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THE NORMING SETS OF £(22) and £,(23)

Sung Guen KIM!

Abstract
Let n € N. An element (21, ...,2,) € E™ is called a norming point of T €
LOE) i florl] = -+ = [wall = 1 and [T (a1, ...,20)| = |IT]], where £("E)
denotes the space of all continuous n-linear forms on E. For T € L("E), we

define
Norm(T') = {(1’1, ceyZpn) € E" i (x1,...,2,) is a norming point of T}.

Norm(T') is called the norming set of T. We classify Norm(7") for every
T € L£L(%13) or £4(%13), where [} = R™ with the [;-norm.
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1 Introduction

In 1961 Bishop and Phelps [2] showed that the set of norm attaining function-
als on a Banach space is dense in the dual space. Shortly after, attention was paid
to possible extensions of this result to more general settings, especially bounded
linear operators between Banach spaces. The problem of denseness of norm at-
taining functions has moved to other types of mappings like multilinear forms or
polynomials. The first result about norm attaining multilinear forms appeared in
a joint work of Aron, Finet and Werner [1], where they showed that the Radon-
Nikodym property is sufficient for the denseness of norm attaining multilinear
forms. Choi and Kim [3] showed that the Radon-Nikodym property is also suffi-
cient for the denseness of norm attaining polynomials. Jiménez-Sevilla and Paya
[5] studied the denseness of norm attaining multilinear forms and polynomials on
preduals of Lorentz sequence spaces.

Let n € N;n > 2. We write Sg for the unit sphere of a Banach space E. We
denote by £("E) the Banach space of all continuous n-linear forms on E endowed
with the norm [|T]| = sup(y, ... z.)eSpx-xSp |1 (@1, 2n)]. Ls("E) denote the
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closed subspace of all continuous symmetric n-linear forms on E. An element
(x1,...,2n) € E™ is called a norming point of T if ||x1]] = --- = ||x,]| = 1 and
|T(z1,...,2,)] = || T

For T € L("E), we define

Norm(7T) = {(.7}1, ceyTp) € B": (x1,...,2y,) is a norming point of T}.

Norm(T') is called the norming set of T'. Notice that (x1,...,2,) € Norm(T") if
and only if (e1z1,...,€e,2y) € Norm(T') for some €, = £1 (k= 1,...,n). Indeed,
if (x1,...,2,) € Norm(T'), then

IT(e121, ..., enxn)| = |€1- €T (21, ..., x0)| = |T(x1,...,20)| = ||T],

which shows that (ejz1,...,epzy) € Norm(T). If (€121, ..., ep2y) € Norm(T') for
some € = +1 (k=1,...,n), then

(1,...,2p) = (61(61331), e en(enwn)> € Norm(T).

The following examples show that it is possible that Norm(7") be empty or an
infinite set.

Examples. (a) Let

T((:Ei)ieN, (yi)ieN> = ; %iﬂzyz € Ls(*co).

We claim that Norm(7') = (. Obviously, ||T'|| = 1. Assume that Norm(T') # 0.
Let ((xi)ieN, (%)ieN) € Norm(T). Then,

=1 =1
L= [T (@iew, ien)| <D Silal Il <30 5 = 1.
=1

i=1

which shows that |z;| = |y;| = 1 for all i € N. Hence, (z;)ien, (¥i)ien & co. This
is a contradiction. Therefore, Norm(7T') = ).
(b) Let

T((%)z‘eN, (yi)ieN> = 2191 € L5(%cp).
Then,

Norm(T)
= {((:I:l,ajg,xg,...), (:I:l,yg,yg,...)) €coxco:lay| <1, |yl <1 forj> 2}.

A mapping P : E — R is a continuous n-homogeneous polynomial if there
exists a continuous n-linear form L on the product E x --- X E such that P(z) =
L(x,...,z) for every z € E. We denote by P("FE) the Banach space of all contin-
uous n-homogeneous polynomials from F into R endowed with the norm ||P|| =

Sup||z)=1 | P(z)|-
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An element z € F is called a norming point of P € P("E) if ||z|| = 1 and
|P(z)| = || P||. For P € P("E), we define

Norm(P) = {ZL‘ € E : x is a norming point of P}.

Norm(P) is called the norming set of P. Notice that Norm(P) = () or a finite set
or an infinite set.

Kim [7] classified Norm(P) for every P € P(%1%), where [2, = R? with the
supremum norim.

If Noom(T') # 0, T € L("E) is called a norm attaining n-linear form and
if Norm(P) # (), P € P("E) is called a norm attaining n-homogeneoue polyno-
mial.(See [3])

For more details about the theory of multilinear mappings and polynomials
on a Banach space, we refer to [4].

It seems to be natural and interesting to study Norm(T") for ' € L("E). For
m € N, let I* := R™ with the the /;-norm and I, = R? with the supremum norm.
Notice that if £ =7 or 2, and T € £L("E), Norm(T) # () since Sg is compact.
Kim [6, 8, 9] classified Norm(T) for every T € Ls(312,), L(%1%,), L(313) or L(313).
Recently, Kim [10] classified Norm(T") for every T € L(QR}QL(w)), where Ri(w)
denotes the plane with the hexagonal norm with weight 0 < w <1 |[(x, y)|[nw) =

max {Jyl, 2] + (1 - w)ly|}.
In this paper, we classify Norm(T') for every T € £(2I2) or Ls(?3).

2 The norming sets of £(%[%)

Theorem 1. Let n,m > 2. Let T' € L(™I}) with

(G W A ) ) DU o BPP OO

1<ip<n, 1<k<m
for some aj,...;,, € R. Then

1T = max{|aj...,,| : 1 <ip <m, 1 <k<m}.

Proof. Let M := max{|a;,...,,| : 1 < i <mn, 1 <k <m}. Let (acgk), .. ,xq(f)> €
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Sl? for 1 < k < m. It follows that

(@, 0, f)))

n n
1
< Y a2 )
1<ip<n, 1<k<m
1
=NV DR N

1<ip<n, 1<k<m

(Y ) (X B =M

1<j<n 1<j<n

max{‘T(eil,...,eim)‘ 1<, <n, 1<k Sm}
< 7.

Therefore, ||T'|| = M. O

Theorem 2. ([10]) Let n,m > 2. Let T € L(™I}) be the same as in Theorem A.
1 1

Suppose that (tg ), e £ )>, e (tgm), e t%m)) € Norm(T). If |ai/1mi;n] < |||l

for 1 Sz’;c <n, 1<k<m, thent(l)---tg,m) =0.

g
iy m

Proof. We present a different proof that given in [10].
Let § > 0 be such that |a/ . |+ < ||T|]. We define T4 € L£(™IT) be such
1 m

that
o (), (e ) =

T((xgl),...,m(1)>,..., (acgm),...,xgm)>) :téxl(,/ll)--m(z:).

By Theorem 1, ||T%| = 1. It follows that

T > ‘Ti(@g”,...,tg)),...,(tgm%...,t;m)))‘
- \T((tgﬂ,...,tg)),...,(tgm%...,tgm)))(+5t§,11>...t§:>\
— T+ 6]eD e
iy b
which implies that ¢V - .- = 0. 0
iy i

Lemma 1. Let (z,y) € Sp.

(1) If |x £ y| =1, then |z| =1 or |y| = 1.

(2) Let a,b € R be such that 0 < |z| < 1,]|a| <1 and |b| < 1. If 1 = |za + yb|,
then |a| = |b] =1 and sign(zy) = sign(ab).

Proof. (1). Without loss of generality we may assume that || > |y|. Since |z| —
lyl =1 =[z[+|y], [2| = 1,y = 0.
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(2). Claim 1. |a| = |b] = 1.
Assume the contrary. Then |a| < 1 or |b] < 1. Notice that |z| > 0 and |y| > 0.
It follows that
1= |za + yb| < |allal + [y||o] <[]+ |y] =1,

which is a contradiction. Thus the claim 1 holds.
Claim 2. sign(zy) = sign(ab).

Assume the contrary. Then sign(xy) = —sign(ab). It follows that

1 = |za+ybl = );1: sign(a) +y sign(b)’
= ‘sign(y) sign(a)(z sign(a) +y Sign(b))‘

= |lel sign(ay) + [yl sign(ab)| = |la] —
< max{|z|,|y|} <1 (because |z| < 1,|y| < 1),

which is a contradiction. Thus the claim 2 holds. OJ

Let T((z1,11), (2,y2)) = az132 + by1ys + cx1yz + dwoyr € L(%13) for some
a,b,c,d € R. For simplicity we denote T' = (a, b, c,d). By Theorem 1, ||T|| =

max{\a\, 1bl, |c]. |d\}. Notice that if | T = 1, then |a| < 1,[b] < 1,]¢| < 1,]d] < 1.

Lemma 2. Let T = (a,b,c,d) € L(%1?) for some a,b,c,d € R. Then, there
exists T' = (a*,b*,c*,d*) € L(31?) such that a*,b*, c*, d* € {£a,+b, ¢, +d} with
a* > |b*| and a* > ¢* > d* >0 and |T| = | T

Proof. If a < 0, taking —T', we assume that a > 0. If |b| > a, we define T} =
(|b], sign(b)a, sign(b)d, sign(b)c). Then, ||T1|| = ||T||. Hence, we may assume that
a > |bl. If ¢ < 0, we define Ty = (a, —b, —c,d). Then, ||Tz|| = ||T||. Hence, we
may assume that a > |bl,¢ > 0. If d < 0, we define T3 = (a, —b, ¢, —d). Then,
|T5|| = ||T"||. Hence, we may assume that a > [b|,c¢ > 0,d > 0. If ¢ < d, we define
T4 = (a,b,d,c). Then, | T4|| = ||T||- Hence, we may assume that a > |b|,c¢ > d > 0.
If a < ¢,b > 0, we define T5 = (¢,d,a,b). Then, ||T5]| = ||T||. Hence, we may
assume that a > [b|,¢ > d. If a < ¢,b < 0, we define Tg = (¢, —d, a, —b). Then,
|Ts|| = ||T||- Hence, we may assume that a > |b| and a > ¢ > d > 0. Therefore,
we can find a bilinear form 7" which satisfies the conditions of the lemma. O

Let n > 2 and W C Sjn X Sjn. We denote
Sym(W) = {(X, Y),(Y,X): (X,Y) e w}.

We are in position to prove the main result in Section 2.
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Theorem 3. Let T = (a,b,c,d) € £L(%12) be such that ||T|| = 1 with a > |b| and
a>c>d>0. Then we have the following:

Case 1. If1=a>|b|,1 > c>d, then
Norm(7T) = {((£1,0), (£1,0))}.
Case 2. (1=a=|b,1>c>d)or(1=a>|b,l=c>d)
If1=a=1b|,1>c>d, then
Norm(T') = {((£1,0), (£1,0)),((0,£1), (0,£1))}.
If1=a>|bl,1=c>d, then
Norm(7T) = {((£1,0), £ (¢, 1—1¢)):0<t<1}.

Case 3. (l=a=c=d>1b]) or(l=a=|b,1=c>d)
If1=a=1b,1=c>d, then

Norm(T) = {(£(1,0), + (t,1— 1)), (£(t,b(1 —¢)),£(0,1)) : 0 < t < 1}
Ifl=a=c=d>|b, then
Norm(T') = Sym ((i(l,o), L (t,1-1):0<t< 1}).
Cased. l=a=b=c=d
Ifb=1, then
Norm(T) = {(£(t,1 —t), +(s,1—5)):0<t,s<1}.
Ifb=—1, then
Norm(T) = Sym ({(i((), 1), +(tt—1)),(£(1,0), £(t,1-1):0<t< 1}).
Proof. Let <(x1,y1),(x2,yg)> € Norm(T). Without loss of generality we may

assume that z; > 0 for all j = 1,2. Since 1 = ||T'|| = max{a, |b|,¢,d}, a = 1,]b| =
1,c =1 or d = 1. Thus, we consider four cases.

Case 1. 1=a>|b[,1 >c>d
Claim. Norm(T') = {((£1,0), (£1,0))}.
By Theorem 2, b = ¢ =d = 0. Thus

L = |T((z1,11), (x2,92))| = 21|22,

which shows that ((a:l,yl), (xg,yg)) = ((1,0), (1,0)). Thus the claim holds.

Case 2. 1=a=|bl,1>c>d)or (1=a>|b,1=c>d)
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Suppose that 1 =a = [b[,1 > ¢ > d.
Claim. Norm(T) = {((£1,0), (+1,0)),((0,+£1), (0,£1))}.
By Theorem 2, ¢ = d = 0. Thus

L = |T((z1,11), (w2,92))| = |[z122 + by1ya| = |z1|[22] + |91]|y2].

We will show that 1 = 0 or 1. Suppose not. Then 0 < z; < 1. By Lemma 1(2),
|zo| = |y2| = 1, which is a contradiction. Thus z; =0 or 1.

If 21 =0, then ((z1,91), (2,2)) = ((0,1), (0, £1)).

If 1 = 1, then <(:c1,y1), (xg,y2)> = ((1,0), (1,0)). Thus the claim holds.

Suppose that 1 =a > [b[,1 =c > d.

Claim. Norm(T) = {((£1,0), £(t,1—1)):0<t <1}

By Theorem 2, b = d = 0. Thus

L = |T((z1,51), (x2,52))| = |z122 + 2192| = |1 |22 + 92].

Thus 1 = |z2 + y2| = 1. Thus ((zl,yl), (1‘2,3/2)) = ((1,0),(75,1 - t)) for some
0 <t < 1. Thus the claim holds.

Case 3. l=a=c=d>1b|)or (l=a=1b],1=c>d)

Suppose that 1 =a =c=d > |b|.

Claim. Norm(T) = {(£(1,0), £ (t,1—1)),(£(¢t,1 —1t),£(1,0)): 0 <t < 1}.

By Theorem 2, b = 0. Thus

1 = |[T((z1,01), (22, 92))| = [z122 + T1Y2 + 2y1| = |21||22 + 12| + |91 [ 22

It 2, = 0, then ((xl,gﬂ), (;cQ,yQ)) _ ((O,jzl), (1,0)).

If 21 =1, then ((a:l,yl), (xg,y2)> = ((1,0),i(t, 1-— t)) for some 0 <t < 1.
Let 0 < z1 < 1. By Lemma 2(2), |z2 + y2| = |z2| = 1, s0o 22 = 1,y2 =

0,21 +y1| = 1. Thus ((xl,yl), (xQ,yQ)) - <i(t, 1-t), (1,0)) for some 0 < ¢ < 1.
Thus the claim holds.

Suppose that 1 =a = [b[,1 = ¢ > d.

Claim. 1If |b] = 1, then Norm(7T) = {(£(1,0), =+ (¢,1 —¢t)),(=(¢,b(1 —
t)),+(0,1)) : 0 <t < 1}.

By Theorem 2, d = 0. Thus
1 = |[T((x1,51), (22, 92))| = w1222 + by1y2 + 21y2| = |z1|[22 + Y| + |Y1||Y2].

If 2, = 0, then ((wl,yl), (xz,yz)) _ ((O,il), a1, j:O)).
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If x1 = 1, then ((ml,yl) (Ig,yg)) (1,0),£(¢,1 — t)) for some 0 <t < 1.

Let 0 < 21 < 1. By Lemma 1(2), |z2 + y2| = |y2]—1soac2—0y2—
+1, |z1 + by1| = 1. Thus ((ajl,yl (x2,y )) = < —t)), (O,il)) for some
0 <t < 1. Thus the claim holds.

Case 4. 1=a=|b|=c=d

It is obvious that if b = 1, then
Norm(T') = {(£(t,1 —1¢), £ (s,1—9)):0<t,s<1}.

Suppose that b = —1.

Claim.

Norm(T') = Sym ({(i(o, 1), £(tt—1)),(£(1,0), £(t1-18):0<t< 1}).

Notice that

L = [T((z1,%1), (x2,92))| = [v122 — 192 + T1Y2 + T291|
= 21| |z2 + yo| + |y1| |22 — 2|

If 1 = 0or 1, then |zo—y2| = 1 and ((:Ul,yl), (xz,y2)> = ((0, +1), :I:(t,t—l))
for some 0 <t < 1.

Let 0 < 21 < 1. By Lemma 1(2), |2 £ y2| = 1, s0 z2 =0 or 1.

If xo =0, then |1 —y1| = 1 and <(m1,y1), (xg,y2)> = (i (t,t—1), (0,i1)>
for some 0 <t < 1.

If xo =1, then |21 +y1| = 1 and ((:vl,yl), (xg,y2)> = (:I: (t,1—1), (1,0)) for
some 0 <t < 1. Thus the claim holds. We complete the proof.

Corollary 1. Let T, S € L£(*12) with |T|| = ||S|. If Norm(T) = Norm(S), then
T =45

Proof. 1t follows from Theorem 3. 0

3 The norming sets of £,(*[})

Let T((x1,y1,21), (T2,Y2,22)) = ax1x2 + by1ya + cz122 + d(z1y2 + 22y1) +
e(z122+x921) + f(y120+y221) € Ls(313) for some a, b, ¢, d, e, f € R. For simplicity

we denote T' = (a, b, c,d, e, f). By Theorem 1, ||T|| = max{|a|, bl |cl, |d], |e], |f|}
Notice that if | T]| = 1, then |a] < 1,]b] < 1,|c| < 1,]d] < 1,]e] <1 and |f] < 1.
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Theorem 4. Let T'((x1,y1,21), (T2,Yy2,22)) = ax1xe + byry2 + cz120 + d(x1y2 +
Toy1) +e(z120+m221) + f (Y120 +y2z1) € Ls(313) for some a,b,c,d,e, f € R. Then
there are a*,b*,c*,d* e*, f* € {*a,+b, £c,+d, +e,+=f} such that a* > |b*| >
|c*] > 0,d* > 0,e* >0 and |T| = ||(a*,b*, c*,d*, e, f)||.

PT’OOf. If ’b’ > |a”7 we let Tl((xlaylvzl)a (x27y27z2)) = T((thhzl)? (y2,$2722))-
Notice that |T1|| = ||T||. Hence, we may assume that |a| > |b|. If |¢| > |a],
we consider To((x1,y1,21), (z2,y2,22)) = T((y1,21,21), (y2,22,22)). Notice that
|T2]| = ||T'||. Thus, we may assume that |a] > [b] > |¢|] > 0. If a < 0, we let
T3 = —T. Notice that ||T3]| = ||T|| and a > |b] > |¢|] > 0. If d < 0, we let
T4(($17y1521)7 ($2)y2722)) = T((_$1)y1721)) (_I2,3/2722))- Notice that HT4H =
|T||. Thus we may assume that @ > [b| > |¢| > 0 and d > 0. If e < 0, we let
Ts((21,y1,21), (22,¥2,22)) = T((21,y1,—21), (22,Y2, —22)). Notice that ||T5|| =
|T||. Thus we may assume that a > [b] > |¢| > 0,d > 0,e > 0. We complete the

proof. O
Lemma 3. Let n > 2 and a,gj) € R with \a,(gj)] <1 for j,k = 1,...,n. Let
j . 1 1 2 2
filt, ... ty) = Zlgkgnag)tkforj =1,...,n. Let(tg ),...,t%)), (tg ),..., %)) €
Sip be such that
1 2
1:‘ ST W, @),
1<j<n

Then (\fj(t?), . ,t,(f))| =1forallj=1,...,n) or (there is 1 < jo < n such that
(1)

ti, =0).
Proof. Suppose that there is 1 < jg < n such that |fj0(tg2),..., 22))| < 1. We
claim that tg-(l)) = 0. Suppose not. It follows that
1 2
L= | Y e D)
1<j<n
1 2 1 2
= Y N ) R S U N /TG RN ]
1<j#jo<n
1 1 2
< R+ 3 IHGEY )]
1<j#jo<n
1 1 j 2
< I+ 30 0 s
1<j#jo<n 1<k<n
(1) My _
< [t 1+ Z It =1,
1<j#jo<n
which is a contradiction. Thus, tg(l)) = 0. O

Lemma 4. Let T((z1,y1,21), (%2,Y2,22)) = 2122 + by1y2 + cz12z2 + (z1y2 +
Toy1) + (v122 + @221) — (Y122 + y221) € Ls(313) for some |b| = |¢| = 1. Let

(1,91, 21), (22,¥2, Z2)> € Norm(T'). Then x1y1z1 =0 or xay222 = 0.
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Proof. Assume the contrary. Then x;y;z; # 0 for all j = 1,2.
It follows that

(x) 1 = |T((x1,y1,21), (22,92,22))|
= |zi(z2 4+ y2 + 22) + y1(x2 + by2 — 22) + z1(z2 — Y2 + c22)|
= |z1| |z2 + y2 + 22| + |y1| |2 + bya — 22| + |21] |22 — y2 + c22].

Since x1y121 # 0 and (z1,y1,21) € Sl{’: 0<|z1] <1,0<|y1] < land 0 < || < 1.

By Lemma 3, |9 + ya + 22| = |x2 + bya — 22| = |x2 — y2 + c22] = 1.

If b =1, then by Lemma 1(1), |z2 + y2| = 1 or |z2| = 1.

Suppose that |22 + y2| = 1. Then 29 = 0. Thus zoy229 = 0. This is a contra-
diction.

Let |z2] = 1. Then x5 = yo = 0. Thus x9y2292 = 0. This is a contradiction.

If b = —1, then by Lemma 1(1), |y2 + 22| = 1 or |za| = 1. Thus zay222 = 0.
This is a contradiction. We complete the proof. ]

Notice that for T = (a,b,c,d, e, f) € Ls(313),

Norm((a,c,b,e,d, f))
= {((xl,zl,yl), (:):2,22,1/2)) : ((xl,yl,zl), (asg,yg,zg)) € Norm(T)}.

We are in position to prove the main result in Section 3.

Theorem 5. Let T'((x1,y1,21), (T2,Y2,22)) = ax1xe + by1y2 + cz129 + d(x1y2 +
Toy1) + e(x122 + w221) + f(y122 + yoz1) € L5(313) be such that ||T|| = 1 for some
a> bl > |e] >0,d>0,e>0,f € [-1,1]. Then we have the following siz cases:
let S={a,b,c,d,e,f} and M ={x e S: |z|=1}.

Case 1. | M| =1.
Ifa=1and b <1l,d<1le<1,|f|] <1, then

Norm(T) = {(1(1,0,0),1(1,0,0))}.
Ifd=1anda<1l,e<1,|f| <1, then
Norm(T) = Sym({(j:(1,0,0),j:(0,1,0))}).
Ife=1anda<1,d<1,|f| <1, then
Norm(T) = Sym{(j:(1,0,0),j:(0,(),1)>}.
IfIfl=1anda<1l,d < 1l,e <1, then

Norm(T) = Sym({ ( +(0,1,0), (0,0, 1)) })
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Case 2. |M| = 2.
Ifa=|b|=1and|c| < 1,d < 1,e < 1,|f| <1, then
Norm(T) = {(j:ﬂJLm,iUWQOD,(i(Ome,iaLLOD}.
Ifa=d=1and |b] <1l,e<1,|f| <1, then
Norm(T) = @m“(iﬂﬁﬂ%i@l—t@)ﬁﬁtﬁl”.
Ifa=e=1and |b| < 1,d<1,|f| <1, then
Norm(T) = @mq(iumm%imal—w»0§t§1b.
Ifa=|fl=1and b <1,d<1l,e<1, then
Norm(T) = Swn({<i(1AL0Li1L04n),(i(OJﬁo%ixmo,n)}).
Ifd=e=1and a<1,|f|] <1, then
Norm(T) = @mq(iuﬁm)imml—ﬂyogt§1b.
Ifd=|f|=1anda < 1l,e <1, then
Norm(T) = &m({(i(mLoxiaxyﬂ1—t»):ogtgl})
Ife=|f|=1anda<1,d <1, then
Norm(T) = 5@m<{<i(&0,w,i@hﬂl—¢hon:Of§t§1}>

Case 3. |M|=3.
Ifa=|bl=lc|=1andd < 1l,e<1,|f| <1, then

Nmm@)::{(iﬂﬁﬁ%ﬂLQ@»(i@Jﬁ%imJﬁD,
(i@ﬁﬁ%i@ﬂj»}
Ifa=|bl=d=1and |c| <1l,e<1,|f| <1, then
Norm(T) = Sym{(:t(u,b(l—u),O),j:(v,l—v,O)) 0< U< 1}.
Ifa=|bl=e=1and|c| <1,d <1,|f| <1, then
Norm(T) = &m“(i@ﬁﬁ)i@Lm)(iﬂﬂﬁ%i@&l—ﬂ%

ogtg1D.
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Fa=b=|f|=1and||<1,d<1e<1, then
Norm(T) = Sym({(i(1,0,0),i(1,0,0)), (i(0,1,0),i(0,bt,f(1—t))) :
0<t< 1})
Fa=d=e=1 and [b| <1,|f| <1, then
Norm(T) = Sym({(i(l,0,0),i(r,s,t)) st = Jr| 4+ |s| + |t = 1})
Fa=d=|f|=1and b <1< 1, then
Norm(T) = Sym({(i(l,0,0),i(t,l—t,O)),(i(O,l,O),i(t,O,f(l—t))):
0<t<1}).
Fa=ec=|fl=1and|b| <1,d<1, then
Norm(T) = Sym({(i(1,0,0),j:(t,0,1—t)), (i(0,0, 1),i(t,f(1—t),0)) :
0<t< 1})
IFfd=c=|f|=1anda<1, then
Norm(T) = Sym({(j:(l,0,0),ﬂ:(O,t,l—t)),(j:(O,l,O),j:(t,O,f(l—t))),
(%0,01), %t f0-1),0)) 0 <t <1}).

Case 4. |[M| =4.
Ifa=b=|c|=d=1ande<1,|f| <1, then

Norm(T) = Sym({(i (0,0,1), (0,0, 1)), (i (t,1—t,0),+(s,1 — 3,0)) :
0<ts<1}).
Fa=-b=|c|=d=1ande<1,|f| <1, then
Norm(T) = Sym({(i(0,0, 1), (0,0, 1)), (i(l,0,0),j:(t,l —t,O)),
<j: (0,1,0), =(t, —(1 — t),O)) 0<t< 1})
Fa=b=|=c=1andd<1,|f] <1, then

Norm(T) = Sym({ ( +(0,1,0), =(0,1, 0)), (i (,0,1 — t),%(s,0, (1 s))) :

0<ts< 1})
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Ifa=-b=c=e=1andd<1,|f| <1, then
Norm(T) = Sym({(i(0,1,0),i(0,1,0)>,(i(t,O,l—t),i(s,O,l—s)):
Ogt,sgl}).
Ifa=-b=—-c=e=1andd<1,|f| <1, then
Norm(T) = Sym({(i(0,1,0),i(0,1,0)>,(i(l,o,O),i(t,o,l—t)),
<j:(0,0,1),i(t,0,—(1 —t))) 0<t< 1})
Ifa=b=|c|=|f|=1andd < 1l,e <1, then
Norm(T)Sym({ ( +(1,0,0), 1(1,0,0)),
(j: (0,t,¢f(1 — 1)), £(0, 5, cf(1 —s))) 0<t,s< 1})
Ifa=b=—c=|fl|=1andd <1,e <1, then
Norm(T) = Sym({(i(1,0,0),i(1,0,0)),(i(0,1,0),i(0,t,f(1—t))),
(i(0,0,l),i(O,t,—f(l—t))) :0§t§1}).
Ifa=-b=c=|fl|=1andd <1l,e <1, then
Norm(T) = Sym({(i(1,0,0),i(1,0,0)>,(i(0,0,1),i(0,t,f(1—t))),
(i(O,l,O),i(O,t,—f(l—t))) :ogtgl}).
Ifa=b=d=e=1and |c| <1,|f| <1, then
Norm(T) = Sym({(i(1,0,0),i(r,s,t)),(i(u,l—u,O),i(v,l—v,O)):
|r+s+t\:|r|+|s|+\t\:1,0§u,v§1}).
Ifa=-b=d=e=1and|c| < 1,|f|] <1, then
Norm(T) = Sym({(j:(1,0,0),j:(r,s,t)>,(i(O,l,O),i(u,—(l—u),O)):
st =Irl+ s+l =1,0<u<1}).
Ifa=b=d=|f|=1and |c| <1,e <1, then

Norm(T) = Sym({(j:(0,1,0),i(r,s,ft)>,(j:(l,0,0),j:(u,l—u,O)):

st =Irl+ s+l =1,0<u<1}).
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Ifa=-b=d=|f|=1and|c| < 1l,e <1, then
Norm(T) = Sym({(j:(O,l,O),j:(r,—s,ft)),(i(u,l—u,O),i(v,l—v,O)):
|r+s—|—t|:|r|+|8|+|t|:1,0§u,v§1}>.
Ifa=|bl=e=|f|=1and|c| <1,d <1, then
Norm(T) = Sym({(j:(l,0,0),i(u,O,l—u)),(j:(O,l,()),j:(O,bu,f(l—u))),
<i(0,0, 1),i(u,f(1—u),0)) 0<u< 1})
Fa=d=e=f=1and|b| <1, then
Norm(7T) = Sym({(j: (1,0,0),i(r,s,t)), (i (u,0,1 —u),£(v,1 — v,O)) :
|r+s+t|:|r|+\s|+yty:1,0§u,v§1}).
Ifa=d=e=—f=1and |b| <1, then
Norm(T) = Sym({(j:(1,0,0),j:(r,s,t)),(j:(O,l,()),j:(u,O,—(l—u))),
<:t(0,0,1),i(u,—(1—u),0)):|r+s+t\:\r]+|8|+|t\:1,
O§u§1}>.

Case 5. |[M|=5.
Ifa=b=c=d=e=1and|f| <1, then

Norm(T) = Sym({ ( +(1,0,0), :I:(r,s,t)), (:I: (u,1 —u,0),£(v,1 — U,O)),
(i(u,O,l—u),i(v,O,l—v)):]r+s+t]:\r]+]s]+]t]:1,
0§u,v§1}>.

Ifa=-b=—-c=d=e=1 and|f| <1, then

Norm(T) = Sym({(i(1,0,0),i(r,s,t)>,(i(O,l,O),i(u,—(l—u),O)),
<i (0,0,1), £(u, 0, —(1 — u))) s+t = r|+ |s| + |t =1,
0<u< 1})
Fa=b=—-c=d=c=1and |f|] <1, then
Norm(T) = Sym({(j:(1,0,0),j:(r,s,t)>,(i(0,0,l),j:(u,O,—(l—u))),
(i(u,l—u,O),i(v,l—v,O)) st = |r| 4 |s| 1t = 1,

0<u,v< 1})
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Ifa=-b=c=d=e=1and|f| <1, then
Norm(T) = Sym({(:l:(1,0,0),:|:(r,s,t)),(:t(071,0),:|:(u,—(1—u)70)>,
(i(u,O,l—u),i(v,O,l—v)):]r+s+t]:|r\+]s]—|—!t]:1,
0§u,v§1}>.
Ifa=b=d=e=f=1and|c| <1, then
Norm(7T) = Sym({(:l: (u, 1 —u,O),:l:(r,s,t)), (:l: (0,0,1), +(u,1 —u,O)) :
|r+s+t\:\ry+|sy+|t\:1,0§u§1}).
Ifa=-b=d=e=f=1and|c| <1, then
Norm(T) = Sym({ ( +(1,0,0), j:(r,s,t)), (i (0,1,0), £ (r, —sjt)),
(i(0,0,l),i(u,l—u,O)):\r+s+t|:|r\+\s\+]ﬂ:1,
0§u§1}>.
Ifa=b=d=e=—f=1and|c| <1, then
Norm(T) = Sym({(j: (1,0,0), £ (r, s,t)>, (j: (0,1,0), £(r, s, —t)),
(i(0,0, 1), +(u, —(1 —u),o)), (i(u,l —u,0), £ (v, 1 —v,O)) :
|r+s+t|:\r|+|s|+|t|:1,0§u,v§1}>.
Ifa=-b=d=e=—f=1and|c| <1, then
Norm(T) = Sym( j:(l,0,0),ﬁ:(r,s,t)),(i(O,l,O),i(r,—s,—t)),
(i(O,u,l—u),j:(v,—(l—v),O)):|r+s+t\:\r]+|s|+|t|:1,
0

Fa=b=c=d=f=1ande<1, then
Norm(T) = Sym({(j:(0,1,0),j:(r,s,t)>,(ﬂ:(O,u,l—u),i(O,v,l—v)),
(i(u,l—u,O),i(v,l—v,O)):!r+s+t|:|r\+]3]+]ﬂ:1,
0§u,v§1}).
Ifa=b=c=d=—-f=1ande <1, then
Norm(T) = Sym({(j:(0,1,0),ﬂ:(r,s,—t)>,(i(u,l—u,O),i(v,l—v,O)),
(i (0,4, —(1 — ), £(0,v, —(1 —v))) kst = |r|+ |s| 1t = 1,

0<u,v< 1})
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Ifa=-b=—-c=d=f=1ande <1, then

Norm(T) = Sym({(i(0,1,0),:&(7‘,—5,1&)),(:l:(l,O,O),:l:(u,l—u,O)),

(i (0,1, —(1 — u)), £(0,v, —(1 —v))) :
rt s+t =|r|+]s|+ ]t =1,0 <uv < 1})

Ifa=—-b=—-c=d=—f=1ande <1, then

Sym({(j: 0,1,0), £ (r, —s,—t)), (i (1,0,0), % (u, 1 — u,o)),
(i(O,u,l—u),i(O,v,l—v)) s+t = r| +|s| + |t =1,
0<u,v< 1})

Norm(T)

Ifa=b=—-c=d=f=1ande <1, then

Norm(T) = Sym({(i (O,l,O),i(r,s,t)), (i (0,0,1), (0, u, —(1 —u))),
(:I:(u,l—u,O),:t(v,l—v,O)) s+t =]+ s+ [t = 1,
0<uuv< 1})
Fa=b=—c=d=—f=1ande<1, then
Norm(T) Sym({ ( +(0,1,0), =(r, s, —t)), <i (0,0,1), (0, u,1 — u)),

( (1 = w,0), 40,1 0,0)) i |r + s+ t] = Irl + [s] + |t] = 1,
0§u,v§1}>.

Ifa=-b=c=d=f=1ande <1, then

Norm(T) =

Sym({ ( +(0,1,0), +(r, —s,t)), (i (1,0,0), +(u, 1 — u, 0)),
(i (0,0,1), (0, u, 1 —u)) s+t =]+ |s| + |t =1,

0§u§1}).

Ifa=-b=c=d=—f=1and e <1, then

Sym({ ( +(0,1,0), £(r, —s, —t)), ( +(1,0,0), £ (u, 1 — u, 0)),

(% 0,0,1), (0, u,—(1 = w))) £ r+ 5+ 8] = || + |s| + |t = 1,

O§u§1}>.

Norm(T') =
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Ifa=b=c=e=f=1andd <1, then

Norm(T) = Sym({(j:(0,0,l),:l:(r,s,t)),(i(l,0,0),:l:(u,O,l—u)),
(% 0,1 =), #0,0,1=0)) i |r+ s+ 8] = Irl +[s] + |t = 1,
0§u,v§1}>.

Ifa=b=c=e=—f=1andd < 1, then

Norm(T) = Sym({(j:(0,0,l),j:(r,—s,t)),(i(l,0,0),i(u,O,l—u)),
(i (0,1, —(1 — w)), £(0,v, —(1 —v))) :

|r+s+t]:|r|+|8|+\t\:1,0§u,v§1}).

Ifa=-b=—-—c=e=f=1andd< 1, then

Norm(T Sym({(:t 0,0,1), =(r, ,—t)),(i(l,0,0),i(u,O,l—u)),
( (0,1, —(1 — ), £(0, v, (1%))):
st =Ir+ sl + | = 1,0 < w v < 1}).
Ifa=—-b=—c=c=—f=1andd<1, then
Norm(T) = Sym({(j:(0,0,l),i(r,—s,—t)),(i(l,0,0),i(u,O,l—u)),
(% 0,11 =), 20,01 =0)) i |r+ s+t = Irl +[s] + |t = 1,

0<u,v< 1})

Norm(T = Sym({(j:(0,0,l),j:(r,s, —t)),(j:(O,l,O),j:(O,u,—(l—u))),
(i (1,0,0), £(u, 0,1 —u)) s+t = |r| 4 |s| + |t = 1,

Ifa=b=—-c=e=f=1andd <1, then

0§u§1}).

Ifa=b=—-—c=e=—f=1andd <1, then

Norm(T) = Sym({(j:(0,0,l),j:(r, —s,—t)),(j:(O,l,O),j:(O,u,—(l—u))),
(i(l,o 0), £ (u, 0, 1—u)> st = |r| + |s] + |t = 1,
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Ifa=-b=c=e=f=1andd <1, then

Norm(T) = Sym({(j:(0,0,l),ﬂ:(r,s,t)),(j:(O,l,O),i(O,u,—(l—u))),
(i(l,0,0),i(u,O,l—u)) s+t = |r] + |s] + |t = 1,

0§u§1}).
Ifa=-b=c=e=—f=1andd <1, then
Norm(T' ({( (0,0,1), £(r, s,t)),(i(O,l,O),i(O,u,l—u)),

( (1,0,0), uo1—u)):yr+s+t|:|ry+|sy+|t|:1,
0

<1j)

\ /\

Case 6. |M| = 6.

Suppose that f = 1.
Ifa=b=c=d=e=1, then

Norm(T) = {(i (r,s,t),i(r',s',t')) st =r| + |s| + |t]
:|r’+s’+t'|yr'\+ys’y+|t'\:1}.
Ifa=—-b=—-c=d=e=1, then
Norm(T) = Sym{(j:(l()o )( (0,1,0), £(r, —s,t)),
+(0,0,1), %(r, s )) (% (0,1, (1 = w), (0,0, (1 = v))),
i(u,l—u,O),i(v,O,l—v)):|r+s+t\:]r|+|8|+\t\:1,

/N 7N

Ogu,vgl}.

Ifa=b=—-c=d=e=1, then

Norm(T) = Sym{(j: (1,0,0), £(r, s,t)>, (i (0,0,1), £(r, 5, —t)),
(i(u,l—u,O),i(r,s,t)):|T+s+t|:\r|+|5|+|t|:1,
ogu§1}.

Ifa=-b=c=d=e=1, then

Norm(T) = Sym{(j: (1,0,0), £(r, s,t)>, (i (0,1,0), £(r, —s,t)),
(i(u,O,l—u),i(r,s,t)):|T+s+t|:\r|+|s|+|t|:1,

ogug1}.
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Suppose that f = —1.
Ifa=b=c=d=e=1, then

Norm(T) = Sym({(j: (1,0,0), j:(r,s,t)), (i (0,1,0), £ (r, s, —t)),
(i (0,0,1), = (r, —s,t)), (i (0,1, —(1 — ), £(0,v, —(1 — v))),
(i (1,0,1 — ), +(v,0,1 —v)), (i (u,1 — u,0), (v, 1 — u,o)) :
st =Ir+ s+ | = 1,0 < ww < 1}).
Ifa=—-b=—-c=d=e=1, then
Norm(7T) = Sym({(:i:(1,0,0),:t(r,5,t)),(:I:(O,u,l—u),:t(r, -8, —t))7
(j:(u,O,—(l—u)),i(O,v,l—v)) st = |r| - |s] - |t
=1,0<u,v< 1})

Ifa=b=—-c=d=e=1, then

Norm(T) = Sym<{ ( +(1,0,0), £(r, 5, t)), ( +(0,1,0), £(r, 5, —t)),

(i(0,0,l),i( s—t)) <i( O—(l—u)),i(O,v,l—v)),
(j:(u,l u,0),+ ) st = |r| + |s| + |t] = 1,
0§u,v§1}>.

Ifa=—-b=c=d=e=1, then

Norm(T) = Sym({(i (1,0,0), i(r,s,t)), (i 0,0,1), £ (r, —s,t)>,
<i(0,1,0),i( )) <j:( (1—u),0),j:(0,1—v,v)>,
<j:(u,0,1—u) (v,0,1 — ) I+ s+t = |r| +|s| + [t| = 1,
0§u,v§1}>.

Proof. We will give the proof only for one of these cases because the proofs of the
others are similar.

Let ((x1,y1,21), (x2,Y2,22)) € Norm(T'). Without loss of generality we may
assume that z; > 0 for all j = 1,2.

Case 1. |M| = 1.
We claim that if [f| =1and a < 1,b< 1,c< 1,d < 1,e < 1, then

Norm(T) = Sym({ ( +(0,1,0), (0,0, 1)) })
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By Theorem 2,

1= 1T((x1,11,21), (x2,92,22))| = | f(y122+y221)| = |y122+y221| = 1] |22|+|y2]| |21]-

Claim. |y1| =0 or 1.

Suppose not. Then 0 < |y1| < 1. By Lemma 1(2), |z1] = |22] = 1. Thus
1 = |z1| + |y1]| + |21| > 1, a contradiction. Thus the claim holds.

If [y1] = 0, then [ya| |z1] =1, so [z1] = [y2| = 1. Thus (z1,y1,21) = (0,0, £1),
(x2,y2,22) = (0,£1,0). Since T is symmetric,

Norm(T) = sym({ ( +(0,1,0), (0,0, 1)) })

Case 2. |M| = 2.
We claim that If a = |b] =1 and |¢| < 1,d < 1,e < 1,|f| < 1, then

Norm(T) = {(i(l,0,0),i(l,0,0)),(i(O,l,O),i(O,l,O))}.
By Theorem 2,

0=2z129, 1 =T (21,91, 21), (z2,y2,22))| = |x122 + by1y2| = |21]| 22| + |Y1] |Y2]|

Let z; = 0.
Claim. x1 =0 or 1.

Suppose not. Then 0 < z; < 1. Hence 0 < |yi| < 1. By Lemma 1(2),
|xa| = |y2| = 1. This is a contradiction. Thus the claim holds.

If 21 = 0, then |y1| |y2| = 1. Thus (x1,y1,21) = (0,%£1,0),(x2,y2,22) =
(0,£1,0). If zy = 1, then x9 = 1. Thus (x1,y1,21) = (1,0,0) = (x2,y2,22) =
(1,0,0).

Let z0 = 0.

Claim. 9 =0 or 1.

Suppose not. Then 0 < x2 < 1. Hence 0 < |y2| < 1. By Lemma 1(2),
|z1| = |y1] = 1. This is a contradiction. Thus the claim holds.

If 29 = 0, then |y1| |y2| = 1. Thus (x1,y1,21) = (0,%£1,0), (x2,y2,22) =
(0,£1,0). If zo = 1, then 1 = 1. Thus (x1,y1,21) = (1,0,0) = (x2,y2, 22).
Thus,

Norm(T) = {(i(l,0,0),i(l,0,0)),(i(O,l,O),i(O,l,O))}.

Case 3. |M| = 3.
We claim that if a = |c¢| = |f] =1 and |b] < 1,d < 1,e < 1, then
Norm(T) = Sym({(i (1,0,0),1(1,0,0)), (i (0,0,1), (0, ft, (1 — t)) :

ogtg1}).
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By Theorem 2, 0 = yy2 and

1 = |T((x1,91,21), (22,¥2,22))| = |v122 + c2122 + f(Y122 + Y221)]
= |z1| [wa| + y1] |22| + |21] [fy2 + czal.

Let y; = 0. Then
1= |z1| |z2] + [21] | fy2 + c2al.

We claim that z; = 0, 1. Suppose not. By Lemma 1(2), |za| = |fy2 + cz2| = 1.
This is a contradiction.

If x1 = 0, then |2z1| = |22+ fy2| = 1. Thus (z1, 41, 21) = (0,0, £1), (2, y2,22) =
(0, ft,c(1 —t)) for some 0 < ¢t < 1. If 1 = 1, then |z1| = |22 + 22| = 1. Thus
(1,91, 21) = (1,0,0) = (22,92, 22).

Let yo = 0.

Then

L= |zo| [21] + |22 [ fy1 + ez

We claim that xo = 0,1. Suppose not. By Lemma 1(2), |z1| = [fy1 + cz1| = 1.
This is a contradiction.

If x9 = 0, then (z1,y1,21) = (0, ft,c(1 —t)), (x2,y2,22) = (0,0,%1) for some
0<t<1.Ifxzg =1, then (x1,y1,21) = (1,0,0) = (x2,y2, z2). Thus,

Norm(T) = Sym({(i%lJLOLiiLOJD),(i(&O,D,iULf@cﬂ——ﬂ):

0§t§1D.

Case 4. |M| = 4.
We claim that if a =b=|c| =d =1and e < 1,|f| <1, then
Norm(T) = Sym({(i(OJLD,iﬁLQlD,(i(alg—toxiialg—&on:

03@3319.
By Theorem 2, 0 = x129 = x921 = Y122 = Y221 and

1=1T((x1,91,21), (z2,Y2,22))| = |z122 + Y1y2 + cz122 + (T1y2 + T211)].

Let y; = 0. Then
1 = [z122 + cz122 + x1ya| = [21] 22 + Y| + |21] 22]-

Note that 1 = 0,1 or 0 < 1 < 1. We claim that z; = 0,1. Suppose not. By
Lemma 1(2), |z2 + y2| = [22[ = 1, which is impossible because (z2, 2, 22) € Sps.
Thus z; =0, 1.

If x1 = 0, then |z1| = |22 = 1. Thus (z1,v1,21) = (0,0,%£1), (x2,y2,22) =
(0,0,£1). If 1 = 1, then |z1| = |z2 + y2| = 1. Thus (z1,v1,21) = (1,0,0),
(r2,y2,22) = (t,1 —¢,0) for some 0 < ¢ < 1.
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Let zo = 0. Then
1 = |z122 + 11y2 + 2122 + (1y2 + 2231)| = |21 + 31| |22 + 92

Thus |21 + y1| = |z2 + y2| = 1. Hence, (21,41,21) = (£,1 — ¢,0), (x2,y2,22) =
(s,1—s,0) for some 0 < t,s < 1.
Thus,

Norm(T) = Sym({(:l: (0,0,1), (0,0, 1)), (j: (t,1—t,0), £(s, 1 —8,0)) :
0<ts< 1})
Case 5. |M| =5.
We claim that if a=b=c=d=e =1 and |f| < 1, then
Norm(T) = Sym({(i(1,0,0),i(r,s,t)>,(i(u,l—u,O),i(v,l—v,O)),
(i(u,(),l—u),i(v,(),l—v)) dr+ s+t =]+ s|+ [t =1,

0<u,v< 1})
By Theorem 2, 0 = y129 = y221 and

1 =|T((x1,y1,21), (22,Y2,22))| = [w1224+Y1y2+21 22+ (T1Y2F22y1 )+ (21 20 +2221) |

Let y; = 0. Then

1= [z122 + 2122 + T1Y2 + 2122 + D22y | = |21 22 + Y2 + 22| + [21] |22 + 22].

Note that z1 = 0,1 0or 0 < 21 < 1.

If x1 = 0, then |21| = |xa+22| = 1. Thus (z1,y1,21) = (0,0,41,0), (x2,y2,22) =
(u,0,1—u) for some 0 < u < 1.If 2y = 1, then |za+ys+22| = 1. Thus (x1,y1,21) =
(1,0,0), (x2,y2,22) = (r,s,t) for some r, s,t € R with [r+s+t| = |r|+|s|+]|t| = 1.
If 0 < 21 < 1, by Lemma 1(2), |x2 4+ y2 + 22| = |22 + 22| = 1. Thus y2 = 0 and
1 = |z1 + 1| |z2 + y2|- Thus (z1,y1,21) = (u,0,1 —u), (z2,y2,22) = (v,0,1 —v)
for some 0 < u,v < 1.

Let zo = 0. Then

1 = |z122 +y1y2 + (21y2 + 2y1) + x221| = |21 |22 +y2| + |[Y1| |22 + 2| + |21] |22|-

Note that z1 = 0,1 0or 0 < 21 < 1.
Suppose that z; = 0.
Then

1 =|z1xe + y1y2 + (x1y2 + x2y1) + x221| = |1 |22 + Y2l + |21] |22]-

If y1 =0, then (z1,91,21) = (w2,y2,22) = (0,0,1). If |y1| = 1, then (z1,y1,21) =
(0,1,0) and (x2,y2,22) = (u,1 —u,0) for some 0 < u < 1. If 0 < |y1]| < 1, then
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|zo| = |22 + y2| = 1 and so (x1,y1,21) = (1,0,0). and (z2,y2,22) = (r,s,t) for
some 7, 5,t € R with |r +s+t| = |r| + [s| + |t| = 1.

Suppose that z1 = 1.

Then (z1,y1,21) = (1,0,0), (z2,y2,22) = (u, 1 — u,0) for some 0 < u < 1.

Suppose that 0 < z7 < 1.

If y; = 0, then |z2| = |z1+21| = 1. Thus (21,1, 21) = (u,0,1—u), (z2,y2, 22) =
(1,0,0) forsome 0 < u < 1.Let 0 < |y1| < 1.If z—1 = 0, then 1 = |x14y1]| |x2+y2].
Thus (z1,y1,21) = (u,1 —u,0), (x2,y2,22) = (v,1 —v,0) for some 0 < u,v < 1.

Thus,

Norm(7T) = Sym({(:i: (1,0,0),:|:(T,5,t)), (:l: (u,1 —u,0),£(v,1— v,O)),
(& (0,1 = ), £(0,0,1=0)) i |r+ s+ t] = Irl + [s] + |t] = 1,
0<u,v< 1})

Case 6. | M| = 6.
We claim that ifa=b=c=d=e=—f =1, then

Norm(T) = Sym({(i(1,0,0),j:(r,s,t)),<i(0,1,0),j:(r,s,—t)>,
(i (0,0,1), £(r, —s,t)), (i (0,1, —(1 —w)), £(0, v, —(1 — v))),
(i(u,O,l—u),i(v,O,l—v)), (i(u,l—u,O),i(v,l—v,O)) :
s+t =|r|+]s|+ ]t =1,0 <uv < 1})

By Lemma 4, x1y121 = 0 or xoys2z0 = 0. Since T is symmetric, we may assume
that z1y121 = 0. Then 1 =0,y =0 or 21 = 0.

Suppose that z1 = 0.

It follows that

L = |T((w1,y1,21), (w2,v2,22))]
= |yi(z2+y2 — 22) + z1(x2 — y2 + 22)|
= |y1| |xe + y2 — 22| + |21] |x2 — y2 + 22].

Notice that |y1| = 0,1 or 0 < |y1]| < 1. If |y1| = 0, then |z1| = |2 — y2 + 22| = 1.
Thus (z1,y1,21) = (0,0,£1), (z2,y2,22) = (r,—s,t) for some r,s,t € R with
r+ s+t = |r|+|s|+ [t| = 1. If |y1| = 1, then |z + y2 — 22| = 1. Thus
(x1,91,21) = (0,£1,0), (w2,y2,22) = (r,s,—t) for some r,s,t € R with |r 4+ s +
tl =1r|+|s|+ [t = 1. If 0 < |y1| < 1, then by Lemma 1(2), |22 + y2 — 22| =
|xa — y2 + 22| = 1. By Lemma 1(1), 22 = 1 or |ys — 22| = 1. If 29 = 1, then
(1,91, 21) = £(0,t,1—1), (22,92, 22) = (1,0,0) for some 0 < ¢ < 1. If [ya— 22| = 1,
then xo = 0 and |y; — 21| |y2 — 22| = 1, so |y1 — z1] = |y2 — 22| = 1. Thus
x1 =x9 =0and (z1,y1,21) = £(0,¢t,— (1 — 1)), (x2,y2,22) = £(0,s,—(1 —s)) for
some 0 <t,5 < 1.
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Suppose that y; = 0.
It follows that

1 = |T((x1,91,21), (T2,Y2,22))|
= |z1(x2 +y2 + 22) + 21(22 — Y2 + 22))|
= |x1| |x2 + y2 + 22| + |21] |22 — Y2 + 22].

Notice that 21 = 0,1 or 0 < |z1| < 1. If 1 = 0, then |z1| = |xo — y2 + 22| = L.
Thus (z1,y1,21) = (0,0,£1), (z2,y2,22) = (r,—s,t) for some r,s,t € R with
|r+s+t| =|r|+]|s|+]|t| = 1. If &1 = 1, then |z +y2 + 22| = 1. Thus (x1,y1,21) =
(£1,0,0), (z2,y2,22) = (1, s,t) for some r, s,t € R with |r+s+t| = |r|+]|s|+|t| = 1.
If 0 < ;1 < 1, then by Lemma 1(2), |z2 + y2 + 22| = |xr2 — y2 + 22| = 1. By
Lemma 1(1), |y2] = 1 or |za + 22| = 1. If |y2| = 1, then |21 — 21| = 1 and so
(x1,y1,21) = £(¢,0,—(1 — t)), (x2,y2,22) = (0,%£1,0) for some 0 < ¢ < 1. If
ly2 + 22| = 1, then yo = 0 and |z1 + 21| |z2 + 22| = 1. Thus y1 = y2 = 0 and
(x1,y1,21) = £(¢,0,1 — t), (22,y2,22) = £(s5,0,1 — s) for some 0 < ¢t,s < 1.

Suppose that z; = 0.

It follows that

1 = ‘T((xbylazl)v (552,y2722))|
= |zi(ze +y2 + 22) + y1(x2 + y2 — 22)|
= 21| |z2 +y2 + 22| + |y1] [v2 + y2 — 22|

Notice that 1 = 0,1 or 0 < 27 < 1. If 21 = 0, then |y1| = |x2 + y2 — 29| = 1.
Thus (z1,y1,21) = (0,£1,0), (z2,y2,22) = (r,s,—t) for some r,s,t € R with
|r+s+t|=|r|+|s|+|t| = 1. If z; = 1, then |zo +y2 + 22| = 1. Thus (z1,y1,21) =
(1,0,0), (x2,y2,22) = (r,s,t) for some r, s,t € R with |[r+s+t| = |r|+|s|+]|t| = 1.
If 0 < x; < 1, then by Lemma 1(2), |z + y2 + 22| = |x2 + y2 — 22| = 1. By
Lemma 1(1), |22] = 1 or |xg + ya2| = 1. If |29| = 1, then |z1 — y1| = 1 and so
(x1,y1,21) = £(t,—(1 —1),0), (x2,y2,22) = (0,0,£1) for some 0 < ¢ < 1. If
|z + y2| = 1, then 2o = 0 and |z1 + y1| |z2 + y2| = 1, so |z + y1| = 1. Thus
(r1,11,21) = £(t, 1 —,0), (z2,y2,22) = £(s,1 — 5,0) for some 0 < t,s < 1.
Therefore,

Norm(T) = Sym<{ ( +(1,0,0), i(r,s,t)), (i (0,1,0), £(r, 5, —t)),
(%0,0,1), %, =5,)), (£ (0,0, (1 = 1)), (0, w, (1~ w)))
<i(v,0,1—v),i(w,0,1—w)), <j:(v,1—v,0),j:(w,1—w,0)) ;
s+t = |r|+|s| +[t| = 1,0 < u, 0,0 < 1})

We complete the proof. O

Corollary 2. Let T, S € L4(%13) with |T|| = ||S||. If Norm(T) = Norm(S), then
T =45
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Proof. 1t follows from Theorem 5. O

Question. Let E be a real Banach space. Let T,S € L(?E) be such that

|IT|| = ||S]| and Norm(T') = Norm(S). Is it true that T = £S57
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