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ON A SUBCLASS OF ANALYTIC FUNCTIONS OF
FRACTAL POWER WITH NEGATIVE COEFFICIENTS

Zainab E. ABDULNABY! and Rabha W. IBRAHIM*? 12

Abstract

The purpose of this article is to introduce a new general family of normal-
ized analytic fractal function in the open unit disk. We employ this class to
define a fractional differential operator of two fractals. This operator, under
some conditions involves the well known Salagean differential operator. Our
method is based on the Hadamard product and its generalization of functions
with negative coefficients.
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1 Introduction

Let U= {z € C: |z| < 1} be the open unit disk. For all z € U, we define an
extension of the fractional Koebe function as follows:

Za+1

f(z) = m,

(1)

where 0 < o < 1 and p(«) > 1 such that p(0) = 1. Let €, be the class of all
normalized analytic functions of fractional power f defined in (1) and indicated
by

fe)=z24+> ((:Z)!nz“"“‘, (2)
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For function f in &, is starlike of order A(0 < A < 1) if R{zf'/f} > X and is
convex of order A if ® {1+ zf"/f'} > A, respectively symbolizes by f € §}(})
and f € K, () for |z] < 1.

For z € U, let the new differential operator of fractional functional power f be
defined by Dﬁ’a &y — &y and

DY f(2)=f(z) =2+ anz"",
n=2

D} o f(2) =2(f(2)) = 2+ > _(un+ a)anz"",

n=2

Dﬁ,af(z) =D (Dk_lf(z)) =%+ Z(lm + a)Fa, zHmte,

n=2

Obviously, Dﬁa f(z) € €, and normalized by

Dﬁ@f(z)‘zzo =0 and (Dﬁ,af(z)),’Fo = 1.

Moreover,
Dfof(z) =S*f(z), zeU.

is the well known Salagean differential operator [4]. The class of fractional analytic
functions is defined and studied in [5]-[1].

Now, let X, C €, the class of all analytic functions of fractional power with
negative coefficients defined by

flz)=2z— i anzt"te 2 e . (3)
n=2

Let X7 (\) and K, (A) be the subclasses of functions f in X, which are respectively
indicates to the class of starlike and convex functions with negative coefficients of
order A in U.

Now, we define a new class C, (v, 5) of functions f € X,, which satisfy the
following condition

(D*f(2)) + 2(DF f(2))”
(Dkf(2)) + ’yz(Dk‘f(z))//} > B} (4)

(0<p<1,0<y<1,keNU{0},z€ D).

Cur(v,B) = {f cfeX, and R{

The aim of the present paper is to establish new results concerning the quasi-
Owa-Hadamard product of f € €, in C,, x(v, 5).
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2 Coefficient inequalities

First, we suppose that 0 <y <1,0< <1 and k € NU{0} with the fractal
numbers « and p(a).

Theorem 1. Let f(z) =2z — Y oo, a2t then f € C, (v, ) if and only if

o0

> (un+ o) f{un + o = BlL+y(un + @)} an <1 - B. (5)

n=2

Proof. Assume that Eq.(5) is true and let |z| = 1. Then we get

’ (Dfof(2)) +2(Dj o f(2))"
(D} o f(2)) +72(D}; o f(2))"
Sy (o ) @ — (1= g
1= 30 (um + )1 +y(un + a — 1)]apzrmte
Sy o ) (un 4+ @ — (1 7)an
1= (un+ )Pt + y(pun + a— 1)]a,

<1-8.

: (D} o f(2)) +2(Df o f(2))"
By this, the values of (Df A f(2)) 720Dk 2 F ()7

radius is 1—/3. Therefore f(z) in class €, (7, ). Conversely, let f(z) € C,, k(7, 3),
then

in a circle ¢ entered at w = 1 and with

(Dot () + 2(Dj o f (2)"
(Df; o f(2)) +72(Dj o f(2))"

:5}3{1_

R{ }

1— 22022 (/m 4 a)k+2an2“"+a
> omea(pn + )R+ y(un + a — 1)]agzinte

}> 6.
(6)

(Dfi 0 f(2)) +2(Df; o £(2))"”
(D0 f(2))+72(Df, o f(2))"

Select values of z such that the imaginary part is zero, then

is real and let z — —1, we have

[e.9] [e.9]

123+ ) 2an > B{1 = 3 (un+ @)L+ 4(un + a— Djas}.  (7)
n=2 n=2
which equivalents to (5). This implies that the function f(z) € C, (v, 3). O

Corollary 1. For f(z) € €, x(7, 3), we obtain
1-p

W < , ={2,3,- 8
G PP ¥ ey [ oy ) S A
then, the sharpness is satisfied from (8) as follows
1—
F(z) =z - ) e

(pn + @) H{pun +a — B[1 +~(un +a = 1)]}
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2.1 Quasi-Owa-Hadamared product

The quasi-Hadamard product is a modification of the Hadamard product,
which has been proposed by Owa [2]. In this section, we utilize some generalized
results due to Owa and Srivastava [3] for the quasi-Hadamard product of a new
class of univalent functions.

Let f; € X,, be functions given by

(o @]
fi(z) =2z— Zan,jz“""'a, j=1,2,2€U. (9)
n=2

then the Hadamard product of two functions f; € X, for j = 1,2 is defined by [?]

00 2
(frxf2)(z) =2 = > (] ang)z"

n=2 j=1
and for j =1, ..., p, we obtain
o P
(Frefoxeoos fp)(2) = 2= 3 ([Jang) e
n=2 j=1

Theorem 2. If the functions f;(z) belong to C,r(v,5;),5 = 1,2,---,p, then
(fl * f2 koo ok fp)(z) € e,u,k(’y’n); and

77(047]‘37%/33‘) (10)
o (1=~ 5)
< 2p+ )P VDT 24+ a = Bi(1+ )] — 1+ [T (1= 5;)

The result is sharp for the function
1-5

fi(z) =2 — e (G =1,2,-- ,p, 2] <1).
! (2p 4 )20 4+ o = Bi(1 + )]
(11)
Proof. For p =1, we obtain that n = 1. For p = 2, then (5) yields
o0
n+aoa—Gil+ n+a—1 )
n=2 J

By using Cauchy-Schwarz inequality,we obtain

0o p=2
S (un + o) ] <{un+a—ﬁj[iﬂ:g§un+a— 1)]}%]') S i1
J

n=2 J=1
(13)
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To prove p = 2, we have to find the largest 1 such that

[e.9]

DR R L Bl LELES) AP
n=2
or, its equal to
{pn +a — ?7[11+_v7§un +a—-1]} i
. ﬁ <{un+ o — B[l +y(un+a — 1)1}>
>~ i 1 _ B] )
(15)
and that is
\ an,10n 2 <
11 pff<{un+a—ﬁj[1+'y(/m+a—1)]}>
{pn+a=n[l+5(un+a =D} 15 1 - B ’
(16)

Further from (13), we need to find the largest 1 as follow
{pn +a —n[l +~(pn =a —1)]}
L=mn

p=2
| <{un+a —By[i irgjlera - 1)]}>7

j=1
(17)

which is equal to
(um + )M 2 {pn + —Zﬂj[l +(pn + o = 1)]}
—(un+ o) [I527 (1 - B)

(un + )" TT=E {pn + o — Bi[1 + y(un + a — 1)]}
—[1+y(un +a— DTS (- B))

(pn +a—1)(1 -1 - 8)

(un + Q) P2 {un + a — Bi[1+~(un +a — 1))}
—[1+y(un +a— DTS (1-B))

U

=1-

(18)

Now, let suppose that

(un+ o —1)(1 =) [[=F (1 - B))
(un+ )22 {pn + a = Bi[1 +y(un + o = 1)}
~[1+y(un+ o = DITEZ (1= 85)

d(n)=1-

(19)
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Since ®'(n) > 0 for (n > 2). This yields

n < ®(2)

1 (2u+a - 1)1 -1 -8) _ (20)

2p + o) 2 {2+ a — B[ +7(2u+a—1)]}
[1+7(2u+a—1)]1—[ T (1-8;)

Hence, the prove is true for p = 2. Now, let assume that, the result is true for
p > 0, then

(fl * fo koo k fp * fp+1)(z) € G,u,k(%f)a

where
4 (L= =nmd = Bp+1)
T T T i a— g a oG]
—(14+7)1 =n)(1 = Bpt1)
where 7 is given by (32). It follows from (21) that
+1 Q.
. (1- )T - 6) )

@2u+ )PP 20+ a— B;(1+7)]
—(1+7) HPH (1-8;)

Hence, the result is true for p+ 1. lastly, taking into account the function f; given
by (11), we have

. u 1- ﬁj 2u+a
R | (e e e L
= z — Agz?Hte,
where
p
=TI - )
S\ @2ut )M 2p+ a = Bi(1+ )]
Therefore,

S+ )+ o=l b +a - 1)}

n=2 l_n
2 + o) {20 4 o — 1 - /%
_(2u+a) {1“_+77 ol H”XH(2M+a)k+1[2u+ﬁiv—5j(1+7>]>
(23)

=1

=1

Thus, the sharpness for f,(z) defined by (11). O
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In next results, we set some sharpness properties for §; = g(j = 1,2,--- ,p) in
Theorem 2 as follows:

Corollary 2. Forj =1,2,---,p, let fj(z) € Cui(v,B) then (fi fox---xfp)(2) €
Cpui(y,m) where

(L-)( - By
2+ )0 DED 2t o~ A1+ )P — (L+ 7)1 - B

and the sharpness property is satisfied for the following function

. . 1_5 2u+o
fitz) == (2u+0z)k“[2u+a—ﬁ(1+7)]zH’ 2] < 1.

m<1-—

If £ =0 in above Theorem 2, then we obtain

Corollary 3. Forj=1,2,---,p, let fj(z) € Cu (v, B;) then (fixfox---xfp)(2) €
Cp i (v, m2) where

(L= Il= A -8)
2+ )P I 2p+a— B0 +9)] = A+ (1= 5))

the sharpness property is satisfied for the following function

) . 1_6' 2u+a s
1) =~ e E R A= bz p <L (2

If k=0 and 3; = 3 in above Theorem 2, then we get the following results

Corollary 4. If fj(z)7(] = 1727"' ap) € G/L7k(’77/8)7 then (fl * f2 koeee Xk fp)(’z) €
Cpuk(v,m3), where

m <1-—
(

(1-y)(1-B)P
Cu+ )P 2u 4o =B+ = (1 +)(1 =B

The result is sharp for the function

3 <1-—

(2) = 1-F5 2uta i_19...
f](Z)—Z— (2M+OZ)[2M+OC—5(1+7)]Z e y _1727 ,p,’Z‘ <1 (25)

If v = 0 in above Theorem 2, then we get

Corollary 5. Forj =1,2,--- ,plet f;j(2)(€ Coi(B;), then (fi* fox---x fp)(2) €
Crk(na), where
?:1 (1- 53’)

m<1- '
4 (20 4 ) P~ (E+1) [T u+a—85) - T1-, (01— 8))

The sharpness result is satisfied for the function

1— B, 5 .
fi(z)=2— J e =12 p, 2] < 1. (26)
I Cu+a)2u+ o — Bj)
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If k=0,p=2and 3; = 8 in above Theorem 2, then we have

Corollary 6. For j =1,2,--- ,p let fj(z) € Cu(vy,B) then (fi* fax---x fp)(2) €
Cu(v,75), where

1-1-p)?

B v Bt a4 — 1+ )=

The sharpness property for f;(z), (j =1,2) given by (26).
If k=0,p=2, fj =B and o = 1 in above Theorem (2) then we obtain

Corollary 7. For j =1,2,--- ,p let fj(z) € Cu(y,B) then (fi* fax---x f)(2) €
Cu(v,m6) where

(1= - By |
Cu+ 1) e+ 1= A1+ ) = (1+7)(1 = )2

The sharpness result is satisfied for the function

1_ﬁ‘ 2041 .
f'(Z):Z— K Z'LH_? ]:1727"'ap7|2’<1' (27)
’ 2u+1)2n+1—5;)

ne <1—

If k=0,p=2, 3; = and a = 0 in above Theorem (2) then we have

Corollary 8. For j =1,2,--- ,p let f;(2) € Cu(vy,B) then (fi* fox---x f)(2) €
Cu(,n7) where

(1= -5y |
(210) 20— B+ ) = (14 7)(1 = )2

The sharpness result is satisfied for the function

fj(Z):Z—(Qu)l(;'uIBjﬁj)Z2M, j:1727 ,p,‘z|<1. (28)

If k=0,p=2,8j =8, a=1and p=1/2 in above Theorem (2) then we obtain

nr<1-—

Corollary 9. For j =1,2,--- ,p let fi(z) € C(v,B) then (fi* fax---x* fp)(2) €
C(,ng) where

(=)0 - ) |
(2) 2= B+ = (1+7)(1-B)?
The sharpness property is satisfied for the function
L=Bj »

fi(z) =2z— 2(2—5j)z , 2zl < 1. (29)

ng <1—
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Theorem 3. For j =1,2,---,p let fj(z) be a function defined by

p
(fl*f?* *fp _Z_Z Han,j z,un—i—oc (]:1727 7p) (30)
1

be in Cp (7, B;), then the function Q2(z) given by

1 [
9 =z=5 2 | [Tlanal ] 2t (31)
n=2 \j=1

is also in C, (7, B;)-

Proof. In view Theorem 1, we easily see that

1 (0.)
2 Z(/m + )" {um 4+ o = BL+y(pn + )} any + ang + - + angp| <
=2

Z pn + o) T {un 4+ — BIL 4+ y(un + a)]}

X (‘an,1| + |an72| + -+ ’an,p|) < (1 - /6])
which implies that Q(z) € €, x (7, 5;).

2.2 Generalizations of Hadamard products

For fj(z) and j =1,2,--- ,pin (9), we define the generalized quasi-hadamard
product by

00 p

(h@ho o)) =2-3 ([[n)™ | #a>1 (32

n=2 \j=1

where

"1
Do =Lmy>1j=12p
j=1"

Theorem 4. For j = 1,2, ,p, if £;(2) € Cur(7,5;) then
(fl®fo®---® fp) € Cur(v,9),
where
w(e, k.7, Bj)
(20 + a)(1 = ) T2y (1= B) ™
(20 + @) DO T2 ({20 +a— G147+ a — D)™
(12— DT (1 87) 7™

< {

}(33)
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and for j =1,2,--- ,p the sharpness for functions f; defined by

2p+a)d—7)1-5)
Cp+ o)t 2p+ o — Bi(1+y2u+a—1))

Proof. For fi(z) € Cur(y,51) and fa(z) € €, x(7, B2)],

fiz) =z —{ }-

o (un+ )" {un + a = Bi[1 + y(un + o = 1]}
> -~

Qnj < 1
n=2

where a, ; > 0, for (j =1,2) and n > 2, we have

1

2 > L MG\ s
L {pn+a =Bl +v(pn+a—1)]}\ ™ m% i
g(ZunJra + {( Jl—ﬁj > (an,j) } )

Then, by using the Holder inequality and (34), we obtain

S+ gt ] (nte =Bl £Gm+a— DN (2
Spror et s
Or satisfies
o0 2 2 1

n— o)+ a m% 1 -G i
2 o)™ 1o fll({mm-m ) @)

Now we need to find the largest p such that

> n+a—pll+ n+a—1)] 2 L
Z(Mn+a)k+1 <{M P[(l _Vgt ) (1—[1 (any) m3> <
j:

n=2
from (35), we see that

o

2
Z(,un—l—a)kﬂ <{HW+Q_P[11+_7[E§M+O‘_ ) ) H |an, ;| ™ )

n=2

(un + )" {un+a — pl +y(un+ a — 1)]}
<Z( =) )

1- 3 o
XH<un+ak+1{un+a ﬂg[l—i")’(/m‘i‘a—l)]}) =t
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and that is
{pn+a —p[l +v(pn+a—1)]}
< =y )S
2 - n+o— my
(un + a)F L H ({;m +a— 5]([1 jg](;l + 1)]}>

j=1
which yields

(m + @) Ty (G + B +4(im + 0~ 1]}
o+ ) Ty (0 - 8)™

p< | B e
(un + o) [Ty ({pn + a — B[1 + y(un + o = 1H™
—[1+y(pn+ o= )], (L= 8)™

2 N
. (i + )1 =) Ty (1 ) o
(pm + )" Ty ({an + o= Bi[L+ 5 (un + a = DIH™
[+ y(un+a— DN [T, (1—B5)™
let ©(n)
) e
O(n) =1—{ (Am+04)(1—7)1_[j:1 (1_@) }

(un + o) T2, ({pn + o = By[1 + y(pn + a- 1)]})%
—[L+y(pn+a—-DDIT, (1-6)™

but for O(n) > 0 for (n < 2). This yields
(2n+ )1 =T (1 -8))™

2+ ) TT, (20— Gil1 + (20 + o= P
~1+ 3t = DD TE, (- B7) ™

p<O@)=1-{ }

(38)
Thus the assertion Theorem 2 holds true when p = 2. Then, clearly that,

(1® - ® fpy1) € Cpp, (7, w)

with

o1 21+ 0)(1 = 7) (1= 5)) 70 .

(2p+ )" ({20 +a = B[l +9@p+a—1H ™+
L +7@u+a—-1)))((1 = Bjt1)) "
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then we conclude that

(fl ®...® fp) € eu,k,(77w75)
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