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Abstract

By making use of the principle of subordination, we introduce a certain
class of multivalent non-Bazilevič functions with higher order. Also, we ob-
tain subordination property, inclusion result, and inequality properties of this
class. The results presented here would provide extensions of those given in
earlier works.
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1 Introduction

Let A(p, n) denote the class of functions of the form

f(z) = zp +

∞∑
k=p+n

akz
k, z ∈ U (p, n ∈ N := {1, 2, 3, . . . }) , (1)

which are analytic in the open unit disk U := {z ∈ C : |z| < 1}. We write A (p, 1) =:
A(p) and A (1, 1) =: A.

If f and g are analytic functions in U, we say that f is subordinate to g, or g
is superordinate to f , written symbolically f ≺ g or f(z) ≺ g(z), if there exists
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a Schwarz function ω, which (by definition) is analytic in U with ω(0) = 0 and
|ω(z)| < 1, z ∈ U, such that f(z) = g(ω(z)), z ∈ U. Furthermore, if the function
g is univalent in U then we have the following equivalence (see [7] and [11]):

f(z) ≺ g(z)⇔ f(0) = g(0) and f(U) ⊂ g(U).

Let φ : C2×U→ C and h be univalent in U. If p is analytic in U and satisfies
the first order differential subordination

φ
(
p(z), zp′(z); z

)
≺ h(z), (2)

then p is said to be a solution of the differential subordination (2). The univalent
function q is called a dominant of the solutions of the differential subordination
(2) if p(z) ≺ q(z) for all p satisfying (2). A dominant q̃ that satisfies q̃ ≺ q for all
the dominants q of (2) is called the best dominant.

Upon differentiating q-times both sides of (1) we obtain

f (q)(z) = δ(p, q)zp−q +
∞∑

k=p+n

δ(k, q)akz
k−q, z ∈ U,

where

δ(p, q) =
p!

(p− q)!
(p ∈ N, q ∈ N0 := N∪{0}, p ≥ q) .

Several research has investigated higher order derivatives of multivalent functions,
see, for example [2], [3], [4] and [9].

Now we introduce the class Nn
p (λ, α, q;A,B), defined as follows:

Definition 1. A function f ∈ A(p, n), with f (q)(z) 6= 0 for all z ∈ U̇ := U \ {0},
is said to be the class Nn

p (λ, α, q;A,B) if it satisfies the subordination condition

(1 + λ)

(
δ(p, q)zp−q

f (q)(z)

)α
− λ zf (1+q)(z)

(p− q)f (q)(z)

(
δ(p, q)zp−q

f (q)(z)

)α
≺ 1 +Az

1 +Bz
,

where all the powers are principal values, and throughout the paper, unless other-
wise mentioned, the parameters λ, α, p, n, q, A, B are constrained as follows:

λ ∈ C, 0 < α < 1, p, n ∈ N, q ∈ N0, p > q, and − 1 ≤ B < A ≤ 1.

Furthermore, let denote Nn
p (λ, α, q; 1 − 2σ,−1) =: Nn

p (λ, α, q;σ), that is f ∈
Nn
p (λ, α, q;σ) if and only if f ∈ A(p, n) satisfies the condition

Re

{
(1 + λ)

(
δ(p, q)zp−q

f (q)(z)

)α
− λ zf (1+q)(z)

(p− q)f (q)(z)

(
δ(p, q)zp−q

f (q)(z)

)α}
> σ, z ∈ U,

with 0 ≤ σ < 1.

Remark that the above defined classes generalize and extend many others
defined by different authors, and we emphasize the following well-known special
cases:
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(i) Nn
p (λ, α, 0;A,B) =: Nn

p (λ, α;A,B), see Aouf and Seoudy [5];

(ii) Nn
p (λ, α, 0;σ) =: Nn

p (λ, α;σ), see Aouf and Seoudy [5];

(iii) N1
1 (λ, α, 0;A,B) =: N (λ, α;A,B), see Wang el. at [15];

(iv) N1
1 (−1, α, 0;σ) =: N (α;σ), with 0 ≤ σ < 1, where N (α;σ) is the class of

non-Bazilevič functions of order σ which was defined and studied by Tuneski
and Darus [14];

(v) N1
1 (−1, α, 0; 1,−1) =: N (α), where N (α) is the class of non-Bazilevič func-

tions which was introduced and studied by Obradović [12].

2 Preliminary results

In order to establish our main results, we need the following lemmas.

Lemma 1. [8, 11] Let the function h be a convex (univalent) in U with h(0) = 1.
Suppose also that the function k analytic in U is given by

k(z) = 1 + cnz
n + cn+1z

n+1 + . . . , z ∈ U. (3)

If

k(z) +
zk′(z)

γ
≺ h(z) (Re γ ≥ 0, γ 6= 0) , (4)

then

k(z) ≺ ψ(z) =
γ

n
z−

γ
n

∫ z

0
t
γ
n
−1h (t) dt ≺ h(z),

and ψ is the best dominant of (4).

Lemma 2. [10] Let F be convex in U. If f, g ∈ A, with f(z) ≺ F(z) and g(z) ≺
F(z), then γf(z) + (1− γ)g(z) ≺ F(z), where 0 ≤ γ ≤ 1.

Lemma 3. [13] Let

f(z) =

∞∑
k=1

akz
k, z ∈ U,

be analytic in U and

g(z) =
∞∑
k=1

bkz
k, z ∈ U,

be convex (univalent) in U. If f(z) ≺ g(z), then

|ak| ≤ |b1| , k ∈ N.
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Lemma 4. [16] For real or complex numbers a, b, c with c 6= 0,−1,−2, . . . , the
next relations hold:∫ 1

0
tb−1(1− t)c−b−1(1− tz)−adt =

Γ(b)Γ(c− b)
Γ(c)

2F1(a, b; c; z), z ∈ C \ (1,+∞)

for Re c > Re b > 0;

2F1(a, b; c; z) = (1− z)−a 2F1

(
a, c− b; c; z

z − 1

)
, z ∈ C \ (1,+∞);

2F1

(
1, 1; 2;

z

z + 1

)
=

(1 + z) ln(1 + z)

z
, z ∈ C \ (−∞,−1) ∪ {0}.

Putting z = 1 in the above last identity we get

2F1

(
1, 1; 2;

1

2

)
= 2 ln 2. (5)

In the present paper we obtain subordination properties, inclusion results,
distortion theorems and inequality properties of the class Nn

p (λ, α, q;A,B). The
results presented here would provide generalizations and extensions of those given
in many earlier works.

3 Main results

We begin by presenting our first subordination property given by the below
theorem.

Theorem 1. If f ∈ Nn
p (λ, α, q;A,B), with Reλ > 0, then(
δ(p, q)zp−q

f (q)(z)

)α
≺ Q(z) ≺ 1 +Az

1 +Bz
, (6)

where the function Q given by

Q(z) =


A

B
+

(
1− A

B

)
(1 +Bz)−1 2F1

(
1, 1;

(p− q)α
λn

+ 1;
Bz

1 +Bz

)
, B 6= 0,

1 +
(p− q)α

(p− q)α+ λn
Az, B = 0,

is the best dominant of (6). Furthermore,

Re

(
δ(p, q)zp−q

f (q)(z)

)α
> ρ, z ∈ U, (7)

where

ρ =


A

B
+

(
1− A

B

)
(1−B)−1 2F1

(
1, 1;

(p− q)α
λn

+ 1;
B

B − 1

)
, if B 6= 0,

1− (p− q)α
(p− q)α+ λn

A, if B = 0.

The estimate (7) is the best possible.
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Proof. Let f ∈ Nn
p (λ, α, q;A,B) and define

g(z) =

(
δ(p, q)zp−q

f (q)(z)

)α
, z ∈ U. (8)

Then, the function g is analytic in U and has the form (3). Taking the derivatives
in the both sides of (8) we get

(1 + λ)

(
δ(p, q)zp−q

f (q)(z)

)α
− λ zf (1+q)(z)

(p− q)f (q)(z)

(
δ(p, q)zp−q

f (q)(z)

)α
= g(z) +

λ

(p− q)α
zg
′
(z), z ∈ U. (9)

Since f ∈ Nn
p (λ, α, q;A,B), from (9) it follows that

g(z) +
λ

(p− q)α
zg
′
(z) ≺ 1 +Az

1 +Bz
,

and using Lemma 1 for γ =
(p− q)α

λ
we deduce that

(
δ(p, q)zp−q

f (q) (z)

)α
≺ Q(z) =

(p− q)α
λn

z−
(p−q)α
λn

∫ z

0
t
(p−q)α
λn

−1 1 +At

1 +Bt
dt

=


A

B
+

(
1− A

B

)
(1 +Bz)−1 2F1

(
1, 1;

(p− q)α
λn

+ 1;
Bz

1 +Bz

)
, if B 6= 0,

1 +
(p− q)α

(p− q)α+ λn
Az, if B = 0,

(10)

where we have made a change of variables followed by the use of identities in

Lemma 4 with a = 1, b =
(p− q)α
λn

and c = b + 1, and this proves the assertion

(6).

Next, in order to prove the assertion (7) it is sufficient to show that

inf {ReQ(z) : z ∈ U} = Q(−1).

Indeed, for |z| ≤ r < 1 we have

Re
1 +Az

1 +Bz
≥ 1−Ar

1−Br
.

Setting

G(z, s) =
1 +Asz

1 +Bsz

and

dv(s) =
(p− q)α
λn

s
(p−q)α
λn

−1 ds, (0 ≤ s ≤ 1) ,
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which is a positive measure on the closed interval [0, 1], we get

Q(z) =

1∫
0

G(z, s) dv(s),

and therefore

ReQ(z) ≥
1∫

0

1−Asr
1−Bsr

dv(s) = Q(−r), |z| ≤ r < 1.

Letting r → 1− in the above inequality we obtain the assertion (7). Finally, the
estimate (7) is the best possible because the function Q is the best dominant of
(6).

Using the elementary inequality Re
(
w

1
m

)
≥ (Rew)

1
m for Rew > 0 and m ≥ 1

in Theorem 1 we obtain the next result:

Corollary 1. If f ∈ Nn
p (λ, α, q;A,B), with Reλ > 0 and B 6= 0, then

Re
δ(p, q)zp−q

f (q)(z)
>

[
A

B
+

(
1− A

B

)
(1−B)−1 2F1

(
1, 1;

(p− q)α
λn

+ 1;
B

B − 1

)] 1
α

,

z ∈ U,

and the estimate is the best possible.

Corollary 2. If f ∈ Nn
p (λ, α, q;A∗, B), with Reλ > 0, −1 ≤ B < A∗ ≤ 1, and

B 6= 0, where A∗ is given by

A∗ =

B 2F1

(
1, 1;

(p− q)α
λn

+ 1;
Bz

1 +Bz

)
2F1

(
1, 1;

(p− q)α
λn

+ 1;
Bz

1 +Bz

)
+B − 1

, (11)

then

Re
δ(p, q)zp−q

f (q)(z)
> 0, z ∈ U,

and the result is sharp.

Proof. In view of Corollary 1, if f ∈ Nn
p (λ, α, q;A∗, B) that is

(1 + λ)

(
δ(p, q)zp−q

f (q)(z)

)α
− λ zf (1+q)(z)

(p− q)f (q)(z)

(
δ(p, q)zp−q

f (q)(z)

)α
≺ 1 +A∗z

1 +Bz
,

then

Re
δ(p, q)zp−q

f (q)(z)
>

[
A∗

B
+

(
1− A∗

B

)
(1−B)−1 2F1

(
1, 1;

(p− q)α
λn

+ 1;
B

B − 1

)] 1
α

,

z ∈ U. (12)
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Substituting the value of A∗ given by (11) in the right hand side of the inequality
(12) we obtain

Re
δ(p, q)zp−q

f (q)(z)
> 0, z ∈ U,

which proves our result.

For the special case A = 1 − 2σ, with 0 ≤ σ < 1 and B = −1, Theorem 1
reduces to the following result:

Corollary 3. If f ∈ Nn
p (λ, α, q;σ), with Reλ > 0 and 0 ≤ σ < 1, then

Re

(
δ(p, q)zp−q

f (q)(z)

)α
> σ + (1− σ)

[
2F1

(
1, 1;

(p− q)α
λn

+ 1;
1

2

)
− 1

]
, z ∈ U,

and the result is sharp.

Putting q = 0 and p = 1 in Corollary 3 we get:

Corollary 4. If f ∈ Nn
1 (λ, α;σ), with Reλ > 0 and 0 ≤ σ < 1, then

Re

(
z

f(z)

)α
> σ + (1− σ)

[
2F1

(
1, 1;

α

λn
+ 1;

1

2

)
− 1

]
, z ∈ U,

and the result is sharp.

Remark 1. (i) Our result of Corollary 4 with n = 1 is an improvement of the
result obtained by Wang et al. [15, Corollary 1];

(ii) Our result of Corollary 4 is an improvement of the result obtained by
Alamoushi and Darus [1, Corollary 10] for β = 0.

Putting q = j − 1, with 1 ≤ j ≤ p in Corollary 3 we obtain the next result:

Corollary 5. If f ∈ A(p, n) satisfies the condition

Re

[
(1 + λ)

(
δ(p, j − 1)zp−j+1

f (j−1)(z)

)α
− λzf (j)(z)

(p− j + 1)f (j−1)(z)

(
δ(p, j − 1)zp−j+1

f (j−1)(z)

)α]

> σ, z ∈ U, with Reλ > 0 and 0 ≤ σ < 1, then

Re

(
δ(p, j − 1)zp−j+1

f (j−1)(z)

)α
> σ+(1−σ)

[
2F1

(
1, 1;

(p− j + 1)α

λn
+ 1;

1

2

)
− 1

]
z ∈ U,

and the result is sharp.

Putting p = n = 1 and λ = α =
1

2
in Corollary 4, and using the relation (5)

we have:



418 Mohamed K. Aouf, T. Bulboacă and T. M. Seoudy

Corollary 6. If f ∈ A satisfies

Re

(
3

√
z

f(z)
− zf ′(z)

f(z)

√
z

f(z)

)
> 2σ, z ∈ U,

with 0 ≤ σ < 1, then

Re

√
z

f(z)
> σ + (1− σ) (2 ln 2− 1) , z ∈ U,

and the result is sharp.

Theorem 2. If f ∈ Nn
p (α, q; η), with λ > 0 and 0 ≤ η < 1, then f ∈ Nn

p (λ, α, q; η)
for |z| < R, where

R =


√

(p− q)2 α2 + n2λ2 − nλ
(p− q)α


1
n

. (13)

The bound R is the best possible.

Proof. For f ∈ Nn
p (α, q; η), let define the function u by(

δ(p, q)zp−q

f (q)(z)

)α
= η + (1− η)u(z), z ∈ U. (14)

Then, the function u is of the form (3), and has a positive real part in U. Differ-
entiating (14) we have

1

1− η

[
(1 + λ)

(
δ(p, q)zp−q

f (q)(z)

)α
− λ zf (1+q)(z)

(p− q)f (q)(z)

(
δ(p, q)zp−q

f (q)(z)

)α
− η

]

= u(z) +
λ

(p− q)α
zu
′
(z), z ∈ U, (15)

and using the following well-known estimate (see [6, Theorem 1])

|zu′(z)|
Reu(z)

≤ 2nrn

1− r2n
, |z| = r < 1,

from (15) we deduce that

1

1− η

[
(1 + λ)

(
δ(p, q)zp−q

f (q)(z)

)α
− λ zf (1+q)(z)

(p− q)f (q)(z)

(
δ(p, q)zp−q

f (q)(z)

)α
− η

]

≥
(

1− 2λnrn

(p− q)α (1− r2n)

)
Reu(z), |z| = r < 1. (16)

It is easily seen that the right-hand side of (16) is positive provided that r < R,
where R is given by (13).
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In order to show that the bound R is the best possible, we consider the function
f ∈ A(p, n) defined by(

δ(p, q)zp−q

f (q) (z)

)α
= η + (1− η)

1 + zn

1− zn
, z ∈ U.

Since

1

1− η

[
(1 + λ)

(
δ (p, q) zp−q

f (q)(z)

)α
− λ zf (1+q)(z)

(p− q)f (q)(z)

(
δ(p, q)zp−q

f (q)(z)

)α
− η

]

=
(p− q)α

(
1− z2n

)
+ 2λnzn

(p− q)α (1− zn)2
= 0

for z = R exp

(
πi

n

)
, we conclude that the bound is the best possible.

Taking q = 0 in Theorem 2 we get the following special case:

Corollary 7. If f ∈ A(p, n), with λ > 0 and 0 ≤ η < 1, satisfy the inequality

Re

(
zp

f(z)

)α
> η, z ∈ U,

then

Re

[
(1 + λ)

(
zp

f(z)

)α
− λzf ′(z)

pf(z)

(
zp

f(z)

)α]
> η, z ∈ U,

for |z| < R∗, where

R∗ =

(√
p2α2 + n2λ2 − nλ

pα

) 1
n

.

The bound R∗ is the best possible.

Theorem 3. If λ2 ≥ λ1 ≥ 0 and −1 ≤ B1 ≤ B2 < A2 ≤ A1 ≤ 1, then

Nn
p (λ2, α, q;A2, B2) ⊂ Nn

p (λ1, α, q;A1, B1) . (17)

Proof. If we let f ∈ Nn
p (λ2, α, q;A2, B2), then we have

(1 + λ2)

(
δ(p, q)zp−q

f (q)(z)

)α
− λ2

zf (1+q)(z)

(p− q)f (q)(z)

(
δ(p, q)zp−q

f (q)(z)

)α
≺ 1 +A2z

1 +B2z
.

Since −1 ≤ B1 ≤ B2 < A2 ≤ A1 ≤ 1, we easily find that

(1 + λ2)

(
δ(p, q)zp−q

f (q)(z)

)α
− λ2

zf (1+q)(z)

(p− q)f (q)(z)

(
δ(p, q)zp−q

f (q)(z)

)α
≺ 1 +A2z

1 +B2z
≺ 1 +A1z

1 +B1z
, (18)
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that is f ∈ Nn
p (λ2, α, q;A1, B1). Thus, the assertion of Theorem 3 holds for

λ2 = λ1 ≥ 0.

Suppose that λ2 > λ1 ≥ 0. From (18) and Theorem 1, it follows that f ∈
Nn
p (0, α, q;A1, B1), that is(

δ(p, q)zp−q

f (q) (z)

)α
≺ 1 +A1z

1 +B1z
. (19)

At the same time, we have

(1 + λ1)

(
δ(p, q)zp−q

f (q)(z)

)α
− λ1

zf (1+q)(z)

(p− q)f (q)(z)

(
δ(p, q)zp−q

f (q)(z)

)α
=

(
1− λ1

λ2

)(
δ(p, q)zp−q

f (q)(z)

)α
+
λ1
λ2

[
(1 + λ2)

(
δ(p, q)zp−q

f (q)(z)

)α
− λ2

zf (1+q)(z)

(p− q)f (q)(z)

(
δ(p, q)zp−q

f (q)(z)

)α]
, z ∈ U.

(20)

Moreover, since 0 ≤ λ1
λ2

< 1 and the function
1 +A1z

1 +B1z
, with −1 ≤ B1 < A1 ≤ 1

is convex in U, combining (18), (19), (20) and Lemma 2 we deduce that

(1 + λ1)

(
δ(p, q)zp−q

f (q)(z)

)α
− λ1

zf (1+q)(z)

(p− q)f (q)(z)

(
δ(p, q)zp−q

f (q)(z)

)α
≺ 1 +A1z

1 +B1z
,

that is, f ∈ Nn
p (λ1, α, q;A1, B1), and the conclusion (17) of our theorem is proved.

Theorem 4. If f ∈ Nn
p (λ, α, q;A,B), with λ > 0 and −1 ≤ B < A ≤ 1, then

(p− q)α
λn

∫ 1

0

1−Au
1−Bu

u
(p−q)α
λn

−1 du < Re

(
δ(p, q)zp−q

f (q)(z)

)α
<

(p− q)α
λn

∫ 1

0

1 +Au

1 +Bu
u

(p−q)α
λn

−1 du, z ∈ U. (21)

Proof. Let f ∈ Nn
p (λ, α, q;A,B), with λ > 0 and −1 ≤ B < A ≤ 1, from Theorem

1 it follows that (10) holds, which implies that

Re

(
δ(p, q)zp−q

f (q)(z)

)α
< sup

z∈U
Re

[
(p− q)α
λn

∫ 1

0

1 +Azu

1 +Bzu
u

(p−q)α
λn

−1 du

]
≤ (p− q)α

λn

∫ 1

0

[
sup
z∈U

Re

(
1 +Azu

1 +Bzu
u

(p−q)α
λn

−1
)]

du

=
(p− q)α
λn

∫ 1

0

1 +Au

1 +Bu
u

(p−q)α
λn

−1 du, z ∈ U, (22)
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and

Re

(
δ(p, q)zp−q

f (q)(z)

)α
> inf

z∈U
Re

[
(p− q)α
λn

∫ 1

0

1 +Azu

1 +Bzu
u

(p−q)α
λn

−1 du

]
≥ (p− q)α

λn

∫ 1

0

[
inf
z∈U

Re

(
1 +Azu

1 +Bzu
u

(p−q)α
λn

−1
)]

du

=
(p− q)α
λn

∫ 1

0

1−Au
1−Bu

u
(p−q)α
λn

−1 du z ∈ U. (23)

Combining (22) and (23) we get our conclusion (21).

Theorem 5. If f ∈ Nn
p (λ, α, q;A,B) is of the form (1), then

|ap+n| ≤
δ (p, q + 1)

δ (p+ n, q)

∣∣∣∣ A−B
(p− q)α+ λn

∣∣∣∣ . (24)

Proof. From the assumption, we have

(1 + λ)

(
δ(p, q)zp−q

f (q)(z)

)α
− λ zf (1+q)(z)

(p− q)f (q)(z)

(
δ(p, q)zp−q

f (q)(z)

)α
= 1 +

δ (p+ n, q)

δ(p, q)

(
−α− λn

p− q

)
ap+nz

n + · · · ≺ 1 +Az

1 +Bz
,

that is
δ(p+ n, q)

δ(p, q)

(
−α− λn

p− q

)
ap+nz

n + · · · ≺ (A−B)z + . . . .

Now, from Lemma 3 we deduce that∣∣∣∣δ (p+ n, q)

δ(p, q)

(
−α− λn

p− q

)
ap+n

∣∣∣∣ ≤ |A−B|,
which is equivalent to the inequality (24) asserted in our theorem.

Remark 2. (i) Putting q = 0 in Theorems 2, 3, 4 and 5, respectively, we obtain
the results of Aouf and Seoudy [5, Theorems 5, 6, 7 and 8], respectively.

(ii) Taking q = 0 and p = n = 1 in Theorems 3, 4 and 5, respectively, we get
the results of Wang et. al. [15, Theorems 2, 3 and 9], respectively.
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