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Abstract

In this paper, we consider a Stancu type generalization of Baskakov opera-
tors and Szász-Mirakyan operators and we prove the preservation of Lipschitz
constants by these operators.
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1 Introduction

Preservation of the Lipschitz classes by Bernstein operators was showed by
Hajek (only for the exponent α = 1) [6], Lindvall (using probabilistic methods)
[7] and Brown, Elliott and Paget (an elementary proof) [4]. For other operators,
elementary or probabilistic proofs were given in [5], [8], [1], [2], [12].

In [11], D. D. Stancu introduced the following generalized Bernstein operators

Sn,r,s(f, x) =
n−rs∑
j=0

pn−rs,j(x)
s∑
i=0

ps,i(x)f

(
j + ir

n

)
, (1)

f ∈ C[0, 1], x ∈ [0, 1], where n ∈ N, r, s ∈ N0 = N ∪ {0} such that rs < n.
Bernstein’s operators are obtained for s = 0 or s = 1, r = 0 or s = 1, r = 1.

In the following we will prove the preservation property of Lipschitz classes by
the Stancu type generalizations of Baskakov and Szász-Mirakyan operators.

We denote by LipMα the class of Lipschitz continuous functions on [0,∞)
with exponent α ∈ (0, 1] and the Lipschitz constant M > 0 i.e. the set of all real
valued continuous functions f defined on [0,∞) that verify the condition

|f(x)− f(y)| ≤M · |x− y|α , (∀)x, y ∈ [0,∞) .
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2 A Stancu type generalization of the Baskakov oper-
ators

The Baskakov operators [3] are defined by

Vn(f, x) =

∞∑
k=0

vn,k(x)f

(
k

n

)
, x ∈ [0,∞) , n ∈ N (2)

where

vn,k(x) =

(
n+ k − 1

k

)
xk

(1 + x)n+k

and f : [0,∞) −→ R is such that the above series converges.
We define for r ∈ N0, s ∈ N and n ∈ N, n > rs, the operator

Vn,r,s(f, x) =
∞∑
i=0

vn−rs,i(x)
∞∑
j=0

vs,j(x)f

(
i+ rj

n

)
, x ∈ [0,∞) , (3)

where f : [0,∞) −→ R is such that the iterated series (3) is convergent.

Remark 1. Baskakov’s operators are obtained for r = 0.

Remark 2. For the test function ek(x) = xk, k = 0, 1, using Vn(e0, x) = 1,
Vn(e1, x) = x, we obtain Vn,r,s(e0, x) = 1 and Vn,r,s(e1, x) = x.

Theorem 1. Let M > 0 and α ∈ (0, 1]. If f ∈ LipMα, then f is in the domain
of Vn,r,s and Vn,r,s(f) ∈ LipMα.

Proof. Let 0 ≤ x < y <∞. We have the following representations

Vn,r,s(f, y)

=
∞∑
i=0

(
n− rs+ i− 1

i

)
yi

(1 + y)n−rs+i

∞∑
j=0

(
s+ j − 1

j

)
yj

(1 + y)s+j
f

(
i+ rj

n

)

=
∞∑
i=0

i∑
k1=0

(
n− rs+ i− 1

i

)
1

(1 + y)n−rs+i

(
i

k1

)
xk1(y − x)i−k1 ·

·
∞∑
j=0

j∑
k2=0

(
s+ j − 1

j

)
1

(1 + y)s+j

(
j

k2

)
xk2(y − x)j−k2f

(
i+ rj

n

)

=
∞∑
k1=0

∞∑
i=k1

∞∑
k2=0

∞∑
j=k2

(n− rs+ i− 1)!

(n− rs− 1)!k1!(i− k1)!
· (s+ j − 1)!

(s− 1)!k2!(j − k2)!
·

·x
k1+k2(y − x)i−k1+j−k2

(1 + y)n−rs+i+s+j
f

(
i+ rj

n

)
=

∞∑
k1=0

∞∑
l1=0

∞∑
k2=0

∞∑
l2=0

(n− rs+ k1 + l1 − 1)!

(n− rs− 1)!k1!l1!
· (s+ k2 + l2 − 1)!

(s− 1)!k2!l2!
·

· xk1+k2(y − x)l1+l2

(1 + y)n−rs+k1+l1+s+k2+l2
f

(
k1 + l1 + r(k2 + l2)

n

)
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and

Vn,r,s(f, x)

=

∞∑
k1=0

(
n− rs+ k1 − 1

k1

)
xk1

(1 + x)n−rs+k1

∞∑
k2=0

(
s+ k2 − 1

k2

)
xk2

(1 + x)s+k2
f

(
k1 + rk2

n

)

=
∞∑
k1=0

(
n− rs+ k1 − 1

k1

)
xk1

(1 + y)n−rs+k1
· 1(

1− y−x
1+y

)n−rs+k1 ·
·
∞∑
k2=0

(
s+ k2 − 1

k2

)
xk2

(1 + y)s+k2
· 1(

1− y−x
1+y

)s+k2 f
(
k1 + rk2

n

)

=

∞∑
k1=0

(
n− rs+ k1 − 1

k1

)
xk1

(1 + y)n−rs+k1

∞∑
l1=0

(
n− rs+ k1 + l1 − 1

l1

)(
y − x
1 + y

)l1
·

·
∞∑
k2=0

(
s+ k2 − 1

k2

)
xk2

(1 + y)s+k2

∞∑
l2=0

(
s+ k2 + l2 − 1

l2

)(
y − x
1 + y

)l2
f

(
k1 + rk2

n

)

=

∞∑
k1=0

∞∑
l1=0

∞∑
k2=0

∞∑
l2=0

(n− rs+ k1 + l1 − 1)!

(n− rs− 1)!k1!l1!
· (s+ k2 + l2 − 1)!

(s− 1)!k2!l2!
·

· xk1+k2(y − x)l1+l2

(1 + y)n−rs+k1+l1+s+k2+l2
f

(
k1 + rk2

n

)
Given that f ∈ LipMα, the function ϕ(x) = xα, x ∈ [0,∞) is a concave function
and Vn,r,s(e0, x) = 1 with the above representation, we obtain

|Vn,r,s(f, y)− Vn,r,s(f, x)|

≤
∞∑
k1=0

∞∑
l1=0

∞∑
k2=0

∞∑
l2=0

(n− rs+ k1 + l1 − 1)!

(n− rs− 1)!k1!l1!
· (s+ k2 + l2 − 1)!

(s− 1)!k2!l2!
·

· xk1+k2(y − x)l1+l2

(1 + y)n−rs+k1+l1+s+k2+l2

∣∣∣∣f (k1 + l1 + r(k2 + l2)

n

)
− f

(
k1 + rk2

n

)∣∣∣∣
≤

∞∑
k1=0

∞∑
l1=0

∞∑
k2=0

∞∑
l2=0

(n− rs+ k1 + l1 − 1)!

(n− rs− 1)!k1!l1!
· (s+ k2 + l2 − 1)!

(s− 1)!k2!l2!
·

· xk1+k2(y − x)l1+l2

(1 + y)n−rs+k1+l1+s+k2+l2
M

(
k1 + l1 + r(k2 + l2)

n
− k1 + rk2

n

)α
≤M

( ∞∑
k1=0

∞∑
l1=0

∞∑
k2=0

∞∑
l2=0

(n− rs+ k1 + l1 − 1)!

(n− rs− 1)!k1!l1!
· (s+ k2 + l2 − 1)!

(s− 1)!k2!l2!
·

· xk1+k2(y − x)l1+l2

(1 + y)n−rs+k1+l1+s+k2+l2

(
k1 + l1 + r(k2 + l2)

n
− k1 + rk2

n

))α
= M (Vn,r,s(e1, y)− Vn,r,s(e1, x))α = M(y − x)α.

So Vn,r,sf ∈ LipMα.
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3 A Stancu type generalization of the Szász-Mirakyan
operators

The Szász-Mirakyan operators [9], [10] are defined by

Mn(f, x) =
∞∑
k=0

mn,k(x)f

(
k

n

)
, x ∈ [0,∞) , n ∈ N, (4)

where

mn,k(x) =
nk

k!
· x

k

enx

and f : [0,∞) −→ R is such that the above series converges.

We define for r ∈ N0, s ∈ N and n ∈ N, n > rs, the operator

Mn,r,s(f, x) =
∞∑
i=0

mn−rs,i(x)
∞∑
j=0

ms,j(x)f

(
i+ rj

n

)
, x ∈ [0,∞) , (5)

where f : [0,∞) −→ R is such that the iterated series (5) is convergent.

Remark 3. Szász-Mirakyan operators are obtained for r = 0.

Remark 4. Using Mn(e0, x) = 1, Mn(e1, x) = x we obtain Mn,r,s(e0, x) = 1 and
Mn,r,s(e1, x) = x.

Theorem 2. Let M > 0 and α ∈ (0, 1]. If f ∈ LipMα, then f is in the domain
of Mn,r,s and Mn,r,s(f) ∈ LipMα.

Proof. Let 0 ≤ x < y <∞. We have the following representations

Mn,r,s(f, y)

=
∞∑
i=0

(n− rs)i

i!
· yi

e(n−rs)y

∞∑
j=0

sj

j!
· y

j

esy
f

(
i+ rj

n

)

=

∞∑
i=0

i∑
k1=0

(n− rs)i

i!
· 1

e(n−rs)y

(
i

k1

)
xk1(y − x)i−k1 ·

·
∞∑
j=0

j∑
k2=0

sj

j!
· 1

esy

(
j

k2

)
xk2(y − x)j−k2f

(
i+ rj

n

)

=

∞∑
k1=0

∞∑
i=k1

∞∑
k2=0

∞∑
j=k2

(n− rs)isj

k1!(i− k1)!k2!(j − k2)!
· x

k1+k2(y − x)i−k1+j−k2

e(n−rs+s)y
f

(
i+ rj

n

)

=
∞∑
k1=0

∞∑
l1=0

∞∑
k2=0

∞∑
l2=0

(n− rs)k1+l1sk2+l2
k1!l1!k2!l2!

· x
k1+k2(y − x)l1+l2

e(n−rs+s)y
f

(
k1 + l1 + r(k2 + l2)

n

)
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and

Mn,r,s(f, x)

=
∞∑
k1=0

(n− rs)k1
k1!

· xk1

e(n−rs)x

∞∑
k2=0

sk2

k2!
· x

k2

esx
f

(
k1 + rk2

n

)

=
∞∑
k1=0

∞∑
k2=0

(n− rs)k1sk2
k1!k2!

· xk1+k2

e(n−rs+s)y
e(n−rs)(y−x)es(y−x)f

(
k1 + rk2

n

)

=

∞∑
k1=0

∞∑
k2=0

(n− rs)k1sk2
k1!k2!

· xk1+k2

e(n−rs+s)y
·

·
∞∑
l1=0

(n− rs)l1(y − x)l1

l1!

∞∑
l2=0

sl2(y − x)l2

l2!
f

(
k1 + rk2

n

)

=

∞∑
k1=0

∞∑
l1=0

∞∑
k2=0

∞∑
l2=0

(n− rs)k1+l1sk2+l2
k1!l1!k2!l2!

· x
k1+k2(y − x)l1+l2

e(n−rs+s)y
f

(
k1 + rk2

n

)

Given that f ∈ LipMα, the function ϕ(x) = xα, x ∈ [0,∞) is a concave function
and Mn,r,s(e0, x) = 1 with the above representation, we obtain

|Mn,r,s(f, y)−Mn,r,s(f, x)|

≤
∞∑
k1=0

∞∑
l1=0

∞∑
k2=0

∞∑
l2=0

(n− rs)k1+l1sk2+l2
k1!l1!k2!l2!

· x
k1+k2(y − x)l1+l2

e(n−rs+s)y
·

·
∣∣∣∣f (k1 + l1 + r(k2 + l2)

n

)
− f

(
k1 + rk2

n

)∣∣∣∣
≤

∞∑
k1=0

∞∑
l1=0

∞∑
k2=0

∞∑
l2=0

(n− rs)k1+l1sk2+l2
k1!l1!k2!l2!

· x
k1+k2(y − x)l1+l2

e(n−rs+s)y
·

·M
(
k1 + l1 + r(k2 + l2)

n
− k1 + rk2

n

)α
≤M

( ∞∑
k1=0

∞∑
l1=0

∞∑
k2=0

∞∑
l2=0

(n− rs)k1+l1sk2+l2
k1!l1!k2!l2!

· x
k1+k2(y − x)l1+l2

e(n−rs+s)y
·

·
(
k1 + l1 + r(k2 + l2)

n
− k1 + rk2

n

))α
= M (Mn,r,s(e1, y)−Mn,r,s(e1, x))α = M(y − x)α.

So Mn,r,sf ∈ LipMα.
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