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GEOMETRY OF BILINEAR FORMS ON THE PLANE WITH
THE OCTAGONAL NORM

Sung Guen KIM!'

Abstract
Let R?

o(w)

be the plane with the octagonal norm with weight 0 < w,w # 1

@) oy = max {Ja] + wlyl, Iyl + wlal }.

In this paper we classify all extreme, exposed and smooth points of the closed
unit balls of L(QRg(w)) and LS(QRi(w)), where L(QRi(w)) is the space of bi-
linear forms on Rg(w), and Ls(zRg(w)) is the subspace of £(*I1Z, 4) consisting
of symmetric bilinear forms.
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1 Introduction

Throughout the paper, we let n,m € N,n,m > 2. We write Bg for the closed
unit ball of a real Banach space E and the dual space of F is denoted by E*. An
element x € Bg is called an extreme point of By if y,z € Bg with x = %(y + 2)
implies z = y = z. An element z € Bp is called an exposed point of Bg if there
is f € E* so that f(z) =1=|f] and f(y) <1 for every y € Bg \ {z}. It is easy
to see that every exposed point of Bg is an extreme point. An element x € Bp is
called a smooth point of B if there is unique f € E* so that f(x) =1 = || f|. We
denote by ext Bg, exp Bgr and sm Bg the set of extreme points, the set of exposed
points and the set of smooth points of Bg, respectively. A mapping P : F — R is
a continuous n-homogeneous polynomial if there exists a continuous n-linear form
T on the product FE x --- x E such that P(z) =T (z,--- ,z) for every z € E. We
denote by P("E) the Banach space of all continuous n-homogeneous polynomials
from E into R endowed with the norm |P|| = sup,= [P(z)|. We denote by
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L("™E) the Banach space of all continuous n-linear forms on E endowed with the
norm ||| = supyz, =1 [T(z1, - ;2n)]. £5("E) denote the closed subspace of all
continuous symmetric n-linear forms on E. Notice that £("E) is identified with
the dual of n-fold projective tensor product ®7mE. With this identification, the

action of a continuous n-linear form 7" as a bounded linear functional on ). ,,F
)
is given by

k k
(1),¢ A (n)yi = (S E . (n)yi X
< ;CE & ®x s T> ;T<x ) y L )

Notice also that L4(™F) is identified with the dual of n-fold symmetric projec-

tive tensor product ), . E. With this identification, the action of a continuous

S,T,N

symmetric n-linear form 7" as a bounded linear functional on ® FE is given by

5,0
<Zk: i(zxou),z 2 ® xo(nm) T> _ zk:T(xm,i m(nm)
n! ’ T ’
i=1 o i=1
where o goes over all permutations on {1,...,n}. For more details about the

theory of polynomials and multilinear mappings on Banach spaces, we refer to
8].

Let us sketch the history of classification problems of the extreme points and
the exposed points of the unit ball of continuous n-homogeneous polynomials on
a Banach space.

We let [;; = R"™ for every 1 < p < oo equipped with the [)-norm. Choi et al.
([3]-[5]) initiated and classified ext Bypzpz) for p = 1,2. Choi and Kim [7] classi-
fied exp By(z2) for p = 1,2, 00. Grecu [12] classified ext Bypapz) for 1 < p <2 or
2 < p < oo. Kim et al. [35] showed that if E is a separable real Hilbert space with
dim(E) > 2, then, ext Bp2p) = exp Bp@2g). Kim [16] classified exp By for 1 <
p < oo. Kim ([18], [20]) characterized ext Byp2g, (1,u)2), Where dx (1, w)? = R? with

an octagonal norm ||(z,y)|w = max {|x], lyl, %} for 0 < w < 1. Kim [25] clas-

sified exp B‘J’(Qd*(l,w)Q) and showed that exp B(P(Qd*(l,w)Q) % ext B(P(Qd*(l,w)zg' Re-

cently, Kim ([30], [33]) classified ext Bp2gz ) and exp Bpg2 |, where Rh(;) =
h(3) h(3) 2

R? with a hexagonal norm H(x,y)”h(%) = max {\y|, |z| + %|y[}

Parallel to the classification problems of ext By ) and exp By ), it seems
to be very natural to study the classification problems of the extreme points and
the exposed points of the unit ball of continuous (symmetric) multilinear forms
on a Banach space.

Kim [17] initiated and classified ext B (22 y and exp Bg (22 ). It was shown
that ext BL‘/S(2lgo) = exp Bﬁs(ngo)'

Kim ([19], [21], [22], [24]) classified ext BLS(Qd*(l,w)Q)v ext BL(Qd*(l,w)2)7
exp B, (24, (1,w)?), and exp Bg(2q, (1,w)2)- Kim ([28], [29]) also classified ext By (23 )
and exp B (32 ). It was shown that ext B (23 ) = exp By, (253,) and ext Bg 312 ) =
exp By, (s;2.)- Kim [32] characterized ext B 2jn y and ext B (2jn ), and showed that
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exp By 2pn ) = ext By(zin ) and exp B (20 ) = ext By (2n ). Kim [34] characterized
ext B2z ) and exp B3 ). Kim [35] characterized sm By (nj2 ). Kim [36] stud-
ied ext By 2 ). Cavalcante et al. [2] characterized ext By nm). Recently, Kim [37]

classified ext B n2 ) and ext B (nj2 ). It was shown that |ext By )| = 2(2") and
|ext BLS("ZEO)‘ = 2n+1, and that eXpBL(nlgo) = ext BL("lgo) and eXpBES("lgo) =
ext B (ni2 ). We refer to ([1]-[7], [9]-[52] and references therein) for some re-
cent work about extremal properties of homogeneous polynomials and multilinear
forms on Banach spaces.

Let Ri(w) denote R? with the octagonal norm with weight 0 < w,w # 1

@ 9)lloguy = max { || + wlyl, [yl + wla| }.

Let F = L(2R3(w)) or LS(QRz(w)). First we present formulae for the norm of

T e L(QRz ). Using these formulae, we classify the extreme points of the unit
ball of F. We show that

ext BLS(2R2( ) # ext BL(2R2( ) N LS(QRg(w)) for w € [V2 — 1,2+ 1]\{1},
ext BLS(2R2< )= ext BL(QRZ( ) N Ls(2R2,,,) for w € (0,00)\[V2 — 1,V2 4+ 1].

o(w)

We present formulae for the norm of f € L(ZRi(w))*. Using these formulae, we
show that every extreme point is exposed in this space. We show that

exp Be,ere,, ) 7 xP Boegz ) N Ls(PR2,) for w e [V2 —1,V2+1]\{1},

exp BLS(ZRi(U})) = exp BL(zRi(w)) N LS(Q]Rg(w)) for w € (0,00)\[V2 — 1,v2 +1].

We classify the smooth points of the unit balls of the spaces of symmetric bilinear
forms and bilinear forms on Rg(w), respectively.

We show that sm BL(2Ri(w)) ﬂLS(QRi(w)) is a proper subset of sm BLS(2R§(w)).

2 Computation of the norm of bilinear forms of
L<2R3(w))

Let Rg(w) denote R? with the octagonal norm with weight 0 < w,w # 1

@, ) lloury = max { ] + wlyl ly| + wle }.
Notice that
1@ D lloqw) = 1Y ) llow) = 112 =)o) for (z,y) € R,
Notice that if 0 < w < 1, then

ext Bpe = { +(1,0), (1 +w)™, £(1 +w) 1Y), £(0, 1)},

o(w)
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and that if w > 1, then

ext Bps = { + (w1, 0), £((1 +w)~ !, £(1 +w)_1),:|:(0,w_1)}.

o(w)

Let T € L(2R§(w)) be such that T' = axix2 + by1ys + cx1y2 + dxoy,. For simplicity,
we will denote T by (a, b, ¢, d).

Theorem 1. Let 0 < w,w # 1 and T((x1,y1), (x2,y2)) = ar1xo+by1ys+cxriys+
dxayr € L(ZRZ(w)). Then there exists (unique) T ((z1,y1), (x2,92)) = a*z122 +
b*irys + c*x1ys + d*xoyr € L(QRg(w)) such that a*,b*, c*,d* € {+a,+b, £c, £d}
with a* > b* > 0,¢* > |d*| and |T|| = ||T'|| and that T is extreme (exposed,
respectively) if and only if T' is extreme (exposed, respectively).

Proof. If a < 0, taking —T', we assume a > 0.
Case 1. |b| > a

Let Tll((xhyl)a (:E?)yQ)) = T((ylaslgn(b)xl)a (y2a$2))
= |blzrza + |a|yrye + sign(b)dxriys + croy:.

Then ||T}|| = ||T|| and T is extreme if and only if T} is extreme. If sign(b)d > |¢,
then the bilinear form le satisfies the condition of the theorem. Suppose that
sign(b)d < |c|.

Subcase 1. ¢ >0
If sign(b)d = |d] or (sign(v)d = —|d]. |d| < |e]),

let Th((x1,91), (2,92)) = Ti((w2,%2), (z1,91))
= |blz1w2 + |aly1y2 + [c|r1y2 + sign(b)dway;.

Then ||Ty|| = ||T|| and T is extreme (exposed, respectively) if and only if T} is
extreme (exposed, respectively). Hence, the bilinear form TQI satisfies the condition
of the theorem. If sign(b)d = —|d|, |d| > ||,

let To((1,1), (2,92)) = Ty((x2, —y2), (x1, —y1))
= |blziza + |aly1y2 + |sign(b)d|z1ys — |c|zays.

Then ||T|| = ||T|| and T is extreme (exposed, respectively) if and only if T} is
extreme (exposed, respectively). Hence, the bilinear form TQI satisfies the condition
of the the theorem.

Subcase 2. ¢ < 0

Let T5((z1,51), (z2,32)) = Ti((—x1,51), (—2,92))
= [blz122 + |alyryz — sign(b)dz1yz + |clz2yr.

Applying Subcase 1 to Té, we can find a bilinear form 7 which satisfies the
condition of the theorem.
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Case 2. |b| <a
Let Ty((z1,91), (z2,52)) = T((x1,91), (z2, sign(b)y2))
= ax1To + |bly1ys + sign(b)cziys + dray:.

Applying Case 1 to T, 4/, we can find a bilinear form 7" which satisfies the condition
of the theorem. O

Theorem 2. Let0 < w,w # 1 andT € L(Q]Rg(w)) be such that T'((x1,y1), (x2,92))

= ax1z2 + by1y2 + cx1ys + droyr = (a,b,c,d) for some a,b,c,d € R. Then:
(a) If 0 < w < 1, then
70 = maz{jal. bl el d]. (1 + w) 7 (a] + [el). (1 4+ w)~(a] + |d]).
(1 +w) (o] + [e]), (1 +w) 7 ([b] + [d]), (1 +w) " (Ja — b] + |e — d]),
ﬂ+wY%M+M+k+ﬂﬁ

(b) If 1 < w, then

(1 +w) " (lal + [d]), (w1 +w)) ™" (1Bl + |e]),
(1 +w)) 7 (8l + [dl), (1 + w) " (la = b] + |c — d),

+w)2(a+ bl + e+ d]) }.

171 = max {w2lal, w2ppl, w el w2ld], (w(1 +w)) " (|a] + |e]),
+
+

w

(w
(w
(1

Proof. (a). Let 0 < w < 1. Notice that
ext By = { +(1,0), (1 +w) ™, £(1 +w)™Y), £(0, 1)}.
By the bilinearity of T, we have
Iz
= sup {|T((@1,90), (w2 32))] : (5,5) € ext By for j = 1,2}
= max {[T((1,0), (1, 0)), (0, 1), (0, )] [T((1, o> (0, 1), 1T(0,1), (1,0))]

)
IT((1,0), (1 +w) ™, (1 + w) )] T+ w) ™ £(1 +w)” 1)7(170))\7
7((0,1), £((1 4 w) ™ £(1 4+ w) " DLITE(Q +w) ™ £0+ |
\T(i((1+w)_1,i(1+w)_1),((1+w)_17—( w) 7,

T(((1+w) ™ = (1 +w)™h), ((1+w) (1 +w) ™)L,
T(((1+w)™ (1 +w) ™), (L +w) ™ (L +w) ™),
IT(((1+w) ™ =1 +w) ™), (1 +w) ™ —(1+w)” 1))!}

— max{|a|,|b|7\c|,|d\ (1 -+ w) ™ (Jal +e]), <1+w>*1<|ar+rd|>,<1+w>*1<rb|+|c|>,

(1 +w)" (o] + [d]), (1 + w)"*(Ja — b] + ¢ — d]), (1 + )_2(Ia+bl+|0+d!)}-
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(b). Let w > 1.

Claim. | T = 2] '
aim. ||T|g gz, ) = ||w LCRE () /)
Notice that
I, 0™ ) o) = 1@, y) o1 /)

for (x,y) € R2. Tt follows that

[

= sup ‘w_2a$1$2 +w 2by1ys + wlcx1ys + w ldzoy
15,9 ) lo(1/wy=1, =1,2

o(1/w ))

= sup ’a(wflﬂn)(w tag) +wb(w ™ ) (W ye)

l(w=tz;,w=ly)lloqw)=1, j=1,2
+ we(w ey (w yn) + w_2d(w_1x2)(w_ly1)’
= ”THLGRg(w))'

By (a), we have

-2

T[] ¢ R2 )= H 2a,w™2b, w c,w_2d)H£(

"R (1 /w))

= max {w_2|a|, w2 bl w2[e], w2 ld], (1 4+ w™h) " (w2 [a] + w™?|e]),
(14w ) (w2 a + w?|d]), (1 +w™") " (w2 [p] + w™?|e]),
(14w )" w 2b) + w?|d]), (1 + w™ ") 2 (w?la = b + w?|e - d)),
(1+w H 2w 2|a+ b+ w 2|c+ d\)}

= { “?lal, w2 (bl w?|ef, wd], (w(1 4+ w)) " (la] + |e]),
(w(1 +w)) " (al + [d]), (w(1 +w)) = (b] + |¢]),
(w(1+w)) = (6] + 1d]), (1 +w)"*(|la = b] + |e — d]),
(1+w) 2(|a + b + |c+d|)}.

3 The extreme points of the unit ball of LS(QRg(w))

Let 0 < w,w # 1 and T € LS(Q]Rz(w)) be such that T = axizs + byi1ys +
c(x1y2 + w2y ). For simplicity, we will denote T" by (a, b, ).



Geometry of bilinear forms on the plane with the octagonal norm 167

Theorem 3. (a) If0 < w < /2 — 1, then

)y = {i(1,w2,:|:w),:t(w2,1,:|:w),:|:(1,—(w2+2w),:tw),

ext B op2
s CRow)

2 2 9
j:(—(w2+2w),1,iw),i((1+2w) ,—(1+2w) 4l 2“’ )

:t(l —2w27_(1 —2w2)’i(1 —}—Qw)2>}

(0) If V2 — 1 < w < 1, then,

ext By epz ) = {:l:(1,w2,j:w),j:(w2,1,:l:w),:|:(w,w2—I—w—1,j:1),

o(w)

+(w? +2w —1
j:(w2—|—w—1,w,i1),i(1,1, (w :w ))

)

j:(11)24—2w—1 w? 4+ 2w —1
2 ’ 2
i(w,—w,il)}.

) il) ) :l:(lv _17 :l:w)a

(¢) If 1 <w < /241, then,

extBLS(sz( ) = {:l:(w2,1,j:w),j:(1,w2,iw),i(w,—w2+w+1,j:w2),

+(—w? + 2w + 1))

:t(—w2—|—w+1,w,:|:w2),:l:(w2,w2, 5

(e e )
2 2
i(/wQ’ —’11)2, :l:'w)p :l:(w, —w, :i:w2)}

(d) If V2 + 1 < w, then,

ext By gz ) = { + (w2, 1, 2w), £(1, w?, £w), £(w?, —(1 + 2w), +w),

(w))

N
i(wz -1 @-1n .Q +w)2>}.

2 2 7 2

Proof. Let T € ext BLS(sz( ) be such that T' = (a, b, ¢). By Theorem 1, we may
assume that a > |b| and ¢ > 0. Suppose that 0 < w < 1.

Case 1. b>0
Subcase 1. b=a

Suppose that @ = b = 1. By Theorem 2(a), ¢ < w. If ¢ = w, then T' = (1,1, w),
which is a contradiction because | T|| = 1. Hence, ¢ < w. Since T' € ext BLS(QRZ( )



168 Sung Guen Kim

z(a+b+2¢) = 1, which shows that T = (1 1,% +2w 1) for v/2—-1 <

we have 502
w < 1.

Claim 1. T = (1, 1, %) € extBLS(zRg( ) for vV2—-1<w< 1.

1+)

Let

2420 —1
T = (1717w++:|:7>

be such that 1 = ||TF| for some v € R. By Theorem 2(a), we have

2
(1+w)* £+ 2y <1,
(I+w)? =
hence, v = 0.
Suppose that a = b < 1. If ¢ < 1, since T' € ext BLS(sz( ) e have ﬁ(a +

c) = m(a + b+ 2¢) = 1, which shows that w? = 1, which is a contradiction.
Hence, ¢ = 1. Since T € ext BLS(QRz(U))), we have 1J%w(a +c¢)=1or ﬁ(a +c) =
E s(a+b+2c) = 1. If ﬁ(a%—c) = 1, then T = (w,w, 1), which is a
(1+ (@ +b+2¢) = 1, then

T = (w,w? +w — 1,1), which is impossible because a = b.

(1+
contradiction because ||T|| = 1. If H%w(a, +c) =

Subcase 2: b < a

Suppose that a = 1. By Theorem 2(a), ¢ < w. If ¢ = w, then
1, hence, T = (1,w? w) for 0 < w < 1.

(1+ (e s (a+b+2c) =

Claim 2. T = (1,w?, w) € ext BLS(2R2( ) for 0 <w < 1.

Let
T = (Lw? £ 6,w+7)

be such that 1 = ||TF|| for some 6,y € R. By Theorem 2(a), we have

(1+w=+d)<1 (14 w)?+ (6 +27)) <1,

14w " (14 w)?

hence, § =y =0. If ¢ < w, then (a+b+2c)=1. Let

1
(I+w)?
2 1
TF = (a,b+ =, cT =)
n n

so that 1 = ||T*|| for some big n € N, which shows that 7" is not extreme. It is a
contradiction.

Suppose that a < 1. If ¢ < 1, then 1 = HLw(a +c)orl= m(a + b+ 2¢),
which is a contradiction because T € ext B _ (2B2,,)" Hence, ¢ = 1. Since T' €

1 _ 2
eXtBLs@Rﬁ(w))v we have 1 (a+¢) = (1+ B s(a + b+ 2¢) = 1, then T = (w,w* +
w—1,1) for Y51 < < 1,
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Claim 3. T = (w,w? + w — 1,1) € ext BLS(2R2( ) for @ <w<L

Let
T =(wtew?+w—1+4,1)

be such that 1 = ||T*|| for some ¢, € R. By Theorem 2(a), we have
1= L(Hwie) < 1,;((1+w)2i(e+5)) <1
1+w (14 w)?
hence, e = = 0.
Case 2: b <0
Subcase 1: |b] = a

Suppose that a = |b| = 1. By Theorem 2(a), ¢ < w. If ¢ = w, then T =
(1,—1,w) for v2 -1 <w < 1.
Claim 4. T = (1,—1,w) € ext BLS(QRQ( ) for vV2-1<w< 1.
Let
T = (1, -1, w+~)
be such that 1 = ||T*|| for some v € R. By Theorem 2(a), we have

hence, v = 0.
If ¢ < w, then (1+ & s(a—b) =1, hence, T = (1,—1,¢c) for 0 < c < w = v2—1,

which is a contradiction because T' € ext By _(2p2 o)’
o( 1)

Suppose that a = [b] < 1 Suppose that ¢ < 1. Note that if 1j%w(a +c) <1,
then (1+ (F=nE s(a—b)=1or (1+ E s(a+b+2¢) = 1, which is a contradiction because

T € ext BLS(QRi(w)). Hence, o (a+¢) = 1.
If (oo —b) = 1, then 7 = (U525, L% 1) for 0 < o < V2 - 1.

Claim 5. T = ((1+2w)2,*(1+2w)2, 1_2“’2) € ext BLS(2R2< ) for 0 <w < v2-—1.

Let
2

1+ w)? (1+w)? 1—w
T* = ((7 te — +5 + 1)
2 ©T T T
be such that 1 = ||T%|| for some €, 6,y € R. Since

’Ti<(1,0), (LL))‘ <1(j=1,2),

14w 14w

we have € + v = 0. Since

1 1

(00 (T -m3w))| <16 = 12,
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we have —0 + v = 0. Since

1 1 1 1
() () =1 6=
14w 1+w 14w 14w

we have € —§ = 0. Hence, e =0 =y = 0.

If i (a+b+2¢) = 1, then T = (1—2w2,—<1—2w2), “*;“)2) for 0 < w < V2-1.

Claim 6. T = (1_2w27_(1—2w2)’ (1+2w)2) € ext BLS(sz( ) for 0 <w<vV2-1.

Let

1 —w? 1 —w? 1 2
T = ( - Lot Qw)ié,( J;w) +1)

be such that 1 = ||T*|| for some ¢, 6,y € R. Since

(00, (g i) <1 =1

1+w 14w

we have € — v = 0. Since

A

we have —d + -« = 0. Since

1 1 1 1
(1w 130) o i3a) | <16 =12),
‘ o itw)  \Ttwitw)) StV )

we have € + 0 + 2y = 0. Hence, e =6 = v = 0.
Suppose that ¢ = 1. By Theorem 2(a), a < w. If a = w, then T' = (w, —w, 1)
V2—1<w<1.

Claim 7. T = (w, —w, 1) € ext BLS(sz( ) for vV2—1<w<1

Let
T = (w+e, —w=+d,1)

be such that 1 = ||T*|| for some ¢, € R. By Theorem 2(a), we have

1 1
—(1 +e) <1, —(1 —w= <1
o wt S (4w <1,
hence, e = § = 0.
Subcase 2. |b] < a
Suppose that a = 1. By Theorem 2(a), ¢ < w. If ¢ = w, then W(a—b)zl,

hence, T = (1, —(2w + w?),w) for 0 < w < /2 — 1.
Claim 8. T = (1, —(w? + 2w),w) € extBLs(ng( ) for 0 <w < v2-1.

Let
TF = (1, —(w? + 2w) £ 6,w £ 7)
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be such that 1 = ||T*|| for some §,7 € R. By Theorem 2(a), we have

(1+wi7)§1,;((1+w)215)§1

1+w (1+w)?

hence, § = v = 0.

If ¢ < w, then m(a—b) < 1 and (1+w) z(a 4+ b+ 2¢) < 1, which is a
contradiction because T € ext BLS(QRZ(, ) Suppose that a < 1. Suppose that
¢ = 1. By Theorem 2(a), a < w. If a < w, then (1+1w) (a—b) <1 and (1+w) > (a +

b+ 2¢) = 1, which is a contradiction because T' € ext BLS(QRQ( ) Hence, a = w

and m(a+b+20):1, for V2—1<w< @
Claim 9. T = (w,w? +w —1,1) € extBLS(gRg(w) for V2—1l<w< @

Let
T = (wtew?+w—1+4,1)

be such that 1 = ||TF|| for some ¢,§ € R. By Theorem 2(a), we have

1 1
L= (1+wj:e)_1,m((1+w)2j:(6+5))§1

hence, e =9 =0.If ¢ < 1, then 1J%w(a—i—c) 1 E z(a—b) =

(= E s(a+b+2c) =1,

(1+
which is a contradiction.

Suppose that 1 < w. By the claim in the proof (b) of Theorem 2,
_ 2.
ext By, (er2,,)) = {w Tl e ext B‘S(QRi(l/m)}'

By (a) and (b) in the case of 0 < w < 1, (c) and (d) follow. Therefore, we complete
the proof. O

4 The extreme points of the unit ball of L(QRg(w))

Theorem 4. Let T((x1,y1), (z2,Yy2)) = ax122+by1yo+cr1ye+daays = (a,b,c,d) €
L(QRi(w)). Then the following are equivalent:
(a) T € ext BL(QRi(U)));

( (—a, —b, —c,—d) € ext BL(2R2(w));
(o) (a, —d) € extBL(sz( )
(d) (a, —b c,—d) € extBL(ng( )i
(e) (a,—b,—c,d) € ext BL(2R2( N
() (bya,c, d ) € extBL(ng )3

(

9) (d,c,a,b) € ext BL(2R2( )
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Proof. Notice that

(—(I, _ba _07_d) = T(('rbyl) ( $2>_y2))
(CL, ba —¢ _d) = T(($17 _yl) (m% ))
((Z,—b, C’_d) = T((mla yl)a ($27y2 )a
(CL,*b, —C, d) = T((l‘lvyl)’ (anin))a
(b7 a,c, d) - T((y2,$2), (y 7331))7
(d7 c, a, b) = T((y27x2)7 (3317?/1))7
and that
(@55 i) loqwy = W5 Ti) o) = 11(@5: =Yi) loquw)
for (z;,y;) € R? and j = 1,2. We complete the proof. O

For T € L(°R},,), we let
Norm(T')
= {(@1y0), (e2,2)) € ext By xext By : [T((x1,31) (w2,92))| = |1 T11}-

We call Norm(7T') the norming set of T. By Theorems 2 and 4, it suffices to
consider only T' = (a, b, c,d) € L(QR?)(U))) with a > b > 0 and ¢ > |d| in order to
classify the extreme points of B CeR2,)

Theorem 5. Let 0 < w,w # 1 and T € L(ZRZ(w)) be such that T = axixo +
by1y2 + cx1y2 + droyr with a > b >0 and ¢ > |d|. Then:
(a) Let 0 < w < /2 — 1. Then, TGextBL(sz y if and only if

T e {0t ww), w1 w?), (1w? + 20w, ~w),

(w,w7 1,*(11}2 n 2w)), ((1 —|-2w)27 (1 —|—2w)2’ 1 —2w2’(1 —2w2)>7
—'11)2 —'U)2 'Z,U2 w2
(12 ’12 ’(Hz )’_(1+2 )>}

(b) Let V2 —1 <w < \[ L Then, TEextBL(sz y if and only if

T e {1 utww), w1 e?), (1,1 w0+ w-1),

(w, = (w? + w =1),1,-1), (1, 1w, ~w), (w,w,1,~1) }.
(c) Let ‘f L <w < 1. Then, T € ext BL(2R2 y if and only if

T € {(1,w2,w,w), (w,w, 1, w?), (1,1, w,w? +w — 1),

(QU,?,UQ +w— 17 1> 1)1 (17 17w7 —'LU), (w7w7 11 _1)}
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(d) Let 1 < w < @ Then, T € ext Bﬁ(zRi(w)) if and only if

T € {(w2, 1, w,w), (w,w,w2, 1), (w, —w? +w+1, w2,w2),

(wz, w?,w, —w? +w + 1), (wz,wz, w, —w), (w,w,wQ, —wQ)}.

(e) Let @ <w < V24 1. Then, T € ext BL(sz( ) if and only if

w

T € {(w2, 1, w,w), (w,w,w2, 1), (w, —(—w2 +w + 1),w2, —w2),
(wz, w?,w, —w? +w + 1), (wz,wz, w, —w), (w,w,w2, —w2)}.

(f) Let /2 +1 < w Then, T € ext BL(QRi(w)) if and only if

T € {(u}27 1, w,w), (w,w, w?, 1), (w2, 1+ 2w, w, —w),

wow,w? —(1+ 20)), (1+w)2’(1+w)27w2_17_(w2_1) ’
(w2—1 w? —1 1>u€2 21 w22 ’ ’ )
( (1+w)” (1+ ))}

2 72 7 2 72

Proof. Suppose that 0 < w < 1.
Case 1. ¢ =d|.

First, suppose that ¢ = d.
Since T' € ext BL(sz( ) e have T' € ext BLS(sz( ) By Theorem 3, we have

T = (1,w*ww) (0<w<1),
<11w2+2w—1 w? 4+ 2w — 1

)(\@—lgw<1),

2 ’ 2
5—1
(w, —(w?+w—-1),1,-1) (V2—1<w < \[2 ) or
5—1
(w, w?* +w—1,1,1) (\[2 <w < 1).

Claim 1. T = (1,w?, w,w) € ext Bﬁ(sz( ) for 0 <w < 1.

Note that

Norutr) = {(02010.0), (00, (- 2 (1) 00)

(o) (G )b

TH=(1+euw?+86wEy,wsp)

Let
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be such that ||7%|| = 1 for some ¢, 6,7, p € R. Since
1 1
IT%((1,0), (1,0))] < 1, )Ti((1,0), ( ))‘ <1,

1+w 14w
1 1 1 1 1 1
() C0) =0 7 () (G ) =0
1+w 1+w l1+w 1+w 14w 1+w

we have 0 = ¢ = § = v = p. By Theorem 4, (w,w,1,w?) € extBL(ng( ) for
O0<w<l1.
Claim 2. T = (1, 1, wit2w=l w2+§w—1) # extBeppe ) for VZ—1<w <1,

Let n € N be such that

w2+2w—1+1< 2,
—_—t —<w, .
2 n "n(1+w)?
Let ) )
Ti:(l,l,w +2w—1il’w +2w—1 l)
2 n 2 n

By Theorem 2(a), |[T*|| =1, T = (Tt +T7). Since T # T*, T ¢ ext BL(sz( )

1
2

Claim 3. T' = (wv _(w2+w_1)7 1, _1) € ext BL(2R2( )) for \/5_1 <w < \/g;rl‘

Note that
Nom(T) = {((1,0), (0,1, ((0,1), (1,0)), ((1,0), (5= 7))
((1—1{10’1—|1—w)’(1’0)>’((1iw71iw)’(liw’liw))}'
Let

T =(w+e,—(w?+w—1)£51+v,-1%p)
be such that ||[T%| = 1 for some ¢, 4,7, p € R. Since

T((1,0), (0, 1))] < 1, [T=((0, 1), (1,0) < 1,

1 1 1 1 1 1
(00 () =0 T (e ) G ) =0
1+w 1+w 14w 1+4+w 1+w 1+w

we have 0 = e =90 = v = p.
Claim 4. T = (w,w? +w —1,1,1) EextBL(sz< ) for @ <w< 1.

Note that
Nomn(7) = {((1,0), (0,1, ((0.1), (1,0 (1,0, (1= 7))
(o) @0 (e ) (e )
Let

T F=(w+e,—(w?4+w—-1)+£861+7 —1+)p)
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be such that ||7%|| = 1 for some ¢, 6,, p € R. Since
IT((1,0), (0, 1)) < 1, [TF((0,1),(1,0))] < 1

1 1 1 1 1 1
(00 (o ) =0 T (G ) Gre i) 50
1+w 1+w l1+w 1+w 1+w 1+w

we have 0 = e =0 =~v = p.
By Theorem 4, (1,1,w,w? +w — 1) € ext BL(QRi(w)) for vV2—-1<w < 1.
Suppose that ¢ = —d.
By Theorem 4, S = (a,—b,c,c) € ext BL(QRi(w))' Hence, S € ext Bﬁs(zRi(M)).
By Theorem 3, we have

1 2 1 21_ 21_ 2
5 = <( J;w)’_( +2w)’ Qw’ 2w>(0<w§\/§_1)’

(1, —(w? + 2w),w,w) (0 <w < \@—1),(1,—1,w,w) (VZ-1<w<1).

Claim 5. S = ((1+2w)2,—(1+2w)2, = P) 27 o ) GextBL(sz ) for 0 <w<v2-1.

Notice that

s = {101y ) () 00

{
<(0’1)’<1iw’_1iw))’((1iw’_1iw>’(0’1))’
1 1 1 1
((1+w’1+w)’(1+w’_1—|—w)>’
1
(=

=) (o))
w 14w/ ' \1l4+w 14w '

2 2 — w2 — w?
Si:((1+w) n (14 w) 1—w 1—w

Let
— £ +
2 67 2 ) 2 ,.)/7
be such that ||ST|| = 1 for some ¢, 4,7, p € R. Since

00 (1 )= (e ) 00 <

st (00 ()= 5 () 00) <

we have 0 =e =6 =~ =p.
Claim 6. S = (1, —(w? + 2w), w, w) € ext Bpagz, y for 0 <w < V2 - 1.

o(w)

Note that

Norm($) = {((1,0),(1,0), ((1,0), (1= 1—)).

(o) 00) () (G )b
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Let
St = (1+ew? + 2w =6, w+y, —w =+ p)

be such that ||ST|| = 1 for some ¢, 6,7, p € R. Since
1 1
+ < + I ‘<
S50, (Lo <1, [0 (1 1)) < 1

‘Si((liw’_l—iw»(l’o))‘gl’ Si(<1iw’ 1iw>’ (1—il—w’ 1iw>)‘§1’

we have 0 = e =90 = v = p.
By Theorem 4, (w,w, 1, —(w? + 2w)) € ext BL(2R2< ) for 0 <w <2 —1.

Claim 7. S = (1,—-1,w,w) € e:z:tBL(sz( ) for vV2—-1<w < 1.

Note that
Norm($) = {((1,0),(1,0), (0.1, 0.1), ((1,0), (== 1)),
(o o) w0 ()
(Fw-tra) o0}

St =(1+e—-1+0,wt~,w=Ep)

Let

be such that ||ST|| = 1 for some ¢, 6,7, p € R. Since
[SF((1,0), (1,0))] < 1,]5((0,1), (0, 1)) < 1,

5400, (g ) = 15 (g ) 00) <.
we have 0 = e =0 =~ = p.

1+w 14+w
By Theorem 4, (1,1, w, —w), (w,w,1,—1) € ext BL(2R2(' ) for vV2—1<w < 1.

Case 2. ¢ > |d|.
Suppose that a = 1.
Note that
ITII = 1=max {a, b,c, —(a+c), L (b+ c),
(14 w) (14 w)
1 1
7(1+w)2(a—b+c—d),7(1+w)2(a+b+c+d)},

Hence, ¢ < w. We claim that if a = 1,¢ < w, then T is not extreme. Without
a loss of generality we may assume that b = 1. Then, m(a —b+c—d) <1
Hence,

||TH:1:max{a,b, (a+b+c—|—d)}.

1
(14 w)?
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Note that Norm(7") has at most 3 elements. Hence, T is not extreme, which is a

contradiction. Hence, a =b=1,c=w,1 = m(a + b+ c+ d). Therefore, T =

(1,1, w,w? +w—1) for vV2—1 < w < 1. Since (w, w?>+w—1,1,1) € extBL(ng( )
for v/2—1 < w < 1, by Theorem 4, T € extBL(sz( ) for vV2—1<w < 1.

Suppose that a < 1.
Note that if ¢ = 1, then a = w. Indeed, if a < w, then

1
IT| = 1 = max {c, -
(14 w)?

which shows that 7' is not extreme because Norm(7') has at most 3 elements.
Hence, a = w,c=1. If 0 < b < w, then m(a—b—i—c—d) < 1. Hence,

(a—b+c—d), 2(a+b+c+d)},

1
(14 w)

I = 1= mas {e. s 0+ o). (e +b e+ d)

(1+w
which shows that 7' is not extreme because Norm(7') has at most 3 elements.
Therefore, a = b = w,c = 1 and T = (w,w,1,w?) for 0 < w < 1. Since
(1, w?, w,w) € ext BL(2R2< ) for 0 < w < 1, by Theorem 4, T € ext BL(2R2( ) for
0<w<L

Suppose that 1 < w.
By the claim in the proof (b) of Theorem 2,

_ 2m
ext BL(QR?,(U,)) = {’U} T:T € ext B’C(QRz(l/w))}.

By (a), (b) and (c) in the case of 0 < w < 1, (d), (e) and (f) follow. Therefore,
we complete the proof. O

o(w)

Notice that (ext BL@RQ(' ) NLs(PR2, ) C ext BLS(2R2( ) forall 0 < w,w # 1.

Theorem 6. (a) If w € [V2 —1,v/2+ 1]\{1}, then

2m2
ext BLS(2RZ(w))\(eXt BL(QRE(w)) N ’CS( Ro(w)))

Zrow—1 2yow—1
_ {j:(l,l,j:w +2w ’j:w +2w )7

w242w—1 w?+2w-—1
H
(b) I w e (0,00\[V2 — 1,32+ 1], then
2mp2 _
ext BLS(2R5<w))\(eXt BL(Qsz)) N LS( Ro(w))) = @

,il,il)}.

Proof. 1t follows from Claim 2 in the proof of Theorem 5. O

Kim [38] showed that for n,m > 2, ext By (njz ) = ext Bynjz ) N Ls("12,) and
ext BLS(ngLO+1) 7& ext BL(2l2’5+1) N Ls(2lg+1).
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Corollary 1. (a) If w € [V2 — 1,v/2 + 1]\{1}, then

212 .
ext BLS(QRi(w)) 7é ext BL(2R,23(UJ)) N Ls( Ro(’w))7

(b) If w € (0,00)\[V2 — 1,v/2 + 1], then

ext BLS(QRi(m) = ext BL(QR?)(UJ)) N Ls(ﬂRi(w)).

5 The exposed points of the unit balls of L(zRg(w)) and

Lemma 1. Let f € L(QRi(w))* for some w > 1. Then, ||f| = w?||f| ; gz Y
o(35)

w

Proof. 1t follows that

Il = sw Uf@I= s f@R)
TEQXtBL@Rg(w)) REextBugRi(l/w))
= w? sup \f(R)\ZWQHfHL@Rng))-
REEXtBL(QRg(l/w))

O

Theorem 7. Let [ € L(QRg(w))* be such that o = f(z122),8 = f(y1y2),y =

f(@1y2),6 = f(2211).
(a) Let w < /2 — 1. Then,

17 = max {Ja & w?B] + wly & 0], [w?a £ 8] + wly + 4],

wlor Bl + by + w28, wla = B + [w?y % 6],
loo & (w? + 2w)B| + wly F 6|, |6 + (w? + 2w)a| + w|y F d],
wla £ B8] + |y F (w® + 2w)8|, wla + 5| + 6 F (w? + 2w)yl,

(1 + w)? 1—w? 1—w? (1 + w)?
ok 8+ Ly o, A ek g+ L ),
(b) Let V2 —1 < w < 1. Then,
11 = max { o & w?B] + wly £ 8], [w?a £ 8] + wy + 4],

wla £ B + |y £ w?d|, wla £ B| + |wy £ 4],
la £ B] + |wy £ (w? +w —1)8],|8 £ a| + |wd £ (w? +w — 1)9],
jwar = (w? +w — 1)B| + |y £ 8], [w £ (w” + w — La + |y 4],

o B+ wly F 8, wla £ B + |y F 3]}



Geometry of bilinear forms on the plane with the octagonal norm 179

(c) Let 1 < w < \/2+ 1. Then,

171 = max { o w?B] + wly % 6], [w?a £ 8] + w]y + 6],
wla + 8]+ |y + 06|, wla £ B| + [wy + 4,
lwa + (—w? +w + 1) 8| + w?y £ 6], |wb + (—w? + w + 1)a| + w?|y £ 5],
w?la £ B] + |wy £ (—w? + w + 15}, w?a £ 8] + |wd £ (—w? + w + 1),
wla = 8| +wly F 8, wla % 8| + w?ly 91},

(d) Let V241 <w. Then,

17 = max {Ja & w?B] + wly & 0], [w?a £ 8] + wly + 4],
wla £ B + |y £ w?d], wle £ 8] + |w?y + 4,
w?a £ (14 2w)B] + wly F 6], |w?B + (1 + 2w)al + w|y F 4],
wla £ 8]+ |w?y F (14 2w)8|, wla + B + [w?d F (1 + 2w)yl,

14 w)? w? w? 1+w)?
A +w)? 5 ) o+ B + (Gl 5 ) |’Y]F5|}~

-1
lao £ B] +

—1
:F(S
|’Y ‘7 2

2

Proof. (a) and (b). It follows from Theorems 4, 5 and the fact that

11l = sup  [f(T)].
TeeXtBL(2R3<w))
(c) and (d). It follows from Lemma 1, (a) and (b). O

Theorem 8. Let T = (a,b,c,d) € L(*R?

O(w)). Then the following are equivalent:
(a) T € exp B (ope

(—a,—b,—c,—d) € exp BL(2R§ ;

(w))

a,b, —c,—d) € exp BL(sz( BE

(
d) (a,—b,c,—d) € exp Bpapz ;3
(

o(w)

a,—b,—c,d) € exp BL(2R2( )3
H (bya,cd) € expBL(sz( %

g) (d,c,a,b) € exp BL(QRZ( )
Proof. It follows from the arguments in the proof of Theorem 4. O

Theorem 9. (/22]) Let E be a real Banach space such that extBg is finite. Sup-
pose that x € ext Bp satisfies that there exists an f € E* with f(x) = 1 = || f]|
and |f(y)| < 1 for every y € ext Bg\{£x}. Then x € exp Bg.

Theorem 10. The equality exp BL(QRQ( )= ext BL(QRQ( ) holds.
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Proof. First, suppose that 0 < w < 1.
Claim 1. T = (1,w?, w,w) € eXpBL(sz( ) for 0 < w < 1.

Let f € L(QRi(w))* be such that a = 1 — 2+4“’,ﬁ 3n’7 =4§= —, where
n € N is big such that ||f|| = 1. By Theorem 7, 1 = || f|| = f(T) and [f(5)] < 1
for every S € ext By ®2, \{iT} By Theorem 9, T' € exp BL(QRQ( )- Hence, by

Theorem 8, (w,w, 1, w? ) 6 exp BL(QRZ( ) for 0 <w < 1.

Claim 2. T = (1,w? + 2w, w, —w) € exp By (R2,, ) for w < v/2 — 1.

Let f € L(QRf)(w))* be such that a =1 - ¥ +4“’,B 2n,fy =-0= %, where
n € N is big such that ||f|| = 1. By Theorem 7, 1 = || f|| = f(T) and |f(5)] < 1
for every S € ext By R2, \{j:T} By Theorem 9, T' € exp BL(2R2( )- Hence, by

Theorem 8, (w, —w, l,w + 2w) € exp BLS(2R2( ) for w < v2—1
Claim 8. T = (1,1, w,w? +w — 1) € eXpBL(sz( ) for vV2—-1<w < 1.

Let f € L(QRg(w))* be such that « = 8 = 3(1 — 2),7y = m,é =
m, where n € N is big such that ||f|| = 1. By Theorem 7, 1 = || f|| =
f(T) and |f(S)] < 1 for every S € ext BL(Z]R?( ))\{:I:T}. By Theorem 9, T' €
eXpBL(ng( ) Hence, by Theorem 8, T' = (w,w? + w — 1,1,1) € eXpBL(sz( )
for vV2—1<w<1.

Claim 4. T = ((1+2w)2, (1+2w)2, 1_2“’2,—(1721”2)) € exp BL(ZR?)(M)) for 0 < w <
V2 -1

Let f € L(QRg(w))* be such that o = 8 = m(l — 1),y = ﬁ = -0,
where n € N is big such that ||f|| = 1. By Theorem 7, 1 = ||f|| = f(T) and
|f(S)] < 1 for every S € ext By R2 \{j:T} By Theorem 9, T' € expBL(sz( )

Hence, by Theorem 8, (1 “’2, 1 2“’2, (H;”)Q,—(H;) ) € exp BL(2R2( ) for 0 <w <
V2 — 1.

Claim 5. T = (1,1, w,w) € expBL(sz( ) for V2—1<w < 1.

Let f € L(sz( )) be such that « = 1 — f,ﬁ = n,'y = 51 = —§, where

n € N is big such that ||f|| = 1. By Theorem 7, 1 = || f|| = f(T) and |f(5)] < 1
for every S € ext By R2,, \{:l:T} By Theorem 9, T' € exp BL(QRZ( )- Hence, by

Theorem 8, T' = (w, w, 17 1) € ext BL(2R2( ) for v/2—1 < w < 1. We have shown
that if 0 < w < 1, then exp BL(2R2< )= ext BL(2R2< )

Suppose that 1 < w.
It follows that

_ 2 = Jw?
exp Byepz ) = {7 cen BL@Riu/wﬂ} = {wT: T e e B‘(2R2<1/w>)}

= extB .
£(2R2 )
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Therefore, we complete the proof. O

Theorem 11. The following equalities hold:
(a) exp BLS(2R§<U))) = ext BLS(QIRi(w));
(b) exp BLS(QRg(w))\(eXp BL(QRi(w)) N LS(2R(2)(’LU)))

= ext BLS(2R2< ))\(ext BL(2R2( )) N LS(2R2 ))

o(w)

Proof. (a). Notice that (expBL(2R2< ) N LS(2R§(w))) - expBLS(ng( ) for all

0 < w,w # 1. By Theorems 4 and 10, it suffices to show that

w2 +2w—1 w2+2w-—1
2 ’ 2

T = (1,1, ) B
€ exp L‘S(QRLQ)(H)))
for v2—1<w<1. ,
Let f € L(Q]Ri(w))* be such that a = 1 — (1;;”) B = %,7 =0 = ﬁ, where

n € N is big such that ||f|| = 1. By Theorem 7, 1 = || f|| = f(T') and |f(5)] < 1
for every S € ext BL(2R2< ))\{iT}. By Theorem 9, T' € expBL(sz( ) Hence,

T e exp BLS(2R2( )).
(b) follows from (a) and Theorem 10. O

6 The smooth points of the unit balls of L(QRg(w)) and
LS(QRg(w))

Theorem 12. Let 0 < w < 1 and T = (a,b,c,d) € £(2R§(w)) be such that
|\T|| =1. Then, T € SmBL(QRg(w)) if and only if there are i1, j1 € {1,2,3,4} such
that
|T(Xi1,Xj1)| =1 and |T(X1,X])‘ <1

foreveryi,j € {1,2,3,4} with (i,7) # (i1,71), where X; = (1,0), Xo = (0,1), X3 =
(T+w) (1 +w) ™), Xy = (1 +w) ", —(1+w)™).
Proof. (=). Assume the assertion is not true.

Suppose that |T'(X;, Xo2)| =1, |T(X3,24)| = 1. Let f1 = sign(T(X1, X2))0x, X,
and fy = sign(7T'(Xs, X4))dx, x, be elements of L(Q]Rz(w))*, where dx, x,(5) =
S(X1,Xy) for S € L(QRi(w)). Notice that

fi # fo, Ifill =1 = f;(T) for j =1,2.

Hence, T is not a smooth point. This is a contradiction. Similarly, we conclude
that the other cases reach a contradiction. Therefore, the assertion is true.
(<). Let f € L(2]R3(w))* be such that f(7) = 1= | f]|. Let a = f(x111),8 =

f(x2y2),y = f(x1y2), p = f(2231).
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Case 1. |T'(X1,X1)| =1 and |T(X;, X;)| < 1 for every i,j € {1,2,3,4} with
(4,5) # (1, 1).

Without loss of generality, we may assume that a = T(X1,X;) = 1. By
Theorem 2, there is N € N such that

t=[r = (0. 500) = [7 (0.0, 50)] = [+ (0.0.0. 1) |
We claim that o = 1,8 = v = p = 0. It follows that
= (0 0300 e+ (030 e+ (0003)
= o {141 ((0. 5 0.0) )1+ [ (0.0, 0) o+ [ ((0.0.0. )
which shows that

o= 1{(0. 00 = (00 £0) = (000 2))

Hence, 8 =~ = p = 0. Since

a=1=f(T)=aa+ b8+ cy+dp = ac,
a = 1. Hence, f is unique. Hence, T € sm BL(sz( )

Case 2. |T'(X1,X3)| =1 and |T(X;, X;)| < 1 for every i,j € {1,2,3,4} with
(4,7) # (1,3).

Without loss of generality, we may assume that H%w(a +c¢)=T(X1,X3) =1.
By Theorem 2, there is N € N such that

t=fjr (o -0)| = [r= (050 )] = [+ (0 05|
We claim that o = v = 1+w,Bf,o—O It follows that
s (10 (-2 ) o+ (0 10.1)
(7 (0.5 0-5))}
{10y ) (0 3)
ter((00-5)}
which shows that

o (o) = (00 1)) = (0 k0 1)

Hence, a =, 8 = p = 0. Since

1

v

Y

i

1+w(a+c):1:f(T):a(a+c),
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=7 = g3 Hence, f is unique. Hence, T' € sm By(agz ).

Case 3. |T'(X3,X3)| =1 and |T(X;, X;)| < 1 for every i,j € {1,2,3,4} with
(,5) # (3,3).

Without loss of generality, we may assume that a +1 E s(a+b+c+d) =
T(X3,X3) = 1. By Theorem 2, there is N € N such that

= (5w N)H—HT (vx-w-w-lr= (o5l

We claim that a =y = = . It follows that

(1+w)
I max{»fqi@i—m DA (b))
e+ (ho-k0)

SR L(C e ) EUC S )
(o))

which shows that

0 (b ) (G 3) = (G ),

Hence, a = v = = p. Since

m(a+b+c+d)=1=f(T)Za(a+b+6+d),

a=y=pF=p= (1+ R Hence, f is unique. Hence, T € smBL(sz( )
By analogous arguments in cases 1-3, in the other cases we may conclude that
T esmB SRR, We omit the proofs. Therefore, we complete the proof. O

Theorem 13. Let w > 1 and T = (a,b,c,d) € L(Q]Rz(w)) be such that |T| = 1.

Then, T € sm BL(2R2< ) if and only if there are i1, j1 € {1,2,3,4} such that
T(Yiy, Vi)l = 1 and |T(Y;, Y)| <1

fO?" every Z7j € {1727374} with (Zaj) 7& (i17j1)7 where Y1 = (w_1,0)7Yé = (ij—l)’

Ys=(1+w)™ (L+w)™),Ya=(1+w) ™, —(1+w)™).

Proof. It follows from analogous arguments in the proof of Theorem 12. O

Theorem 14. Let 0 < w < 1 and T = (a,b,c,c) € L (QR?)( )) be such that
|T|| =1. Then, T € sm B_ (R2,, zf and only if there are i1,71 € {1,2,3,4} such
that

‘T(Xle )| =T(X Jis 11)‘ =1 and |T(Xi7Xj)| <1

fO’F every Za] € {17273)4} with (Z?]) 7& (/L'hjl)v (jlail)‘
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Proof. We follow analogous arguments in the proof of Theorem 12.
(=) follows by the same argument in the proof (=) of Theorem 12.

(«<). Let g € Ls(ng(w))* be such that ¢(T) =1 = ||g|| and o = g(z122), 8 =
9(1y2), v = g(z1y2 + z291).

Case 1. |T(X1,X1)| =1 and |T(X;, X;)| < 1 for every 7,5 € {1,2,3,4} with
(i,5) # (1,1).

Without loss of generality, we may assume that a = T(X1,X;) = 1. By
Theorem 2, there is N € N such that

=+ (0 ko) = [+ (00 4. 1)

We claim that a =1, 8 = v = 0. It follows that
vz mac{Jo(r 5 (0.5.0.0)) o (7= (00,5 5)))
— maX{1+‘g((0a%7070)) 0 %’%))‘}’

1+ g( (0,0,
which shows that

Hence, 8 = v = 0. Since
a=1=g(T)=aa+bp+ cy = aq,
a = 1. Hence, g is unique. Hence, T' € sm BLS(QR(Q)(w)).
Case 2. |T(X1,X3)| =1 and |T(X;, X;)| < 1 for every 7,5 € {1,2,3,4} with
(,4) # (1,3).

Without loss of generality, we may assume that H%w(a +c¢)=T(X1,X3) =1.
By Theorem 2, there is N € N such that

1
=l (- )

1
N N'N'N ‘ - HTi <0’N’O’O)H'

We claim that o = v = ﬁ,ﬁ:o. It follows that
1 1 1 1
Uz max{lo(T (- Fopoyy)

= s {urlo((- 5 o @)+ Is(O 50.0))

which shows that
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Hence, a = «, 8 = 0. Since
1

1+w

a=~v= p%w Hence, g is unique. Hence, T' € sm BL(QRi(w))'

(a+c¢)=1=¢g(T) =ala+c),

Case 3. |T'(X3,X3)| =1 and |T(X;, X;)| < 1 for every i,j € {1,2,3,4} with
(i,5) # (3,3).

Without loss of generality, we may assume that Trw)? ) s (a+b+2c) = T(X3, X3) =
1. By Theorem 2, there is NV € N such that

(30~ fv -w)=lre (-5 500

We claim that o = f = 3 = . It follows that

= T
o macfl(rs (2o b D) (s (- 4 b))

< e (o )l (- ko))

which shows that

1=

0=o((50 -5 5)) (- 5 500))
_g N? ) N, N _g N’N’ ) *
Hence, a = = 3. Since
a==3= (1+1) Hence, g is unique. Hence, T' € sm B (B2,)"

By analogous arguments in cases 1-3, in the other cases we may conclude that
T esmB La(CR2,)- We omit the proofs. Therefore, we complete the proof. O

Theorem 15. Let w > 1 and T = (a,b,c,c) € £ (QRQ( )) be such that ||T| = 1.

Then, T € sm By_ (R2,, zf and only if there are i1, 51 € {1,2,3,4} such that
|T(Y;17Y}1)| = ‘T( Jis 1)| =1 and |T(}/Z’)/J)| <1

for every i,5 € {1,2,3,4} with (i,j) # (i1, j1), (41,71)-

Proof. It follows from analogous arguments in the proof of Theorem 14. O

Theorem 16. Let0 < w,w # 1.Then,smBL(ng yNLs (’R 2 )CsmBL (R2,,):

Proof. By Theorems 12-14, sm BL(QRi(w)) NLs(CR ( ) is asubset of sm B 22
Let 0 <w < 1. Let Th € sm BLS(2R2( ) be such that

o(w))’

’To(Xl,Xg)’ =1 and ‘TQ(X“X])’ <1

for every i,j € {1,2,3,4} with (z J) # (1,2). Since |To(X2, X1)| = 1, by Theorem
4.1, Tp ¢ sm By R2 ﬂL (R w))- I w > 1, we may choose T} € sm By, (R2,, )

such that T ¢ sm BL(2R2< ) ﬂL ( O(w)) We complete the proof. O
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