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Abstract
In this paper, we consider a Stancu type generalization of Baskakov opera-

tors and Szasz-Mirakyan operators and we prove the preservation of Lipschitz
constants by these operators.
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1 Introduction

Preservation of the Lipschitz classes by Bernstein operators was showed by
Hajek (only for the exponent o = 1) [6], Lindvall (using probabilistic methods)
[7] and Brown, Elliott and Paget (an elementary proof) [4]. For other operators,
elementary or probabilistic proofs were given in [5], [8], [1], [2], [12].

In [11], D. D. Stancu introduced the following generalized Bernstein operators

n—rs

Sn,r,s(fa IE) = Z pnfrs,j($) Zps,i(x)f <j ks ZT) ) (1)
=0 i=0

n

f e C[0,1], z € [0,1], where n € N, r,s € Ny = NU {0} such that rs < n.
Bernstein’s operators are obtained for s=0ors=1,r=0o0ors=1,r = 1.

In the following we will prove the preservation property of Lipschitz classes by
the Stancu type generalizations of Baskakov and Szasz-Mirakyan operators.

We denote by Lippra the class of Lipschitz continuous functions on [0, 00)
with exponent « € (0,1] and the Lipschitz constant M > 0 i.e. the set of all real
valued continuous functions f defined on [0, 00) that verify the condition

[f (@) = f)l < M- |z —y[*, (V)z,y € [0,00).
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2 A Stancu type generalization of the Baskakov oper-
ators

The Baskakov operators [3] are defined by

Zvnk ( ) ze0,00),neN (2)

_(n+k-—1 zk
e Y L e

and f :[0,00) — R is such that the above series converges.
We define for r € Ny, s € N and n € N, n > rs, the operator

n’/‘ngj Zv”’l TS’L ZUSJ <Z+rj>7x€[07oo>7 (3)

where f :[0,00) — R is such that the iterated series (3) is convergent.

where

Remark 1. Baskakov’s operators are obtained for r = 0.

Remark 2. For the test function ep(x) = zF, k = 0,1, using Vy(eg,x) = 1,
Vo(er,z) = x, we obtain Vy, ;. s(e0, ) =1 and Vi, s(e1, ) = .

Theorem 1. Let M > 0 and o € (0,1]. If f € Lipycx, then f is in the domain
Of VTL,T’,S and V?’L,T',S(f) E LZpMa'

Proof. Let 0 < z < y < co. We have the following representations

Vn,r,s(fay)
= (n-rs+i—1 Yy . (s+j—1 Y’ (i—}-rj)
-2 " > rren o (et (5

Jj=0

EEC Yol

j= k’2=0
fer—=0 i—ky ka—0 j—ko TS—l 'k‘l (Z—k‘l) (S—l)'k‘g'(]—]{?z)'

pkitks (y _ x)z k1+j—k2 i+
. (1 + y)n—T8+Z+3+J n

oo o0 X0

Z Z Z Z n—7"$+k‘1+l1—1) ) (S+k2+12—1)' )
N n—rs— 1)']{}1'[1 (S — 1)']{22'[2'

k1=0101=0k2=0105=0

gkitke (y — )b+ ki+ U+ r(ke +12)
’ (1 + y)n—rs+k1+l1+s+k2+l2 n
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and
Vn,r,s(fax)
_i n—rs+k —1 zh i s+ ko—1 a2 f k1 + rko
N = k1 (1 4 x)n—rsth = ko (1 + )5tk n
1= 2=

M

<n—7“8-|—k1—1> zh 1

n—rs+k ’ n—rs+k ’
o k1 (L +y)nmrerh (1-52) 1
i <8+k2—1> zk2 1 f</€1+7“k:2>
s+k ) s+k

= (1 + y)stke (1 B %) 2 n
B > (n—rs+k1—1> xk i(n—rs—kkl—i—ll—l) <y—:z:>l1
- n—rs+k )

= k1 (1+y) iy L I+y

i s+ky—1 xk2 i s+ky+1ly—1 Yy—x l2f ki1 + rko
= ko (1 4 y)sthe = Iy 1+y n

B i i i i (n—rs+ki+0h -1 (s+ky+1p—1)
N (n—rs—1)kill! (s — 1)1kalls!

pkitk2 (y _ m)l1+l2 ky + ko
' (1 + y)nfrs+k1+l1+s+k2+l2 n

Given that f € Lipya, the function p(z) = 2%, 2 € [0,00) is a concave function
and V;,  s(eg, ) = 1 with the above representation, we obtain

‘ nTS(fa )_ nrs(fv )’

oo o0 o0

7“8+k1—|-11—1)! (S—i—kg—i—lg—l)!
< ) )
Z Z Z Z (n—rs— 1)k ;! (s — 1)kallo!
k1=011=0k2=0105=0
f <k‘1 +1 +7“(7<32+l2)> " (k1+rk2>‘

pkitke (y _ x)lﬁ-lz
n n

) (1 + y)nfrs+k1+ll+s+k2+lg

oo o0 0

n—7’8+k1+11—1) (S-i—kg—i—lg—l)!
< . .
Z Z Z Z (n—rs— 1)k l! (s — Dkalln!

k1=01,=0k2=0105=0

k1+k2 (y _ )th M ]fl + ll + 74(/€2 + l2) kl + 74]{2 «a
1+ y)n—T8+k1+ll+S+k‘2+l2 B

e — n—TS+k1+l1—1) (S—i—kg—l—lz—l)!

<M . .

< Z Z Z Z n—rs — 1)!k)1!ll. (S — 1)”{32”2!
k1=011=0k2=015=0

ghihe (y — g)hts i+l (ke +1o) ki +rke \
' (1 + y)n—rs+k1+ll+s+k2+lz n B n

=M (Vn,r,S(elay) - Vn,r,S(elaw))a = M(y —x)~.
So Vi rsf € Lipyor. O

n n
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3 A Stancu type generalization of the Szasz-Mirakyan
operators

The Szdsz-Mirakyan operators [9], [10] are defined by

M, (f,z)= Zmnk(m)f (i) , x €[0,00),n €N, (4)
k=0
where
ko k
k(@) = 77

and f :]0,00) — R is such that the above series converges.
We define for r € Ny, s € N and n € N, n > rs, the operator

1417

Mn,r,s(fvx) = Zmn—rs,i(x) st,j(l')f ( > , T € [07 OO)? (5)
i=0 Jj=0

where f:[0,00) — R is such that the iterated series (5) is convergent.
Remark 3. Szdsz-Mirakyan operators are obtained for r = 0.

Remark 4. Using My (e, xz) = 1, M,(e1,x) = x we obtain M, ,(ep,z) =1 and
My ,s(e1,z) = x.

Theorem 2. Let M > 0 and o € (0,1]. If f € Lipya, then f is in the domain
Of Mn,r,s and Mn,r,s(f) E LZpMa'

Proof. Let 0 < x < y < co. We have the following representations

My s(f,y)

() oy RSy it

By il ‘e<n—rs>y2ﬁ'67yf n
=0 7=0

B (n—rs) 1 i\ ik

=2 X ()
=0 ky =

oo J j 1 . ‘ . .

S8 L (b (L2

; gl ey \ ko n
7=0 k2=0

- i i Z (n _ Ts)isj pkitke (y _ x)iflirj—kQ ; i+
T e L i L (i — o)l (G — Ka)! e -

)

B i i i i (n — rs)kithighatlz ‘ xhithz(y — w)h*l?f <k1 + 1 +r(ke + l2))

k!l ka!lo! e(n—rs+s)y n
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and

nrs(fv )
Z (n—rs) Z <k1—|—rk2>
o (n—rs)z k2 esT n
>© > k; k k1+k
-y % (n—rs)s™ TN (s o) sty p (F1FTR2
k1!ko! e(n—rs+s)y n
k?1 0 ko=0

k1 gk2 pkitka

> n — T'S
- Z Z k1 k! ' e(n—rs+s)y

k1=0ko=0

00 (n — Ts)ll (y _ g;)ll 0o Slz (y _ l’) ky + rko
. Z I! Z ol f -
11=0 15—0

io: i io: Z 7’L _ 7“.5’ k1+l1sk2+l2 xkﬁ-kz (y _ x)ll-f-lg kl + er

. f ( )
111 ks! n—rs+s
1=011=0 ka=0 l3=0 ka1 o] el )y n

Given that f € Lipya, the function p(z) = 2%, 2 € [0,00) is a concave function
and M, , s(ep, ) = 1 with the above representation, we obtain

|Mn7"s(f y) _Mnrs(f x)‘
X > x> n—rs k1+l15k2+12 mk1+k2(y_$)l1+lz

< Z Z Z Z Koy V1 Vool ' o(n—rs+s)y

1=011=0k2=012=0

' < k1 + 1+ 7( k2+l2)) _f<k:1—|—rk:2>‘

0o 00 00 k1+l18k2+12 l’k1+k2(y l’)l1+l2

(n—rs) -
Z Z Z Z k1!l ka!ls! ' e(n—rs+s)y

k1=011=0k2=015=0

M (/ﬁ +l1+7’(k2+l2) _ k1 +7°k2>a
n n

X X x> n _ TS k1+l1 ghkatle  pkitke (y _ J;)l1+l2

< . .

M( Z Z Z Z k1!l ks!l5! e(n—rs+s)y
k1=011=0ko=012=0

| (kl tlhtrtketl)  k +rk2> )O‘

n n

=M (Mn,m(elv y) — Mn,r,S(elvx))a = M(y —z)".

So My, ,sf € Lippror. O
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