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PSEUDO-VALUATIONS ON COMMUTATIVE
BE-ALGEBRAS
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Abstract

In this paper, we study pseudo-valuations on commutative BE-algebras
and obtain some related results. Using the pseudo-metrics induced by pseudo
valuations we introduce a congruence relation on BE-algebras.
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1 Introduction

The study of BCK/BCI-algebras was initiated by K. Iséki as a generaliza-
tion of the concept of set-theoretic difference and propositional calculus([3],[4]).
In [9], J.Neggeres and H. S. Kim introduced the notion of d-algebras which is
a generalization of BCK-algebras. Moreover, Y. B. Jun, E. H. Roh and H. S.
Kim [5] introduced a new notion, called BH-algebras, which is a generalization
of BCK/BClI-algebras. Recently, as another generalization of BCK-algebras, the
notion of BE-algebras was introduced by H. S. Kim and Y. H. Kim [6]. Lee in [7]
introduced the notion of pseudo-valutions on BE-algebras and investigated sev-
eral properties. He provided relations between pseudo-valutions and some sub-
algebras of BE-algebras. Using the notion of a pseudo-valution he constructed
(pseudo)metric space and showed that the binary operation of * in BE-algebras is
uniformly continuous. In this paper, we study pseudo-valuations on BE-algebras
and investigate its properties. We discuss the relation between pseudo-valuations
and filters of a BE-algebra. We obtain some results of pseudo-metrics induced by
pseudo-valuations on BE-algebras. Also, we prove that the pseudo-metric induced
by a pseudo-valuation ¢ is a metric on a BE-algebra if and only if ¢ is a valuation.
Finally, using the pseudo-metrics induced by pseudo-valuations we construct the
quotient structures and investigate related properties.
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2 Preliminary

2.1 BE-algebras

Definition 1. [11] A BE-algebra is an algebra (X, x,1) of type (2,0) such that
satisfying the following axioms:

(1) xxx =1 for allx € X,

(2) zx1=1 foralzeX,

(3) 1xx=ux for allz € X,

(4) x* (y*x2) =yx* (x*2z), for all z,y,z € X.

A relation < on X is defined by x < y if and only if xxy = 1. If X is a BE-algebra
and z,y € X, then x * (y x ) = 1.

Definition 2. [11] We say that a BE-algebra X is commutative if (z xy) x y =
(yxx)*xx for all x,y € X.

Proposition 1. [1] Let X be a commutative BE-algebra and xz,y,z € X. Then,
(5)zxy=ysxzx=1=xz=y,
(6) (xxy)*((yx2)*(xx2)) =1

Definition 3. [11] We say that a BE-algebra X is transitive if (y* z) < (x xy) *
(x*2) for all x,y,z € X.

Proposition 2. [11] If X is a commutative BE-algebra, then it is transitive.

Definition 4. [11] Let A be a BE-algebra. A filter is a nonempty set F C X such
that for all x,y € A

(i) L€ F,

(i) € F and x xy € F imply y € F.

Let F be a filter in X. If x € F and x < y then y € F.

Definition 5. [11] A filter F' of a BE-algebra X is said to be normal if it satisfies
the following condition:

zxy€eF=[(zxx)*(z2xy) € F and (y*2) *x (x x 2) € F]
forall x,y,z € X.

Proposition 3. [11] If X is a transitive BE-algebra, then every filter of X is
normal.

Definition 6. An equivalence relation 8 on a BE-algebra X is called a congruence
relation on X, if (z,y) € 6 implies (v x z,y*z) € 0 and (zxx,zxy) € O for all
xz,y,z € X.
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Proposition 4. [11] Let F' be a normal filter of a BE-algebra X. Define
EFy &S rxy, yxx e F

Then,

(i) =" is a congruence relation on X.

(ii) Let [z]p = {y € o : & = y} be an equivalence class of x and X/F = {[z]r
x € X}. Then X/F is a BE-algebra under the binary operations given by:
[z]r @ [ylr = [z *y]F.

Definition 7. [2] Let X be a BE-algebra. If there exists an element O satisfying
0<z (or0xx=1) for all x € X, then X is called a bounded BE-algebra.

Definition 8. [12] Let X = (X,*,1) and X = (X',+,1") be two BE-algebras.
A mapping f: X — X is called a BE-algebra homomorphism from X into X' if
for-any x,y € X, f(xxy) = f(z)* fy).

For a homomorphism f: X — X', we have f(1) =1".

2.2 Pseudo-valuations

Definition 9. [7] A real-valued function ¢ on a BE-algebra X is called a pseudo-
valuation on X if it satisfies the following condition:

(1) (1) =0,
(17) p(x*2) < p(z*x (y*2))+¢y), for al z,y,z € X.

A pseudo-valuation ¢ on a BE-algebra X satisfying the following condition:
r#1=px)#0 YreX (7)

is called a valuation on X.
Let ¢ be a pseudo-valuation on a BE-algebra X. Then for all x,y, z € X,

(8) ¢ is order reversing,

(9) ez xy) < o(y),

(10)p((z = (y * 2)) * 2) < (x) + @(y),
(11) p(x) > 0, for all x € X,

(12) v(y) < p(z xy) + p(z),

(13) z <yx* 2= w(z) < p(x) +0(y),
(14) o((z *y) * y) < @(=).[See,[7]]

Proposition 5. [7] Let X be a transitive BE-algebra. Every pseudo-valuation ¢
on X satisfies the following inequality,

p(x*z) < pl@xy)+o(y*z) Va,y,z€X. (15)

For a real-valued function ¢ on a BE-algebra X define a mapping d, : X x X — R
by dy(z,y) = ¢(x *y) + ¢(y * x) for all (z,y) € X x X.
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Theorem 1. [7] Let X be a transitive BE-algebra. If a real-valued function ¢ on
X is a pseudo-valuation on X, then dy, is a pseudo-metric on X, and so (X,d,)
is a pseudo-metric space.

Suppose that (X, d) is a pseudo-metric space. Then

(1) For each x € X and € > 0, the set B:(x) = {y € X : d(y,x) < €} is called the
ball of radius € with center at x.

(7i) We say that U C X is open in (X, d) if for each 2z € U there is an € > 0 such
that B.(z) C U.

(7i7) The topology 74 induced by d is the collection of all open sets in (X, d).

Theorem 2. [7] Let X be a transitive BE-algebra such that
zxy=yxrx=1=zx=y Vr,yeX
If o : X = R is a valuation on X, then (X,d,) is a metric space.

Proposition 6. [7] Let X be a transitive BE-algebra satisfying in following con-
dition:
rxy=yxr=1=>zx=y Vr,yeclX.
Then,
(16) dy(x,y) > do(z * x, 2 * y),
(17) dp(x,y) > do(x * 2,y * 2),
(18) dp(z *y, zx w) < dy(x*y, 2z xy) + dy(z *xy, 2 ¥ w),
forall z,y,z,w € X.

notation. From now on, in this paper X is a commutative BE-algebra.

3 Pseudo-valuations on commutative BE-algebras

Proposition 7. Let (X,*,1) be a BE-algebra. Then for each filter F' of X there
exists a pseudo-valuation ¢p on X which is called the pseudo-valuation induced
by filter F. Moreover pr is a valuation if and only if F' = {1}.

Proof. Let s be a positive element of R. Define ¢ : X — R by

0 fzeF
or(z) =

s ifz ¢ F.

We show that ¢p is a pseudo-valuation on X. Since 1 € F, ¢p(1) = 0. Let
x,y,z € X. We consider following cases:

Case 1. If x x z € F, then pp(z *z) =0.

(1) If y € F, then y * (z % z) € F. Hence pp(y * (x * z)) = 0. By (4) we have,

pr(xx2) =0<@py*(xx2))+or(y) = pr(z*(y*2))+er(y) =0.
(i) If y ¢ F, then ¢p(y) = s. Hence

pr(rx2)=0<s5=pp(y) <er(y*(r*2)) +orYy) =pr@* (y*2)) + pr(y).
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Case 2. If x %z ¢ F, then pp(z xz) = s.
(i) If y € F, then pp(y) = 0. Since y € F, y* (x*z) ¢ F because if y* (xxz) € F,
then x % z € F' which is a contradiction. Hence pp(y * (x * z)) = s. Therefore,

pr(r+z)=5<s+0=pr(y*(@x*2)+er(y) =erex(y*z2)+ery)
(13) If y ¢ F, then pp(y) = s. Hence,

or(r*2)=s < @r(y*(z*2)) +pr(y) = or(* (Y *2)) +ery)

Hence ¢F is a pseudo-valuation on X. It is clear that (¢p is a valuation if and only

if F={1}. O
Example. Let X = {a,b,c, 1}. If the operation * given by the following table

0 T o %
== = | =
O == |
o = o o|oT
— =0 o|o

then (X, *,1) is a BE-algebra (see [7]). Let F' = {a,1}. Then F is a filter of X.
Define pp : X — R by

(z) = 0 ifexelF
PRI =\ 2 ifz ¢ F.

Then ¢f is a pseudo-valuation on X.

Proposition 8. Let ¢ be a pseudo-valuation on BE-algebra X. Then F, = {x €
X : o(x) = 0} is a filter of X which is called the filter induced by pseudo-valuation
®.

Proof. Since ¢(1) =0, 1 € F,. Let z,z *y € F,. Then p(x) = ¢(z *y) = 0. By
(11) and (12) we have,

0<¢(y) < elzxy)+e(x) =0.
Hence y € F,. O

Example. By assumptions of the previous example, we have F,, = {a,1}.
Proposition 9. Let F' be a filter of a BE-algebra X. Then F,,, = F.
Proof. We have F,, ={x € X : pp(z) =0} ={z e X :2 € F} = F. O

Proposition 10. Let ¢ be a pseudo-valuation on a BE-algebra X. Then ¢ is a
valuation if and only if d, is a metric on X.
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Proof. 1f ¢ is a valuation on X, then by Theorem 2, d, is a metric. Conversely,
suppose that ¢ is not a valuation on X. Then there exists x € X such that z # 1
and ¢(z) = 0. Hence z,1 € F,,. Therefore

dp(1,2) = p(1x2) + (2 * 1) = p(x) + ¢(1) = 0.
Hence d,(1,x) = 0. Since d, is a metric on X, = 1 which is a contradiction. [J

Theorem 3. Let ¢ be a pseudo-valuation on a BE-algebra X. Then ¢ is contin-
UOUS.

Proof. By Theorem 1, (X,d,) is a pseudo-metric space. Let z9 € X be an arbi-
trary element. For each z € X by (12) we have

p(xo) — p(x) < p(x+wo) and () — p(zo) < (o * 2).

Hence
p(z0) — p(x) < (@ * 30) + (w0 * ) = dy (2, 20)
d

p(x) = (o) < @(* x0) + (20 * ) = dy(, 20).

Thus —dy,(z,20) < p(x) — @(x0) < dp(x,20) and so | ¢(x) — ¢(x0) |< dy(z, z0).
Therefore ¢ is continuous. O

Corollary 1. If ¢ is a pseudo-valuation on X, then F, is a closed subset of X.

Proof. Since F, = {x € X : p(x) = 0} = ¢ 1({0}), by Theorem 3, the proof is
clear. O

Let X be a BE-algebra and 7 be a topology on X. (X, *,7) is a topological BE-
algebra, if x xy € U € 7, then there are two open sets V and W containing x and
y respectively, such that V « W C U, for all z,y € X.

Theorem 4. Let 74, be the topology induced by d,. Then (X, *,74,) is a topolog-
ical BE-algebra.

Proof. Let x +y € Be(x x y). We claim that Bz (2) * Bs(y) € Be(z *y). Let z €
Be (z)*Bs (y). Then there exist p € Bz () and ¢ € Bg (y) such that z = pxq. Hence
dy(z,p) < 5 and dy(y,q) < 5. By (163 and (17) we have dy(zxy,pxy) < dy(z,p)
and dy, (pxy, pxq) < dy(y,q). By (18), dp(z+y, pxq) < dp(z+y, pry)+dy(pry, pxq) <
S+ 5 =¢c. Thus z = p*xq € B.(x *y). Therefore (X, *,7) is a topological BE-
algebra. O

4 Quotient BE-algebras induced by pseudo-valuations

Definition 10. Let ¢ be a pseudo-valuation on a BE-algebra X. Define the rela-
tion 0, by
(,y) €0, & dy(x,y) =0

for all x,y € X.
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Proposition 11. Let ¢ be a pseudo-valuation on a BE-algebra X. Then 0, is a
congruence relation on X which is called the congruence relation induced by .

Proof. Since 6, induced by a pseudo-metric, it is an equivalence relation on X.
We show that 6, is a congruence relation. Let (z,y), (2, w) € 6,. Then d,(z,y) =
0 = dy(z,w). By (11) and (17) we have 0 < dy(x * 2,y * z) < dy(z,y) = 0.
Hence dy(x * 2,y * z) = 0 and so (z * 2,y * 2) € O,. Similarly, we can show that
(y*z,y*w) € O,. Since O, is a equivalence relation, (x * z,y * w) € 6. Therefore
0, is a congruence relation on X. O

Proposition 12. Let ¢ be a pseudo-valuation on a BE-algebra and 0, be the
congruence relation induced by . Then for all z,y € X,

(i) (z,y) €0, (Lzxy),(l,yxx) € b,.

(i) Fy, ={z*y: (z,y) € O} is a filter.

Proof. (i) We have,

(Lzxy), (Ly*xz) €, <= dy(l,xxy)=0=d,(1,y*x),
= p(lx*(zxy))+e((z*xy)*1) =0
=p(lx(yx2)) +e((y*z)*1),
= plx*xy)=0=¢p(yx*z),
— dga(x,y):(),
= (x,y) € b,.

(ii) Let x x y,x = 1 xx € Fp,. Then d,(1,7) = 0 = dy(z,y). Hence p(r) =0 =
o(x *y). By (11) and (12) we have,

0 <dy(1,y) = ¢(y) < p(z*y)+ p(x) =0.

Hence d,(1,y) =0 and so y = 1 xy € Fy,.
0

Let ¢ be a pseudo-valuation on a BE-algebra X and 6, be the congruence relation
induced by ¢. Let [z], = {y € X : (z,y) € 6.} and X/p = {[z], : © € X}. Define
a binary operation ® on X/ as follows:

[x]so O] [y]cp = [z * y]sO‘

The resulting algebra is denoted by X /¢ and is called the quotient algebra of X
induced by pseudo-valuation ¢.

Theorem 5. Let ¢ be a pseudo-valuation on a BE-algebra X. Then (X/p,®, [1],)
is a BE-algebra and d*([x],, [y],) = dy(x,y) is a metric on X/ .

Proof. The proof is straightforward. We only show that d* is well defined. Let
x,y,a and b be in X and [z], = [a], and [yl, = [b],. Then ¢(z * a) = p(a *
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x) = p(yxb) = pbxy) = 0. By (6) we have x xy < (y *b) % (z * b) and
xxb < (bxa)x*(xx*xa). By (13), o(x xb) < p(zxy) + oy *xb) = p(z xy) and
wbxa) < p(xxa)+ p(x*xb) = p(x*b). Hence (b * a) < p(r *y). By a similar
argument we have p(zxy) < p(bxa). Thus ¢(x*y) = ¢(bxa). Similarly, we have
o(y*x) = ¢(axb). Hence dy(x,y) = dy(a,b) and so d* is well defined. O

Example. Let X = {a,b,c,d,1}. Define a binary operation * on X as follows:

d

fo T | x
I T S Y
— o = o T|T
0O =0 o olo
i e e ey on

a
a
1
1
a
1

Then (X, *,1) is a BE-algebra. If ¢ : X

(1 a b c d
- \0 3 3 0 3
then by Proposition7, ¢ is a pseudo-valuation on X. It is easy to verify that

0, = {(1,1),(a;a), (b,1), (¢, ), (d, d), (0,¢), (¢, 0)}

and X/¢ = {[a]y, [y, [d]y, [1],} where [a], = {a}, [b], = {b}, [d], = {d} and
(1] = {c, 1}

Proposition 13. Let ¢ be a pseudo-valuation on a BE-algebra X. Then for all
z,y,2 € X,

() If [2], © [yl = [yl O[], = [Us, then [z], = [y,
(1) ([l © lyle) © (Wl © [2p) © ([2l, © [2]p)) = [,

— R is defined by

Proof. (i) Let [z], © [yle = [y, © [z], = [1], for some z,y € X. Then [z * y|, =
ly*z], = [1], and so (1,z*y),(1,y*x) € O,. By Proposition 12 part (i), we have
(z,y) € b, that is [z], = [y],.

(7i) The proof is straightforward. O
Proposition 14. Let ¢ be a pseudo-valuation on a BE-algebra X. Then F, = [1],.

Proof. We have,

z € [1]y (1,z) € 0,

dy(1,2) =0,

p(1*x) +p(x*x1) =0,
p(r) =0,

T € F.

1reey
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Proposition 15. Let ¢ be a pseudo-valuation on a BE-algebra X. Then @([z],) =
inf{p(z) : z € [z],} is a pseudo-valuation on X/ .

Proof. Since for each x € X, ¢(x) > 0, p([x],) is well defined. By Proposition 14,
we have

?([te) = inflp(z) : z € ]} = inflp(2) : z € Fp} = ¢(1) = 0.
Now, we show that for each z,y,z € X, B([z], © [2]y) < B([z]e © ([y]ly © [2]4)) +
¢ O 2]

?([yly)- Let a € [z]y,b € [y], and ¢ € [z],. Then a x ¢ € [z * 2], = [2] [z],. By
(11), we have

?([z]p © [2lp) = Pz x 2]p) < plaxb) < plax(bxc)) + @(b).

Hence

IN

?([zle © [2]e) infi{p(ax(bxc):aclzly,beylp c e[}
+inf{p() b € [yle},

= 2([z]y, © ([yly © [2]p) + P([y]e)-
O

Proposition 16. Let ¢ be a valuation on a BE-algebra X. Then @([z],) =
inf{e(z) : z € [z],} is a valuation on X/ if and only if for each x € X the
set [x], have a mazimum.

Proof. By Proposition 15, ¢ is a pseudo-valuation on X/¢. Let $([z],) = 0 for
some x € X. By assumption, there exists a € X such that a = max[z],. Since
for each z € [z],, z < a, we get that p(a) < ¢(2) < @([2],) = @([z]y) and
so ¢(a) = 0. Since ¢ is a valuation, a = 1. Hence [z], = [1],. Conversely, let
1 # 2z € X. If [z], does not have a maximum, then for each y € [z], there exists
z € [z], such that y < z. Hence ¢(z) < ¢(y). Therefore @([x],) = 0. Since P is
a valuation, [z], = [1], and hence ¢(z) = 0. Since ¢ is a valuation we get that
x = 1 which is a contradiction. O

Proposition 17. Let ¢ be a pseudo-valuation on a BE-algebra X and F, be the
filter induced by @. Then =Fe= 0.

Proof. We have,

dp(z,y) =0,

oz xy) + oy xx) =0,
oz xy) = oy xx) =0,
Txy,y*x € Fy,

(z,y) e="e .

(ﬂf,y) € 9‘,0

rreny
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Theorem 6. Let ¢1 and @2 be two different pseudo-valuations on a BE-algebra
X such that [1],, = [1],,. Then X/p1 = X/¢o.

Proof. Let (x,y) € 6,,. By Proposition 12, x xy,y *xx € [1],,. Since [1],, = [1]4,,
zxy, y*x € [1]y,. Hence [z]p, ©[yle, = [1*y]p, € [y, and [yle, Ofzlp, = [y*2]y, €
(1], . By Proposition 13, [z],, = [y]y,. Therefore (z,y) € 6, and then 6, C 0,,.
Similarly, we have 6, C 6,,. Hence 6,, = 6., and so X/p1 = X/¢». O

Lemma 1. Let ¢ be a pseudo-valuation on a BE-algebra X and F be a filter of
X such that 1], C F. Denote F/¢ = {[z], : « € F'}. Then,

(i) x € F if and only if [x], € F/¢ for all x € X.

(1) F/p is a filter of X /.

Proof. (i) Let [z], € F/¢. There exists y € F such that [z], = [y],. Hence
(x,y) € b,. By Proposition 12, (1,y*xz) € 6, and thus y*x € [1],. Since [1], C F,
y*xx,y € F. Hence x € F. It is easy to show the Converse.

(i7) Since 1 € F, [1], € F/p by part (i). Let [z], ® [y],, [x],, € F/¢. Then
(%], © [yl, = [ * yl,. By part (i) we have x * y,z € F. Since F is a filter, y € F.
Hence [y], € F/¢. Thus F/¢ is a filter of X/¢. O

Proposition 18. Let ¢ be a valuation on a BE-algebra X and F, be the filter
induced by p. Then F/p = {[1],} if and only if F' = F,.

Proof. By definition F, = [1], C F. We show that F' C F,,. Suppose that F' ¢ F,.
Then there exists € F such that ¢(x) # 0. Since x € F, [z], € F/¢ by
Proposition 1. By asumption [1], = [z], and so d,(1,2z) = 0. Therefore p(x) =0
which is a contradiction. Conversely, If F' = F|,, then

Folo={ltlp v € Fot = {laly s p(a) = 0} = {[2], s o = 1} = {[1]o }-
U

Lemma 2. Let ¢ be a pseudo-valuation on a BE-algebra X and G be a filter of
X/p. Then F = {x € X : [z], € G} is a filter of X such that [1], C F.

Proof. Since [1], € G, 1 € F by definition of F. Suppose that z * y,z € F. Then
(@], [ * Y], = 2] © [y], € G. Since G is a filter of X /¢, [y], € G. By definition
of F, we have y € F. Thus F'is a filter of X. Let x € [1],. Then [z], = [1],,. Hence
[z], € G and by definition of F' we have « € F. Thus [1], C F. O

Theorem 7. Let ¢ be a pseudo-valuation on a BE-algebra X, F(X, ) the col-
lection of all filters of X containing [1],, and F(X/p) the collection of all filters
of X/@. Then ¢ : F(X,p) = F(X/¢), F — F/¢ is a bijection.

Proof. Let F,G € F(X, ) and ¢(F) = ¢(G). Then F/p = G/p. Let x € F. Then
[z], € F/¢o = G/p. By Lemma 1 part (i), x € G. Thus F' C G. Similarly, we have
G C F and so F = G. Therefore v is injective. Now, suppose that G € F(X/¢p).
Put F = {z € X : [z], € G}. By Lemma 2, F is a filter of X containing [1],. We
have ¢(F) = F/¢ = G because [z], € F/¢p, if and only if z € F if and only if
[x], € G. Hence v is surjective. O
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Lemma 3. Let X and Y be Be-algebras, f : X — Y a homomorphism and ¢ a
pseudo-valuation on'Y. Then po f: X — R defined by po f(z) = p(f(x)) for all
x € X is a pseudo-valuation on X.

Proof. The proof is clear. O

Theorem 8. Let X and Y be Be-algebras, f : X — Y a epimorphism and ¢ a
pseudo-valuation on'Y. Then X/po f =Y /.

Proof. By Lemma 3 and Theorem 5, X/p o f and Y/ are Be-algebras. Define
Y X/po f—=Y/pby ¥([]er) = [f(x)], for all x € X. Suppose that [x],of =
[Y]pof. Then (z,y) € O0r and so o f(zxy)+ o f(y*x) = 0. Since f is a
homomorphism, ¢(f () * f(y)) +»(f(y) * f(x)) = 0. Hence (f(z), f(y)) € 0, and
so [f(x)]y = [f(¥)]p. Thus ¥([x]per) = YV([y]por), that is ¢ is well defined. Now,
we show that ¢ is a homomorphism.

(1) ¥([Apor) = [f W]p = [

(12) Y([Zlpof © [Ylpor) = V([x * Ylgog) = [f(xxy)lo = [f (@) x f(W)], = [f(#)], ©
[fW)]e = ¥([z]por) © P([2]gor)-

Finally, we show that 1 is a bijection. Let [y], € Y/p. Since f is surjective,
there exists © € X such that y = f(z). Hence ¥([z]yof) = [f(2)], = [y], and ¢
is surjective. Suppose that ¥ ([x]por) = ¥([y]por). Then [f(x)], = [f(y)],. Thus

o(f(x)* f(y)) +e(f(y) = f(z)) = 0. Since f is a homomorphism, ¢ o f(z *y) +
po f(yxx)=0.Hence [x],0r = [T]por and 1 is injective. O

Lemma 4. Let ¢ be a pseudo-valuatin on a BE-algebra X and X/ be the corre-
sponding quotient algebra. Then the map m, : X — X /¢ defined by wy,(x) = [x],
for all x € X is an epimorphism.

Corollary 2. Let ¢ be a pseudo-valuatin on a BE-algebra X and X/ be the
corresponding quotient algebra. For each pseudo-valuation @1 on BE-algebra X/,
there exists a pseudo-valuation o1 on BE-algebra X such that @1 = @1 0 .

Proof. 1t follows from Lemma 4 and Lemma 3. O

If 7 is a topology on X, then the set {U C X /¢ : W;1(U) € 7} is a topology on
X /¢ and is called quotient topology on X/¢.

Theorem 9. Let ¢ be a pseudo-valuatin on a BE-algebra X. Then the metric
topology induced by d*([x],, [yle) = dp(z,y) coincides with quotient topology on
X/ep.

Proof. Let 14+ be the topology induced by d* and 7 be the quotient topology on
X/p. We have to show that 74« = 7. It is clear that the map 7, : X — X/¢ is
continuous, because d*([z]y, [y]y,) = d*(7y(x), p(y)) = dp(x,y). If U € 74+, then
71 (U) € 74, and by definition of quotient topology, U € 7. Conversely, Let W €

©
7. Then 7} (W) € 74,. Hence 7, (W) = U (w)Be(x). Since m,, is an epimor-

P ® zem,?!
phism, 7T<p(Uw6@1(W)B€(x)) = W. It is easy to¢pr00f that ﬂ@(UwEW(El(W)BE(x)) =
Umem;l(W)B:([x]so) = Ugc@r;l(w){[y]w € X/p: d*([y]gm[x]w) < €} € 7g+. Thus
W € 14«. Therefore 74« = 7. ]
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Theorem 10. Let ¢ be a pseudo-valuatin on a BE-algebra X. Then g : X/p — R
defined by B([z],) = ¢(x) is a pseudo-valuation.

Proof. 1t is enough to show that @ is well defined. Let [z], = [z],. Then ¢(z *

@) <ply*xz) +o(y) =¢y) and  @y) < p(*y) + (@) = ().

Thus ¢(z) = ¢(y) and so @ is well defined. Now, we have %([1],) = ¢(1) = 0 and

I
<l
X

*
X
AS)
~

Pzl © [2]y)

A

T (y*2)) + o(y),
z* (y* 2)]yp) +2([ylp)
2] © ([Yle © [2lp)) + P([Yle)-

For all x,y, z € X. Therefore ¥ is a pseudo-valuation on X.
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