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OSCILLATION THEOREMS FOR FOURTH-ORDER HYBRID
NONLINEAR FUNCTIONAL DYNAMIC EQUATIONS WITH
DAMPING
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Fatima Zohra LADRANI?

Abstract

In this paper, we will establish some oscillation criteria for the fourth-
order hybrid nonlinear functional dynamic equations with damping. The
authors present new oscillation criteria to check whether all solutions of an
equation, in this class, oscillate. This study aims to present some new suf-
ficient conditions for the oscillatory of solutions to a class of fourth-order
hybrid nonlinear functional dynamic equations by use of Riccati technique
and other method. Illustrative examples are also provided.
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1 Introduction

The theory of oscillations is an important branch of the applied theory of
dynamic equations related to the study of oscillatory phenomena in technology
and natural and social sciences. In recent years, there has been much research
activity concerning the oscillation of solutions of various dynamic equations on
time scales.
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Motivated by the above articles, now, in this article, we are interested in the
oscillation of solutions of the fourth-order hybrid nonlinear dynamic equation

a(t) (u” (t))ﬁ Y |
T ftu@) - Zi:l bi (1) u’ (1, (1)) = g (t,u(n(t)), forallte Jy,

(1)
where Ji, = [to,00), n is an integer and [ is a quotient of odd integer, such as
B > 0 and n > 1. Since we are interested in oscillation, we assume throughout
this paper that the given interval of the form J;, := [to, 00). The equation (1) will
be studied under the following assumptions:

(C1) The function f : J;, x R — R such that f € C (J;, x R,R), uf (t,u) > 0,
for all (t,u) € Jy, x R—{0} and there is p € C (Jy,, [0,00)) such that

Ftu) > p(t), forall (t,u)e Jy, x R—{0}. 2)

(C3) The function g : Jiy, x R — R such that g € C' (J;, x R,R), ug (t,u) > 0, for
all (t,u) € Ji, x R— {0} and there is o € C'(Jy,, [0,00)) such that

uPg(t,u) <o(t), forall (t,u)e J;, x R—{0}. (3)

(03) a, {bi}ie{ly.,,n} ecC (Jtoa [Oa OO)), such as

[ (290) ao=e

i=n

B, (t) := Zizl bi (t) — o (t) >0, forall t € Jy,. (5)

and

(Ca) {7iticqr, .y +n € C (Jig, Jiy) such as 7,7 are strictly increasing,

tliglon (t) = tliglon (8) = oo.
and
n(t)<t<m(t), foraltedJ,, forallie{l, .. n} (6)

By a solution of (1) we mean a nontrivial real-valued function v € C* (Jz,,R),
T, € Ji, which satisfies (1) on Jr,. The solutions vanishing in some neighbour-
hood of infinity will be excluded from our consideration. A solution u of (1) is
said to be oscillatory if it is neither eventually positive nor eventually negative,
otherwise it is nonoscillatory. Equation (1) is called oscillatory if all its solutions
are oscillatory. Recently, there has been an increasing interest in obtaining suffi-
cient conditions for oscillation and nonoscillation of solutions of various dynamic
equations, we refer the reader to the articles [3, 4, 6, 10, 11, 13, 21, 22, 28, 36, 40]
and the references cited therein. In recent years, there has been much research
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activity concerning the hybrid differential equation, the reason is that hybrid
differential equations generalize ideas from dynamic systems. For more infor-
mation on the oscillation of the theory of hybrid differential equations, we refer
8,9, 12, 17, 27, 32, 33, 38, 39] to the reader and the references cited therein. On
the other hand, the types of equations considered in the relevant literature are
generally as follows. Using a comparison technique, J. Dzurina et al. [10] studied
the oscillation of solutions to fourth-order trinomial delay differential equations

v +p®)y (8)+a(t)y(r (1) =0, forallte Jy,
A. B. Trajkovict al. [36] studied the oscillatory behavior of intermediate solutions
of Fourth-order nonlinear differential equations

)
2 (t)> +q@®)]z@®))? @) =0, forallteJy,

a—1

(v} 0

under the assumption

oo t1+é

/ ——dt < oo.
to pa (t)

S. R. Grace et al. [15] have considered the oscillation of fourth-order delay differ-

ential equations

’

<r3 (7“2 <T1y')l>l> +a()y(r (1) =0,

under the assumption

> 1
/ dt < oo, ie€{l1,2,3}.
to Ti(t)

Motivated by the papers mentioned above and other papers, here we wish to
establish some new oscillation criteria for equation (1) which is considered a form
that generalizes several differential equations and is similar to papers in a special
case, for example, if f(t,u) = 1 and g (¢t,u) = 0, then equation (1) is reduced
to the half-linear differential equations of fourth order with unbounded neutral
coefficients

<a (1) (u(” (t))6> ¥ + ZZ bi(t)uP (r; (1) =0, forallte J,. (7)

If a(t) = 1 and B = 1, then equation (7) is reduced to the linear differential
equations of fourth order with unbounded neutral coefficients

W0+ YT (1) =0, forall e Ji, ®

which include several equations, the equation that has been studied by many
authors [24, 18].



56 A. Benaissa Cherif, M. Fethallah and F. Z. Ladrani

In this article, we are dealing with the oscillation of the solutions of the fourth-
order hybrid nonlinear functional dynamic equations with damping (1) by using
the generalized Riccati transformations and an integral averaging method, the
contribution is orginnal, as no results on the oscillation of fourth-order hybrid
nonlinear functional dynamic equations having been reported in the literature.
This paper is organized as follows. In Section 2, four lemmas are given to prove
the main results. In Section 3, we establish new oscillation results for Equation
(1) while in final section. In Section 4, we present some examples to illustrate the
effectivenss of our main results. Some conclusions are discussed in Section 5.

2 Auxiliary result

The following auxiliary results may play a major role throughout the proofs
of our main results. For simplification, we note

D:={(t,s) eR:t>s>ty} and Dy:={(t,s) eR:t>s>ty}.

Definition 1. [29/The function H € C(D,R) is said to belong to the function
class P if

i) H(t,t) =0, fort >ty and H(,s) >0 on Dy,

i) H has a nonpositive continuous and partial derivative %—g(t, s) on Dy and
there exists function n € C(Jy,,R), such that

n (s) _ h(t,s)
n(s) n(s)

Lemma 1 (Kiguarde’s Lemma). [15, Theorem 2.2]. Letn € N and f € C"(J;,,R).
Suppose that f is either positive or negative and f(™is not identically zero and
is either nonnegative or nonpositive on Jy,. Then there exist t1 € Jy,, m €

{0,...,n — 1} such that (—=1)"~™ f (t) £ (t) > 0 holds for all t € J;, with

0H(t,s)
Js

+ H(t,s) H(t,s). (9)

(1) f(t) f9 () > 0 holds for all t € Jy, and j € {0,....,m — 1},
(2) (=)™ £ () f9) (t) > 0 holds for all t € J;, and j € {m,...,n —1}.

Lemma 2. [15, Lemma 2.53] Let f € C"(T,R), with n > 2. Moreover, suppose
that Kiguarde’s Lemma 1 holds with m € {1,....,n — 1} and f < 0 on J;,. Then
there exists a sufficiently large t1 € Jy, such that

(t—t)™ 1

(m —1)! Fm (), for allt € Jy,.

Fo) =
Corollary 1. [15, Corollary 2.4/Assume that the conditions of Lemma 2 hold.
Then m
(t—t1)

m!

f(t) > FM@),  forallte .
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Lemma 3. [19/If n € N and f € C"(Jy,,R) then the following statements are
true.

(1) liminf £ (t) > 0 implies tli)m f®) (1) = oo, for all k € {1,....,n —1}.

t—o00

(2) limsup f™ (t) < 0 implies tli)m f®) (t) = —o0, for all k € {1,...,n — 1}.

t—300
Next, we need the following lemma see [16].
Lemma 4. [16] If A and B are nonnegative and v > 0, then
MBM - AN < (A —1)BY, (10)
where equality holds if and if A = B.

3 Oscillation Results

In this section, we establish some sufficient conditions which guarantee that
every solution u of (1) oscillates on J;,. In this paper, we consider the operator
Py 3 is defined by :

Pf BU (t) = fort € Jt0~

For simplification, we note
04+ (t) =max {0 (t),0}, forte Jy,.

Theorem 1. Suppose that the assumptions (C1) — (C3) hold. Assume that there
exists a positive function T € C! (Jy,,R) such that for all sufficiently large t €
Jio, for some tg € Jy, ant t3 € Jy,, such that

L 1 (7)™ _
lim sup /t5 (T (s) Bn (s) Bt P (00511027 ()P ds = o0, (11)

t—o0
where
o (t, t1,t2) /t<(s t)p(8)>ds fort e J
9 17 2 = — U1 9 .
to a (S) 2
If there exists a positive function 6 € C! (Jy,,R), such that
, 2
s [ 0030 9 "ol (12)
imsu s §) — =———=— | ds = oo,
taoop t1 40 (5)
where

b (t) ::ZEZ/OO/OOBn(A)d)\ds, fort e Jy,.

Then any solution of (1) is oscillatory.
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Proof. Suppose that (1) has a nonoscillatory solution u on J;,. We may assume
without loss of generality that there exists ¢; € Jy,, such that

w(t) >0, v’ (ri(t)>0, u(n(t)>0 forted,, ic{l,..n}.

Since similar arguments can be made, for the case u (t) < 0, eventually. Then u’
is of constant sign eventually, that is to say, we have two cases. The first case if
u (t) >0, for t € J;,. From (5) and (6), we have

ST (0w (3 () o (0 (1) 2 Ba (06 (1), fort € Sy (13)

The second case if v (t) <0, for t € J;,, by (5) and (6), we obtain

Z:T b (t)u? (7 (£)) — o (t)u? (n (£)) > B (t)u? (n(t)), fort e Jy,.

Now, from (1), (13) and the above inequality, we obtain

/ 1=n

(Prpu(t)” <o’ (nt) = bi(t)u’ (r; (t) <0, forteJy,.

i=1

Thus, t — (Pr gu (t))/ is decreasing on Jy,. We claim that ¢t — Py gu (t) > 0, for
t € Jy,. If not, then there exists a t3 € J;; and m > 0, such that

(P; gu(t)) < —m <0, forte.,.
Integrating the above inequality from %o to ¢, we obtain
Py gu(t) < —m(t —t2) +¢, forte Jy,,

where ¢ := Py gu (t2), we can choose t3 € J;,, such as

u () < — <7;a7(fwf(t,u(t))>é < - <";k>ﬁ (’ifg;)é, for t € Ji,.

Integrating the above inequality from t3 to ¢, we obtain

/ mk [t sp(s)
u (t)SZ/t2 () ds+u(ta), forte Jy,.

which implies that limu (t) = —co. By lemma 3, we obtain lim u () = —oo,
t—r00 t—o0

which is a contradiction.
Then, there is to > t1, such that only one of the following two cases happens.
Case 1. Let u’ (t) > 0, for all t € J;,, then « (t) > 0 for all t € J;,, due to
(Pr pu (t))l > 0. Define the function w by:

7(t)

wl(t) = o7 (t) (Pf BU (t)), > 0, for all t € Jtl-
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Computing the derivative of wy and from (1), we get

Lo T T(t) (xi=n o (1)
wh(t) = e = (Yo b’ (7 () = g (tu( (1)) =B 0 wl( (11
It follows from v (t) > 0 for all t > ¢; and (6), (3) that
ST b0 (1 () — g (tu (0 (£) > Ba (1)’ (1) (15)

Therefore, t — (Pr gu (t))/is a nonincreasing function on J;,. Then, we obtain

t
Py pu(t) = / (Py pu (1)) ds + Py gu(ts)
1
> (t—t1) (P gu(t), forallt € .Jp,. (16)

Hence,

(Pf,ﬁu(t)):(Pfﬁu(t)),_Pfﬁu(t <0
t—1t t—t (t_tl)Q o

By pu(t)
—u
o [Pt

1 ( a(t) / p(s)(s—t) ds) L

= Fauy\i-ti )y, ()

(Pr pu (1)) /t: ((8 — 1) ZE;;) ds

’

= @t t1,t2) (Pr pu(t)) . (17)

Substituting (17) and (15) in (14), we have

Thus, t — is a nonincreasing function on J,. Then, we obtain

2

v

w(t) <

< —r()Bp(t)+

IN

/ ' p+1
N L/t T)

=0 o B+ D7 (g (bt t2) 7 (1))
Using (19) in (18), we obtain

1 ()"
B+ 1) (@t tr, 1) 7 (1))

wi(t) < —7 () By (t) +
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Integrating the above inequality over [t3,t) yields

t o1 (r()""
/tg (T (5) B (1) (B4 1)1 (@ (s,t1,12) 7 (s))? ds < w1 (ta),

which contradicts (11).
Case 2. Let u' (t) < 0, for all t € Jy,, then «' (t) > 0 for all t € J;,, due to
u (t) > 0. Integrating (1) over [t,s), we get

7

/t (P ()@ dr = (Prpu(s) — (P pult)

< - [ (Z0nW G - (hef o)) ax
< - [ (Z0nW @) - e () ax

When s tends to oo in the above inequality, we obtain

(Prou) = [ (L0000 () = o 0 (7)) i

=1

It follows from v (t) > 0, for all t € .J;,, and (15), we have

(Pr pu(t / B, s)ds > uP (t) /too By, (s) ds. (20)

Integrating above inequality over [t, s), we get

Prputs) = Prou(®) = [ (uﬁ (0) / T B dA) dp

When s tends to oo in the above inequality, we obtain

— Py gu(t) > P (t) /too /oo By, (\) d)ds.

This means
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Computing the derivative of wy, we have

! " , 2
D = G000 00
’ ) w2
RGN

< —(twd (1) +

¢ N [0/ (s)}2
/tl 057 () — L | ds <wn (1),

which contradicts (12). This completes the proof. O

Corollary 2. Suppose that the assumptions (C1) — (C3) hold, such that

t
limsup | B, (s)ds = oo, (21)
t—o0 to
where B, is defined as in Theorem 1.
Then any solution of (1) is oscillatory.

Proof. The proof is similar to that of Theorem 1, we put 7 (¢) = 0 (¢) in Equations
(11) and (12), we find Equations (21) and (34). O

Theorem 2. Suppose that the assumptions (C1) — (C3) hold. Assume that there
exists a positive function T € Ct (Jy,,R) such that for all sufficiently large t; €
Jio, for some tg € Jy,, and t3 € Jy,, such that

lim Sup; tH (t,s) | 7(s) By (s) — Wt 5) ds = 00
tooo H(t,ta) Jyy 7 (B +1)PH B (5,11, t9) T8(s) ’

(22)
where ¢ (.,t1,t2) and B,, are defined as in Theorem 1.
If there exists a positive functions 6 € C (Jy,, R) such that (12) holds.
Then any solution of (1) is oscillatory.

Proof. Suppose that (1) has a nonoscillatory solution u on J;,. We may assume
without loss of generality that there exists ¢; € Jy,, such that

w(t) >0, u’(r(t) >0, u(n(t)>0 forte,, ic{l,..n}.

Since similar arguments can be made, for the case u (t) < 0, eventually. Then
there are only the following two possible cases.
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Case 1. If u" (t) > 0 and u (t) > 0, for all ¢ € .J;,. Multiplying both sides of (18)
by H (t,s), integrating it with respect to s from t2 to t and using the property
(9), we get

t H(t,s)T7(s)By(s)ds < — t H (t,s)w)(s)ds + t H (t,s) :+((j))w1(s)d5

—B tH (t,s) m (wl(s))H% ds
 (s)

Ht) i) + [ (e r0,5) ) et

t3 7(s)

6 [ H 5 2B () ()1 as,

t3 T8 (s)

IN

If we apply Lemma 4, we see that

t
ds.

t s B+1(t ¢
[ (t5)7 () B ) ds < H (bt t2) + | (ﬂt{)g)ﬂ ot

which implies that

1/ 1 WALt s)
Ii[(t,tg)/tB H(t,s) <T (3) Bn (5) - (5 n 1)/3+1 (,05 (S,tl,tg) Tﬁ(8)> ds < W1(t3),

which contradicts (22).

The proof of case (2) is the same as that of case (2) in Theorem 1, and so is
omitted.

This completes the proof. O

As a Theorem of the previous result, we deduce the following Corollars.

Corollary 3. Suppose that the assumptions (C1) — (Cs) hold. Assume that there
exists m € N such that, for all sufficiently large t1 € Jy,, for some ty € Jy,, and
t3 € Ji,, such that

t n B+1 (t _ S)*(ﬁJrl)
li =" t—s)" B, - ds = 00, 23

where ¢ (.,t1,t2) and B,, are defined as in Theorem 1.
If there exists a positive function 0 € C' (Jy,,R) such that (12) holds.
Then any solution of (1) is oscillatory.

Proof. The proof is similar to that of Theorem 1, we put 7 (¢) = 1 and H (¢,s) =
(t—s)™, for t > s > tg in Equation (22), we find Equation (23). O
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Theorem 3. Assume that conditions (C1)-(C3) hold. Assume that there exists a
positive function ¢ € C (Jy,,R), such that for all sufficiently large t; € Jy,, for
some ty € Jy,, such that

t s
lim sup/ (Bn (3)/ A(p) dp) ds = o0, (24)
t—o0 t1 t1
and
p(t)—¢ (t)(t—1t1) <0, forallte Jy,. (25)
where

™|

A(E) = ((t—tl)/toan (s) ds)é/: <90<j>(§)(8)> ds.

If there exists a positive function 6 € C (Jy,, R) such that (12) holds.
Then any solution of (1) is oscillatory.

Proof. Suppose that (1) has a nonoscillatory solution u on J;,. We may assume
without loss of generality that there exists ¢; € Jy,, such that

w(t) >0, u’(r(t)>0, w(n(t)>0 forte,, ie{l,..n}.

Since similar arguments can be made, for the case u () < 0, eventually. Then
there are only the following two possible cases.

Case 1. If u' (t) > 0 and u (t) > 0, for all t € J;,. Using (1), it follows from
(16) that

<Pfﬁ“(’f)>, < _Prev® (cp () — ¢ () (t— t1)> <0,

@ (t) ©2 (1) (t — t1)
Thus, t — W is a nonincreasing function on J;,. Then,
u Pf»ﬂ““))‘l* t <90<S>f<fU<S>>> "
W= ( (1) /t1 a(s)

() [ () e o

It follows from (16) and (20) that

A > ) ((t—tl)/oan(s)ds>é/t(W)éds
 AWu() . foralicd.

Clearly v’ (t) > 0, for t € Jy,, then there exists ¢ > 0, such that

t
u(t) >0 [ A(s)ds, forallte .

t1
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Using (1), (5), and the above inequality, we obtain

(Pysu (1) < —(B, (1) / "M (s)ds.

t1

Integrating the above inequality over [t1,t), we obtain

t s
(Prau(®) < (o) —¢ [ (B, [ Awds) as.
t1 t1
By (12), this gives
litminf (Pr gu (t))/ = —o0.
—00

Lemma 3, give us limy_, Pf gu (t) = —oo, which is a contradiction.

The proof of case (2) is the same as that of case (2) in Theorem 1, and so is
omitted.

This completes the proof. O

Theorem 4. Assume that conditions (C1)-(C3) hold. Assume that there exists a
positive functions ¢, & € O (Jy,,R), such that for all sufficiently large t1 € Jy,,
for some ta € Jy,, such that

. Y Be(s)€s) £(s) £ (s)p(s) _
hmsup/t2 <7T( — — )6>d3—oo,

ty00 $)(s—t)"T (s—t) T aB(s) w(s)(s—ty

where ¢ is defined as in Theorem 3, and

Et) + (t—t) 7)€ (1) (t) < Br7L () @ () E(t), for allt € Jy,.
N IOVION .
7r(t).-/t1< o ) ds, for allt € Ji,.

If there exists a positive function 0 € C' (Jy,,R) such that (12) holds.
Then any solution of (1) is oscillatory.

Proof. Suppose that (1) has a nonoscillatory solution v on Jy,. We may assume
without loss of generality that there exists ¢; € J;,, such that

u(t) >0, uP (r; (£)) >0, wu(n(t)) >0 forteJ,,

Since similar arguments can be made, for the case u (¢t) < 0, eventually. Then
there are only the following two possible cases.
Case 1. If u” (t) > 0 and u' (t) > 0, for all t € .J;,. We define the function w3 by:

t
ws(t) :== 55((2) Py gu(t) >0, forallte J,.

Using (26) and (16), we arrive at

u
u

(t), forallte Jy. (28)
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/ B
;o (v
P t) <——2—  forallteJ,. 29
( fﬂu()) _(t—tl)ﬂ'ﬂ(t)’ or a € t1 ( )
It follows from Corollary 1, we have
w(t)>u (1) (t—t1), forallte ..
This implies that

p () E1)

ws(t) < m, for all t € Jy,. (30)
By (29) and as the above inequality, we get
(P gu(t)) 1
fug o < TR for all t € J,. (31)
Computing the derivative of w3, we have
fon € §(t) / u' (t)
wy(t) = ROk ws(t) + P (Pr gu(t)) — Pws(t) wt)
Substituting (31), (30) and (28) in the above equality, we obtain
/ £(t) €O, g m® N5 it
G0 < e 0= (Shem) -0
£() n EWe)  Be®)E®)
(t—t)™ ) w)(t—t) w@)(E—t) T

Integrating the above inequality over [te,t), we obtain

/j(ﬂ(ﬁ@(S)S(S) SR O N E(S)W(S))B> 45 < s (1),

)(s—t) (s—t)TaB(s) w(s)(s—t

which contradicts (27).

The proof of case (2) is the same as that of case (2) in Theorem 1, and so is
omitted.

This completes the proof. O

Let € (t) =t —t1, for t € J;,. Then Theorem 4 yields the following result.

Corollary 4. Assume that conditions (C1)-(Cs) hold. Assume that there exists
a positive function ¢ € C* (Jy,,R), such that for all sufficiently large t, € Jy,, for
some to € Jy,, such that

limsup FBp(s) TP (s) — 1
tsoo Jt, P (s) (s — tl)ﬁ

where ¢ and ™ are defined as in Theorem 4, and

ds = oo,

1
7L (1t) o (t) > 3 for allt € J,.

If there exists a positive function § € C' (Jy,,R) such that (12) holds.
Then any solution of (1) is oscillatory.
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4 Examples and Discussions
In this section, we give an example to illustrate our main result.

Example 1. Consider the neutral differential equation

e =1

2) (2) -
(u ft)) P e (- i) =0, forallt>n+l. (32)

Here, B =1, r(t) =1, n € N, a(t) =1, ;(t) =t —1i, bj(t) = e t, for all
i€{1,2,...,n}, f(t,u) = €' and g (t,u) = 0. Then p(t) = €', o (t) = 0 and the
hypotheses (C1) — (C4) hold. On the other hand, we see that

B, (t) = ZZZL bi(t) —o(t) =ne™", forallt>n+1.

t
o (t t1,ta) > §et, for t large enough,

Y (t) =n, fort large enough.

Let 7(t) = et and 0(t) = 1, for all t > n+ 1. Thus, (11) and (12) hold. By
Theorem 1, equation (32) is oscillatory.

Example 2. Consider the hybrid differential equation
2

(2)
(o) i, prarezo, @

Here, = %, at) =1, n=1 b)) =ct, n(t) =t f(tz) =" and
g(t,u) =0, Then p(t) = €', o (t) = 0 and the hypotheses (C1)-(Cy) hold. Let
@ (t) = €3t fort >0, then (25) holds,

A (t) > dv/tet, fort large enough,
where d > 0, then (24) holds. Therefore, we have
Y (t) =1, fort large enough,

Let 6(t) = 1, for allt > 0. Thus, (12) holds. By Theorem 3, equation (33) is
oscillatory.

Remark 1. These results show that the coefficient functions {bi}z‘e{l,..,n} play an
important role in oscillation of fourth-order hybrid nonlinear dynamic equation;
see the details in Fxample 1 and differences between Corollary 2 and Theorem 1,
Theorem 2, Theorem 3.
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5 Conclusion

In this paper, the main aim to provide a study of oscillation of the fourth-
order hybrid nonlinear functional dynamic equations with damping by using the
following methods:

(1) The generalized Riccati transformation technique.

(2) The Integral averaging technique.

The results presented complement a number of results reported in the litera-
ture. Furthermore, the findings of this paper can be extended to study a class of
systems of higher order hybrid advanced differential equations, for example

(a () (w2 (1))”

=1

(2)
T (1) (n = u or a A
F(tu(t)) ) +3 b’ (7)) =g (tu(n(1), forallte Jy,

Remark 2. If we consider a fourth-order hybrid nonlinear functional dynamic
equation with damping on time scale

a(t) (v (1))
(k)

T (@) =g (LuGr @), (34)

on an arbitrary time scale T with sup T = co. Thus, equation (1) becomes a special
case of equation (34) in a case T =R. From the method given in this paper, one
can obtain some oscillation criteria for (34). It means obtaining generalizations
of Theorems 1, 2, 8 and 4. The details are left to the reader.
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