ≤ (A−B)2(1+q)2 | γ |2 r2

+

j−1∑
n=2

|(A−B)γ(1 + q)− {B(1 + q) + (1− q)} ([n]q − 1)|2 Ω2
n |cn|

2 r2n.

Let r −→ 1−, then on some simplification we obtain

4Ω2
j ([j]q − 1)2 |cj |2 ≤ (A−B)2(1 + q)2 | γ |2 +

j−1∑
n=2

{|(A−B)γ(1 + q)−

{B(1 + q) + (1− q)} ([n]q − 1)|2 − 4 ([n]q − 1)2
}

Ω2
n |cn|

2 j ≥ 2.

(15)

For j = 2, it follows from (15) that

|c2| ≤
(A−B)(1 + q) | γ |

2 [1− λ+ [2]qλ]m ([2]q − 1) Γ2
. (16)

Clearly, if Ln ≥ 0 then Ln−1 ≥ 0 for n = 2, 3, . . .. Also, if Ln ≤ 0 the
Ln+1 ≤ 0 for n = 2, 3, . . . ,. If  L2 ≤ 0, then from the above discussion we can
conclude that  Ln ≤ 0 for all n > 2. It follows from (15) that

|cj | ≤
(A−B)(1 + q) | γ |

2 [1− λ+ [j]qλ]m ([j]q − 1) Γj
. (17)

If Ln−1 ≥ 0, then from the above observation L2, L3, . . . , Lj−2 ≥ 0. From
(16), we infer that the inequality (9) is true for j = 2. We establish (9), by
mathematical induction. Suppose (9) is valid for n = 2, 3, . . . , (j − 1). Then it
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follows from (15) that

4Ω2
j ([j]q − 1)2 |cj |2 ≤ (A−B)2(1 + q)2 | γ |2 +

j−1∑
n=2

{|(A−B)γ(1 + q)−

{B(1 + q) + (1− q)} ([n]q − 1)|2 − 4 ([n]q − 1)2
}

Ω2
n |cn|

2

≤ (A−B)2(1 + q)2 | γ |2

+

j−1∑
n=2

{
|(A−B)γ(1 + q)− {B(1 + q) + (1− q)} ([n]q − 1)|2 − 4 ([n]q − 1)2

}
× Ω2

n

{
1

Ω2
n

n∏
j=2

| (A−B)(1 + q)γ − ([j − 1]q − 1) [B(1 + q) + (1− q)] |2

2 ([j]q − 1)2

}
Thus, applying Lemma 1, we get

| cj |≤
1

[1− λ+ [j]qλ]m Γj

×
j∏

n=2

| (A−B)(1 + q)γ − ([n− 1]q − 1) [B(1 + q) + (1− q)] |
2 ([n]q − 1)

,

which completes the proof of (9).
Now if we assume that Lk ≥ 0 and Lk+1 ≤ 0 for k = 2, 3, . . . , j − 2. Then

L2, L3, . . . , Lk−1 ≥ 0 and Lk+2, Lk+3, . . . , Lj−2 ≤ 0. Then (15) gives

4Ω2
j ([j]q − 1)2 |cj |2 ≤ (A−B)2(1 + q)2 | γ |2 +

k∑
l=2

{|(A−B)γ(1 + q)

−{B(1 + q) + (1− q)} ([l]q − 1)|2 − 4 ([l]q − 1)2
}

Ω2
l |cl|

2

+

j−1∑
l=k+1

{
[(A−B)(1 + q)γ − [B(1 + q) + (1− q)] ([l]q − 1)]2

−4 ([l]q − 1)2
}

Ω2
l |cl|

2

≤ (A−B)2(1 + q)2 | γ |2

+

k∑
l=2

{
[(A−B)(1 + q)γ − [B(1 + q) + (1− q)] ([l]q − 1)]2

−4 ([l]q − 1)2
}

Ω2
l |cl|

2 .

On substituting upper estimates for c2, c3, . . . , ck obtained above and simplifying,
we obtain (10).

Also, the bounds in (8) are sharp for the functions fk(z) given by

Jmλ (a1, b1; q, z)fk(z) =


z(1 +Bz)

(A−B)γ
Bλ(k−1) if B 6= 0,

z exp

(
Aγ

λ(k−1) z
k−1
)

if B = 0.
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The bounds in (9) are sharp for the functions f(z) given by

Jmλ (a1, b1; q, z)f =

{
z(1 +Bz)

(A−B)γ
B if B 6= 0,

z exp(Aγz) if B = 0.

Remark 4. It can be seen that Theorem 1 extends the results obtained by various
authors, for example see [4, 19, 22, 23].

If we let m = 1, r = 2, s = 1, a1 = b1, a2 = q and q → 1−, we get the following
result obtained by Ghosh and Vasudevarao in [4].

Corollary 1. Let f ∈ A satisfy the condition

1 +
1

γ

z
[
λzf

′
(z) + (1− λ)f(z)

]′
λzf ′(z) + (1− λ)f(z)

− 1

 ≺ 1 +Az

1 +Bz
.

Also, let Ln = |(A−B)γ −B (n− 1)| − 4 (n− 1).

(a) If L2 ≤ 0, then

|cj | ≤
(A−B) | γ |

[1 + λ(j − 1)] (j − 1)
.

(b) If Ln ≥ 0, then

| cj |≤
1

[1 + λ(j − 1)]

j∏
n=2

| (A−B)γ − (n− 2)B |
(n− 1)

(c) If Lk ≥ 0 and Lk+1 ≤ 0 for k = 2, 3, . . . , j − 2,

| cj |≤
1

[1 + λ(j − 1)] (j − 1) (k − 1)!

k+1∏
n=2

| (A−B)γ − (n− 2)B |

The bounds in (a) and (b) are sharp for all admissible A, B, γ ∈ C \ {0} and for
each j.

Corollary 2. [23] Let f ∈ A, satisfy the subordination condition

(1 + i tanβ)
zf
′
(z)

f(z)
− i tanβ ≺ 1 +Az

1 +Bz
, (z ∈ U).

Then for n ≥ 2,

|cn| ≤
n−2∏
j=0

∣∣(A−B)e−iβ cosβ − jB
∣∣

(j + 1)

where |β| < π/2.
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If we set A = 1− 2η (0 ≤ η < 1), B = −1, m = 0 and q → 1− in Corollary 2,
we get the following result.

Corollary 3. [11] Let f ∈ A satisfy the condition

Re

(
zf
′
(z)

f(z)

)
> η cosβ.

Then

|cn| ≤
n−2∏
j=0

(∣∣2(1− η)e−iβ cosβ + j
∣∣

j + 1

)
. (18)

The coefficient estimates in (18) are sharp.

If we let λ = 1, r = 2, s = 1, a1 = b1 and a2 = q, A = 1, B = −M and q → 1−

in Theorem 1, we have

Corollary 4. [1] Let the function f(z) defined by (1) satisfy the condition∣∣∣∣∣∣
γ − 1 + Dm+1f(z)

Dmf(z)

γ
−M

∣∣∣∣∣∣ < M.

Let

G =

[
2u(n− 1)Re (γ)

(n− 1)2(1− u)− |γ|2(1 + u)

]
,

(for n = 1, 3, . . . , j − 1).

(a) If 2u(n−1)Re {γ} > (n−1)2(1−u)− | γ |2 (1+u), then, for j = 2, 3, . . . , G+2

| cj |≤
1

jm (j − 1)!

j∏
n=2

| (1 + u)γ + (n− 2)u | (19)

and for j > G+ 2

| cj |≤
1

jm(j − 1) (G+ 1)!

G+3∏
n=2

| (1 + u)γ + (n− 2)u |

(b) If 2u(n− 1)Re {γ} ≤ (n− 1)2(1− u)− |γ|2(1 + u), then

| cj |≤
(1 + u) | γ |
(j − 1) jm

j ≥ 2. (20)

where u = 1− 1

M

(
M > −1

2

)
.

The inequalities (19) and (20) are sharp.
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To prove our next result, we need the following Lemmas.

Lemma 2. [16] Let f(z) =
∑∞

n=1 anz
n be analytic in U and g(z) =

∑∞
n=1 bzz

n is
analytic and convex in U. If f(z) ≺ g(z), then |an| ≤ |b1|, for n = 1, 2, . . ..

Lemma 3. Let the function pα(z) be defined as in (2) and let p(z) = 1 +∑∞
n=1 pnz

n be in P satisfy the condition

p(z) ≺ (A+ 1)pα(z)− (A− 1)

(B + 1)pα(z)− (B − 1)
. (21)

Then

|pn| ≤
(A−B)(1 + 4α)

2(1 + 2α)
, (n ≥ 1). (22)

Proof. From (21), we have

p(z) ≺ A− 1

B − 1

[
1− A+ 1

A− 1
pα(z)

][
1 +

B + 1

B − 1
pα(z) +

(
B + 1

B − 1
pα(z)

)2

+ · · ·

]

=
A− 1

B − 1

[
1 +

(
B + 1

B − 1
− A+ 1

A− 1

)
pα(z)

+

(
(B + 1)2

(B − 1)2
− (A+ 1)(B + 1)

(A− 1)(B − 1)

)
[pα(z)]2 + · · ·

]
.

Using pα(z) = 1 + L1z + L2z
2 + L3z

3 + L4z
4 + · · · in the above condition and

simplifying, we get

p(z) ≺
∞∑
n=1

−2(B + 1)n−1

(B − 1)n
+

[ ∞∑
n=1

2n(A−B)(B + 1)n−1

(B − 1)n+1

]
L1z + · · · .

The series
∑∞

n=1
−2(B+1)n−1

(B−1)n and
∑∞

n=1
2n(A−B)(B+1)n−1

(B−1)n+1 converges to 1 and (A−B)
2

respectively. Hence

p(z) ≺ 1 +
(A−B)(1 + 4α)

2(1 + 2α)
z + · · · . (23)

Since p(z) ∈ P and the superordinate function in (23) is convex in U, the result
follows on applying Lemma 2 to (23).

Theorem 2. Let f ∈ k − SHλ,m
q, α (γ; a1, b1;A,B), then for n ≥ 2,

|cn| ≤
1

[1− λ+ λ[n]q]
m Γn

n−2∏
j=0

|(A−B)(1 + 4α)γ − 2(1 + 2α)([j + 1]q − 1)B|
2(1 + 2α)([j + 2]q − 1)

 .

(24)
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Proof. By the definition of k − SHλ,m
q, α (γ; a1, b1;A,B), we have

1 +
1

γ

(
zDq [Jmλ (a1, b1; q, z)f ]

Jmλ (a1, b1; q, z)f
− 1

)
= p(z), (25)

where p(z) ∈ P and satisfies the subordination condition

p(z) ≺ (A+ 1)pα(z)− (A− 1)

(B + 1)pα(z)− (B − 1)
.

Equivalently (25) can be rewritten as

∞∑
n=2

[1− λ+ λ[n]q]
m ([n]q − 1) Γncnz

n

= γ

[
z +

∞∑
n=2

[1− λ+ λ[n]q]
m Γncnz

n

][ ∞∑
n=1

pnz
n

]
.

On equating the coefficient of zn, we get

[1− λ+ λ[n]q]
m ([n]q − 1) Γncn

= γ {pn−1 + pn−2 [1− λ+ λ[2]q]
m Γ2c2 + · · ·+ p1 [1− λ+ λ[n− 1]q]

m Γn−1cn−1} .

On computation, we have

|cn| ≤
|γ|

[1− λ+ λ[n]q]
m ([n]q − 1) Γn

n−1∑
j=1

[1− λ+ λ[n− j]q]m Γn−j |cn−j ||pj |.

Using (22) in the above inequality, we have (for c1 = 1)

|cn| ≤
|γ|(A−B)(1 + 4α)

2(1 + 2α) [1− λ+ λ[n]q]
m ([n]q − 1) Γn

n−1∑
j=1

[1− λ+ λ[n− j]q]m Γn−j |cn−j |.

(26)
Taking n = 2, in (26), we get

|c2| ≤
|γ|(A−B)(1 + 4α)

2q(1 + 2α) [1− λ+ λ[2]q]
m Γ2

and for n = 3 in (26), we get

|c3| ≤
|γ|(A−B)(1 + 4α)

2q(1 + q)(1 + 2α) [1− λ+ λ[3]q]
m Γ3

(1 + [1− λ+ λ[2]q]
m Γ2|c2|)

≤ |γ|(A−B)(1 + 4α)

2q(1 + q)(1 + 2α) [1− λ+ λ[3]q]
m Γ3

[
1 +
|γ|(A−B)(1 + 4α)

2q(1 + 2α)

]
.
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If we let n = 3, in (24), we have

|c3 ≤
1

[1− λ+ λ[3]q]
m Γ3

[
|γ|(A−B)(1 + 4α)

2q(1 + 2α)

×|(A−B)γ(1 + 4α)− 2(1 + 2α)(q)B|
2(1 + 2α)q(1 + q)

]
≤ 1

[1− λ+ λ[3]q]
m Γ3

[
|γ|(A−B)(1 + 4α)

2q(1 + 2α)

×(A−B)|γ|(1 + 4α) + 2(1 + 2α)(q)|B|
2(1 + 2α)q(1 + q)

]
≤ |γ|(A−B)(1 + 4α)

2q(1 + q)(1 + 2α) [1− λ+ λ[3]q]
m Γ3

[
|γ|(A−B)(1 + 4α)

2q(1 + 2α)
+ 1

]
.

Hence the hypothesis of the theorem is true for n = 3.
Now let us suppose (24) is valid for n = 2, 3, . . . r. On using triangle inequality

in (24), we get

|cr| ≤
1

[1− λ+ λ[r]q]
m ([r]q − 1) Γr

×

r−2∏
j=0

(A−B)(1 + 4α)|γ|+ 2(1 + 2α)([j + 1]q − 1)

2(1 + 2α)([j + 2]q − 1)

 .

By induction hypothesis, we have

|γ|(A−B)(1 + 4α)

2(1 + 2α) [1− λ+ λ[r]q]
m ([r]q − 1) Γr

r−1∑
j=1

[1− λ+ λ[r − j]q]m Γr−j |cr−j |

≤ 1

[1− λ+ λ[r]q]
m Γr

r−2∏
j=0

(A−B)(1 + 4α)|γ|+ 2(1 + 2α)([j + 1]q − 1)

2(1 + 2α)([j + 2]q − 1)
.

From the above inequality, we have

r−1∏
j=0

(A−B)(1 + 4α)|γ|+ 2(1 + 2α)([j + 1]q − 1)

2(1 + 2α)([j + 2]q − 1) [1− λ+ λ[r + 1]q]
m Γr+1

≥ |γ|(A−B)(1 + 4α)

2(1 + 2α) ([r]q − 1)
× (A−B)(1 + 4α)|γ|+ 2(1 + 2α)([r]q − 1)

2(1 + 2α)([r + 1]q − 1) [1− λ+ λ[r + 1]q]
m Γr+1

×
r−1∑
j=1

[1− λ+ λ[r − j]q]m Γr−j |cr−j |

=
|γ|(A−B)(1 + 4α)

2(1 + 2α) [1− λ+ λ[r + 1]q]
m ([r + 1]q − 1) Γr+1|cr| [1− λ+ λ[r]q]

m Γr +

r−1∑
j=1

[1− λ+ λ[r − j]q]m Γr−j |cr−j |


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=
|γ|(A−B)(1 + 4α)

2(1 + 2α) [1− λ+ λ[r + 1]q]
m ([r + 1]q − 1) Γr+1

×
r∑
j=1

[1− λ+ λ[r + 1− j]q]m Γr+1−j |cr+1−j |,

implies that inequality is true for n = r+ 1. Hence the proof of the Theorem.

If we choose γ = 1/(1 + i tanβ), λ = 1, r = 2, s = 1, a1 = b1, a2 = q, m = 0
and q → 1− in Theorem 2, we get the following

Corollary 5. Let f ∈ A, satisfy the subordination condition

(1 + i tanβ)
zf
′
(z)

f(z)
− i tanβ ≺ (A+ 1)pα(z)− (A− 1)

(B + 1)pα(z)− (B − 1)
, (z ∈ U).

Then for n ≥ 2,

|cn| ≤
n−2∏
j=0

∣∣(A−B)(1 + 4α)e−iβ cosβ − jB
∣∣

2(1 + 2α)(j + 1)

where |β| < π/2.

If we choose γ = 1 + i0, m = 0, r = 2, s = 1, a1 = b1, a2 = q and q → 1− in
Theorem 2, we get the following, ( for an analogous result see [12]).

Corollary 6. For a function pα(z) defined as in (2). Let f ∈ A satisfy the
condition

zf
′
(z)

f(z)
≺ (A+ 1)pα(z)− (A− 1)

(B + 1)pα(z)− (B − 1)

then

|cn| ≤
n−2∏
j=0

|(A−B)(1 + 4α)− 2jB|
2(1 + 2α)(j + 1)

.

If we choose m = λ = 1, r = 2, s = 1, a1 = b1, a2 = q and q → 1− in Theorem
2, we get the following.

Corollary 7. For a function pα(z) defined as in (2). Let f ∈ A satisfy the
condition

1 +
1

γ

(
zf
′′
(z)

f ′(z)

)
≺ (A+ 1)pα(z)− (A− 1)

(B + 1)pα(z)− (B − 1)

then

|cn| ≤
1

n

n−2∏
j=0

|(A−B)(1 + 4α)− 2jB|
2(1 + 2α)(j + 1)

.



608 K.R. Karthikeyan, G. Murugusundaramoorthy, A. Nistor-Şerban, D. Răducanu
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