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Abstract

In this paper, we find the necessary and sufficient conditions and inclu-
sion relations for Pascal distribution series to be in the classes Ws(o, 7, 5)
of analytic functions. Further, we consider an integral operator related to
Pascal distribution series. Several corollaries and consequences of the main
results are also considered.
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1 Introduction and definitions

Let A denote the class of functions of the form
f2) =24 an2", (1)
n=2

which are analytic in the open unit disk U = {z € C : |z| < 1} and normalized by
the conditions f(0) = 0 = f’(0) — 1. Further, let T5 be a subclass of A consisting
of functions of the form,

fR)=2=) anz",  ane® >0, |5 <7/2,z€U. 2)
n=2

For v, > 0,0 < o < cosd, |d] < 7/2 and function f € Ty is said to be in the
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class Ws(a, v, B) if it satisfies the analytic criteria

)
z
Remark 1. The class Wo(a, 7, B) is a subclass of the class Wg(a,y) which is de-
fined by Ali et al. [1] ( see also [18] ). In particular, the class Wo(cr,7,0) = Q4 ()
was studied by Ding et al. [6], the classes Ws(a,1,0) = 8(5, @) and Ws(a,0,0) =

T (0, a)were introduced and studied by Sudharasan et al. [22].

R{eP[(1 — v +28)=—2 + (v = 2B)f'(2) + Bzf"(2)]} >, (z€U). (3)

A function f € A is said to be in the class R (A, B), 7 € C\{0}, -1 < B <
A < 1, if it satisfies the inequality

f'(z) -1
(A—B) = B[f'(z) - 1]

<1, ze€Ul.

This class was introduced by Dixit and Pal [7].
A variable x is said to be Pascal distribution if it takes the values 0,1,2,3, ...
with probabilities

m(l —q)™ ¢*m(m — )" ¢@Bm(m m —qg)™
(1—qym, 4 (11| q) K ( +1‘)(1 q) K ( +1)(3'+2)(1 q) e

spectively, where ¢ and m are called the parameters, and thus

kE+m-—1
m—1

P(xzk)z( >qk(1—q)m,k:O,1,2,3,....

Very recently, El-Deeb et alt. [5] (see also [13, 3]) introduced a power series whose
coefficients are probabilities of Pascal distribution, that is

- -2
Ui'(z) =2+ Z (n m )q”_l(l —q)M2", z €1,

where m > 1, 0 < ¢ < 1, and we note that, by ratio test the radius of convergence
of above series is infinity. We also define the series

m m — n+m—2 n— m_n
@q(z)::Zz—\Pq(z):z—Z( 1 )q l1—q)mz", z€U.  (4)
n=2

Let consider the linear operator Jg* : A — A defined by the convolution or
Hadamard product

_9 B
m—1 )qn 1(1 _q)manzn) S [Ua

o0
Trf(z) =0 (2) * f(z) =2+ ) (
n=2
where m > 1 and 0 < g < 1.
Motivated by several earlier results on connections between various subclasses
of analytic and univalent functions, by using hypergeometric functions (see for
example, [4, 9, 10, 20, 21]) and by the recent investigations (see, for example
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[2, 8, 12, 14, 15, 16, 17]), in the present paper we determine the necessary and
sufficient conditions for @7 to be in our class Ws(a, v, 8). We give connections

of these subclasses with R7(A, B), and finally, we give sufficient conditions for
7 (t)
dt
7

the function f such that its image by the integral operator Gi* f(z2) = Oz
belongs to the above class.

2 Preliminary lemmas

Employing the same technique proved by Sekine [19] (see also, [11]) we have
the following lemma.

Lemma 1. A function f € Ts of the form (2) is in the class Ws(a, 7y, 8) if and
only if

S lnln— DB+ (v - 28)n + (1 — 7+ 28)] [a| < cosd - a. (5)

n=2
for some v,8 >0 and 0 < a < cosd, |0| < w/2.The result (5) is sharp.
Furthermore, we also need the following result.

Lemma 2. [7] If f € R7(A, B) is of the form (1), then

il

lan| < (A — B) neN- {1}.

;7
The result is sharp for the function

rtn—1

o= [ =g

3 Necessary and sufficient conditions for
(I)Zl € Wd(anf% 5)

For convenience throughout in the sequel, we use the following identities for
m>1land 0 <¢q<1:

R R e T

n=0 n=0
i n+my , 1 i n+m+1\ , 1
2\ m = gm e\ m+1 = a—gmr

By simple calculations we derive the following relations:

Zn+m—2\ , 4 ~=(n+tm-1\ , 1
> L) = 1 )9 T ie g m b
n=2 m= n=0 m= ( _Q)
[e.9] o0

n+m-—2\ ., n+m\ , qm
Z(”—1)< o 1 )q —qu( m >q = A= gr
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and
Nt n+m—2 -1 9 ~ (n+m+1
n§3(n )(n )( 1 )q g m(m + )n§0< m+ 1 )q
@?m(m +1)

Unless otherwise mentioned, we shall assume in this paper that v, 8 > 0 and
0<a<cosd, || <m/2, whilem>1and 0 <¢g<1.

Firstly, we obtain the necessary and sufficient conditions for ®¢* to be in the
class Ws(a, v, B).

Theorem 1. We have @' € Ws(a, v, B), if and only if

2m(m m
; (1(— q—;l) + 71q_ q + (1= (1-¢") <cosd—a. (6)

Proof. Since ®}" is defined by (4), in view of Lemma 1 it is sufficient to show that

B

;:2[71(71—1)54-(7—2ﬁ)n+(1—’y+26)] (n :;er ; 2> q”_l(l—q)m <cosd—a. (7)

Writing in left hand side of (7)

n=(n-1)+1,
n*=m-1)(n-2)+3n-1)+1,

we get
i[n(n 1B+ (y=2B8)n+ (1 —~v+28)] <n _7'7—1”1; 2>qn—1(1 o
- 2[5"2 =39+ a2l T )0
B Bi("‘ D -2) (n I z)q"‘lu —q"
. o
+7;§:2(n - 1)( ‘:n_ 1 >qn—1(1 g
(M)
s SRR TR

but this last expression is upper bounded by cos § — « if and only if (6) holds. [
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4 Sufficient conditions for J' (R7(A, B)) C Ws(a, 7, B)

Making use of Lemma 2, we will study the action of the Pascal distribution
series on the class Ws(a, 7, B).

Theorem 2. Let m > 1. If f € R7(A, B) and the inequality

qm ”
(AB)IT!{ﬁ(l_q)ny%’)(l(1q) )
(1—~+28) m .
W[(l—Q)—(l—Q) —(m—=1)q(1—q) ]}gcosd—a. (8)

is satisfied then I3 f € Ws(a, v, B).

Proof. According to Lemma 1 it is sufficient to show that

o0

S lnn- 15+ (-28)n-+ (1--+28)

n=2

n—+m-—2

) >q"_1(1q)m lan| < cosd—a.
m_

Since f € R7(A, B), using Lemma 2 we have

anl < AP ey,
therefore
i([ﬂn(n D+ (y=28n+ (1 —-7+28) (” ;”f N 2) ¢" (1= )" |an]
< (A- B|T|[§:2[ Bn—1)+ (v - 28)
”+;<1—v+w>} (2]
= A-Bla-gr [ﬁgm (")
+<v—25>i(”‘;7’:2)qn1+<1—v+2ﬂ>§;(”;7’:2>qﬂ

C A—B) | (—gmlg 1™ oL
- (A B)| ’(1 q) {5(1_q)m+1+(7 26)((1_q)m 1>
L=y +2p) Z(”;’ﬁ;2)qn_1_(m—1)q”
n=0

qg(m —1)
C A-B) (gl oy (L
= (A-B)|r|(1-q) {ﬁ(l_q)mﬂ—"(’y 25)((1_q)m 1)
(1—~+25) L e
T m o) [(1—q>m-1 Pt ”QH
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= -l {pg -2 - (- 0™

(1 —v+28)

q(m —1) [(1=q) = (=)™ = (m—=1)g(1 — Q)m]} '

But this last expression is upper bounded by cos d —« if (8) holds, which completes
our proof. O

5 Properties of a special function

Theorem 3. Let m > 1. If the function G5' is given by

G (2) == /0 ’ q)g;(t) dt, 2 €U, )

then ' € Ws(a, v, B), if and only if

qmp3 m
C g - (- "~ (m = a1 - )"
< cosd — a. (10)

holds.

Proof. According to (4) it follows that

n

m > (n+m—2 e m?
s === 3 ("EM T e gn s s e
n=2

Using Lemma 1, the function G'(2) belongs to Ws(«, 7, 8) if and only if

Z[n(n— DB+ (y—=28)n+(1 —7+2ﬁ)]% (n ;Ti; 2)q”_l(l —q)"™ < cosd—a.
n=2

By a similar proof like those of Theorem 2 we get that G f € WT(a, v, ) if
and only if (10) holds. O

6 Corollaries and consequences

By specializing the parameters § = 0 and § = 0 in Theorem 1, Theorem 2,
and Theorem 3 we obtain the following special cases for the subclass QT («) :=
()N T, .

Corollary 1. We have @' € QT (), if and only if

qam m
— < (1- —a. 11
<10 —a (1)
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Corollary 2. Let m > 1. If f € R7(A, B) and the inequality

=Bl a-a-gm+ L [1-g - 09

—(m —1)q(1 — q)mH <1l-oa.
is satisfied then I3 f € QT (a).

Corollary 3. Let m > 1. If the function Gi* is given by (9), then G7* € QT ()
if and only if

(1-7)

[(1=q)—(1-¢)" = (m—-1)q(1 —¢)"] <1-a.
Concluding Remarks. Specializing the parameter 8 and + we can state var-

ious interesting inclusion results (as proved in above theorems) for the subclasses
8(6, ) and T(d, ) as stated in Remark 1.
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