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CONNECTION
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Abstract

In this paper, we obtain Chen inequalities for submanifolds in Riemannian
manifolds of nearly quasi-constant curvature with a special kind of quarter-
symmetric connection and discuss the equality case of the inequalities. We
also obtain some Casorati inequalities for submanifolds in Riemannian man-
ifolds of nearly quasi-constant curvature with the quarter-symmetric connec-
tion.
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1 Introduction

A challenging question concerning the existence of minimal immersions into
a Euclidean space of arbitrary dimension was raised by Chern [8]. To answer
the question, Chen[6] obtained a necessary condition for the existence of mini-
mal isometric immersion from a given Riemannian manifold into Euclidean space
and established a sharp inequality for a submanifold in a real space form using
the scalar curvature and the sectional curvature (intrinsic invariants) and squared
mean curvature (extrinsic invariant). The inequalities in this direction are known
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as Chen inequalities [4, 5, 6]. Afterwards, distinguished geometers studied sim-
ilar problems for different submanifolds in various ambient spaces with different
connections; see, for example, [20, 25, 32, 33, 35].

Hayden [15] introduced the notion of a semi-symmetric metric connection on
a Riemannian manifold. Nakao [21] studied submanifolds of a Riemannian mani-
fold with semi-symmetric metric connections. Agashe and Chafle[1, 2] introduced
the notion of a semi-symmetric non-metric connection and studied some of its
properties and submanifolds of a Riemannian manifold with a semi-symmetric
non-metric connection. In [20, 25], Mihai and ()zgiir studied Chen inequalities for
submanifolds of real space forms with a semi-symmetric metric connection and
a semi-symmetric non-metric connection, respectively. The concept of “quarter-
symmetric” connection was originally introduced by S. Golab[12]. Recently, in
[26], the authors investigated Einstein warped products and multiply warped
products with a quarter-symmetric connection. In 2019, Yang[30] obtained Chen
inequalities for submanifolds of complex space forms and Sasakian space forms
with quarter-symmetric connections.

Chen and yano[7] introduced the generalized notion of real space forms to
quasi constant curvature manifolds. De and Gazi[9] extended the quasi constant
curvature to nearly quasi-constant curvature manifolds. Ozgiir[23] studied Chen
inequalities for submanifolds of Riemannian manifolds of quasi-constant curva-
ture. Ozgiir and De[24] generalize these inequalities to submanifolds of Rieman-
nian manifolds of nearly quasi-constant curvature. In the same way, some other
basic inequalities were investigated for submanifolds of Riemannian manifolds of
quasi-constant curvature and nearly quasi-constant curvature[32, 33, 34, 35]

The Casorati curvature(extrinsic invariant) of a submanifold of a Riemannian
manifold introduced by Casorati defined as the normalized square length of the
second fundamental form [3]. The notion of Casorati curvature gives a better
intuition of the curvature compared to Gaussian curvature. The concept of Caso-
rati curvature extends the concept of the principal direction of a hypersurface of
a Riemannian manifold [13]. The geometrical meaning and the importance of the
Casorati curvature discussed by some distinguished geometers [10, 11, 17, 28, 29].
Therefore it attracts the attention of geometers to obtain the optimal inequali-
ties for the Casorati curvatures of the submanifolds of different ambient spaces
[18, 19].

In this paper, we obtain Chen’s inequalities for submanifolds of Riemannian
manifolds of nearly quasi-constant curvature with quarter-symmetric connection.
The chronology of the paper is as follows. In Section 2, we give a brief introduc-
tion about the quarter-symmetric connection. In Section 3, we establish first Chen
inequality for submanifolds of Riemannian manifolds of nearly quasi-constant cur-
vature endowed with the quarter-symmetric connection and in the last section,
we obtain some inequalities for generalized normalized §-Casorati curvatures for
submanifolds of Riemannian manifolds of nearly quasi-constant curvatures.
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2 Preliminaries

Chen and K. Yano[7] introduced the notion of quasi-constant curvature. A
Riemannian manifold (M, g) is called a Riemannian manifold of quasi-constant

curvature if its curvature tensor R satisfies the condition

R(X,Y,Z,W) = plg(Y,2)9(X, W) —g(X, Z)g(Y,W)]
+q[g(X,W)a(Y)7(Z) — g(X, Z)7(Y )m(W)
+9(Y, Z)n(X)w(W) — (Y, W)m(X)A(Z)],

where p, g are scalar functions and 7 is a 1-form given by
9(X, P) = 7(X),

P is a fixed unit vector field. It is straightforward to see that if ¢ = 0, then (]Tj ,9)
reduces to a Riemannian manifold of constant curvature.

For n > 2, a non-flat Riemannian manifold (M, g) is said to be a quasi-Einstein
manifold if its Ricci tensor satisfies the condition

S(X7 Y) = pg(X, Y) + QW(X)F(Y),

where p, ¢ are scalar functions and « is 1-form acting same as above. It can be
easily verified that every Riemannian manifold of quasi-constant curvature is a
quasi-Einstein manifold.

In 2009, Gazi and De [9] generalized the notion of Riemannian manifold of
quasi-constant curvature to Riemannian manifold of nearly quasi-constant and
the curvature tensor satisfies

R(X,Y,Z,W) = plg(Y,2)9(X, W) — g(X, Z)g(Y,W)]
+Q[g(XaW)B(Y7Z)_g(XaZ>B(Y>W)
+9(K Z)B(Xa W) _g(Y7 W)B(Xv Z)L (1)

where p, ¢ are scalar functions and B is a non-vanishing (0,2) type symmetric
tensor. .

For n > 2, a non-flat Riemannian manifold (M, g) is said to be a nearly
quasi-Einstein manifold if its Ricci tensor satisfy

S(X,Y)=pg9(X,Y)+¢B(X,Y).

It can be easily verified that every Riemannian manifold of nearly quasi-constant
curvature is a nearly quasi-Einstein manifold.

We know that the outer product of two convariant vectors is a covariant (0, 2)
tensor, but converse in not true. Hence nearly quasi-constant Riemannian mani-
folds act as a bigger class of Riemannian manifolds in the sense that every Rieman-
nian manifold of quasi-constant curvature is nearly quasi-constant Riemannian
manifold, but there are plenty of examples where the converse is not true.
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Example 1. ([9]) Let (R, g) be a Riemannian manifold with the metric g defined
as follows
4
ds® = (V)5 [(dz")? 4 (dz?)? + (dz®)?] + (dz)?.
This is a nearly quasi-constant Riemannian manifold but not a quasi-constant
Riemannian manifold.

Let M be an (n + m)-dimensional Riemannian manifold with nearly quasi-

constant curvature with Riemannian metric g and V be the Levi-Civita connection
on M. Let V be a linear connection defined by

VxY = VxV + Ar(Y)X — Asg(X,Y)P, 2)

for X,Y on M , A1, Ao are real constants and P the vector field on M such
that 7(X) = g(X, P), where 7 are one form. If Vg = 0, then V is known as
quarter -symmetric metric connection and if Vg # 0, then V is known as quarter
-symmetric non-metric connection.

The special cases of (2) can be obtained as
(i) when A; = Ay = 1, then the above connection reduces to semi-symmetric
metric connection.
(79) when Ay = 1 and Ay = 0, then the above connection reduces to semi-
symmetric non metric connection.

The curvature tensor with respect to V is defined as

R(X,Y)Z =VxVyZ —-VyVxZ -V xy|Z. (3)

Similarly, we can define the curvature tensor with respect to V.
Now, using (2), the curvature tensor takes the following form[30]

R(X,)Y,Z,W)=R(X,Y,ZW)+ AMa(X,2)g(Y, W) — Ma(Y, Z)g(X, W)
+ Aog(X, Z)a(Y, W) — Aag(Y, Z)a( X, W)
+ Ao(A1 — A2)g(X, Z)B(Y, W) (4)
— Aa(A1 — A2)g(Y, Z)B(X, W),

where

0(X,Y) = (Vxm)(V) ~ Me(X)a(¥) + Z2g(X, V) (P),

and
5%, 1) = "y, v) 4 7 (X)m(v)

are (0,2)-tensors. For simplicity, we denote by tr(a) = a and tr(5) = b.
Let M™ be an n-dimensional submanifold of an (n + m)-dimensional Rieman-
nian manifolds with nearly quasi-constant curvature M. On the submanifold M,
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we consider the induced quarter-symmetric connection denoted by V and the in-
duced Levi-Civita connection denoted by V. Let R and R be the curvature tensors
of V and V. Decomposing the vector field P on M uniquely into its tangent and
normal components P’ and P, respectively, then we have P = PT + P+, The
Gauss formulas with respect to V and V can be written as:

VxY =VxY +0(X,Y), X,YeD(TM),

VyY = VyY +5(X,Y), XY eD(TM),
where & is the second fundamental form of M in M and
o(X,Y)=5(X,Y) — Apg(X,Y) Pt

In M™™ we can choose a local orthonormal frame {E1,- ,En,Ent1,-+ , Enim}
such that, restricting to M, {Ey,---, E,} are tangent to M"™. We write ol =
g(o(E;, Ej), Ey). The squared length of o is ||o||? = >t j=19(0(Ei, Ej),0(E;, Ej))
and the mean curvature vector of M associated to V is H = 1 3°"  o(E;, E;).
Similarly, the mean curvature vector of M associated to V is H = LS G(EL ).

Let M"+™ be an (n + m)-dimensional Riemannian manifolds of nearly quasi-
constant curvature endowed with a quarter-symmetric connection satisfying (2).

The curvature tensor R with respect to the Levi-Civita connection V on M
is expressed by

RECY.2W) = of oV 206 W) = (X, 2000V, W)}
+a{ a6 B 2) - X, 2B, W)
+9(Y,Z)B(X,W) — g(Y,W)B(X, Z)} (5)
By (2) and (5), we get
RECY.2w) = pfoV: 206 W) = (X, 2000, W)}
Fa{ g W) BV 2) ~ g(X, 2)BYLW) + 9. 2)BX W)

—g(Y,W)B(X, Z)} + Ma(X, 2)g(Y, W) — \a(Y, Z)g(X, W)
+)\29(X7 Z)Oé(Y, W) - >\29(Y7 Z)Oé(X, W)

+A2 (A1 — A2)g(X, Z)B(Y, W)

*)\2()‘1 - )\Z)Q(Y7 Z)B(Xv W) (6)
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Similar to [30], we have the Gauss equation

R(X,Y,Z,W) =R(X,Y,Z,W) — g(o(X,W),0(Y,2)) + g(c(Y,W),0(X, Z))
+ ()‘1 - A2)-9((7(}/7 Z)7 P)Q(X7 W) + ()\2 - )\1)9(0’(X7 Z)a P)g(Y7 W)
(7)
Let II be a 2-plane section at a point p € M and spanned by orthonormal
basis By and Es i:e II = span{E1, Ex}. As R(X,Y,Z, W) # R(X,Y,W, Z), we
can define the sectional curvature K (II) of M with respect to induced connection
V as

1
K(II) = 3 |:R(E1,E2aE2,E1) — R(Ey, Eq, Eq, E») |, (8)

where K (II) is independent choice of the orthonormal basis E1, Es . If {Ey, ..., E,}
and {Epn1,..., Entm} are orthonormal basis of T,M and TpLM at any p € M,
then the scalar curvature 7 at that point is given by

)= ), K(ENE).
1<i<j<n
The normalized scalar curvature p is defined as

2T

o= 1)

The norm of the squared mean curvature of the submanifold is defined by
1 n+m n 2
= > (X))
y=n+1 *i=1

and the squared norm of second fundamental form A is denoted by € defined as

n+m n

e=2 > Y ()

y=n+11%,5=1

known as Casorati curvature of the submanifold.

If we suppose that L is an s-dimensional subspace of TM, s > 2, and
{E1, Ea,...,Es} is an orthonormal basis of L. then the scalar curvature of the
s-plane section L is given as

T(L)= Y K(EyAEp)
1<y<B<s

and the Casorati curvature C of the subspace L is as follows

n+m s

ew=1 S 3 (@)

y=n+11,j=1
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A point p € M is said to be an invariantly quasi-umbilical point if there
exist m mutually orthogonal unit normal vectors &,+1,...,&n+m such that the
shape operators with respect to all directions &, have an eigenvalue of multiplicity
n — 1 and that for each &, the distinguished Eigen direction is the same. The
submanifold is said to be an invariantly quasi-umbilical submanifold if each of its
points is an invariantly quasi-umbilical point. _

The normalized 6-Casorati curvature d.(n — 1) and d.(n — 1) are defined as

1 1
be(n— )]y = 56+ ”; inf{€(L)|L : a hyperplane of T,M} 9)
n
and
~ 2n —1
[0c(n —1)], = 2C, + n2 sup{C(L)|L : a hyperplane of T,,M}. (10)
n

For a positive real number ¢ # n(n — 1), the generalized normalized J-Casorati
curvatures 0.(t;n — 1) and 6.(t;n — 1) are given as

[0c(t;n —1)]p
= 1Cp+ (n =1 +:L)t(n2 —n-t) inf{C(L)|L : a hyperplane of T,M},
if 0 <t<n?—n,and
[be(tsn = 1)},
= tCp+ (n=Din +Z(n2 —n-1 sup{C(L)|L : a hyperplane of T,M},
if t > n? —n.

Now, we recall the following lemmas, which plays an important role for the
proof of the main results.

Lemma 1. [33] Let g(a1,az, ...,an) (n > 3) be a function in R™ defined by
n
g(a17a27-"7an) = (a1+a2)zai+ Z aiaj.
i—3 3<i<j<n
If a1 + a2+ ...+ ap = (n — 1)e, we have

glay,az,...;an) < (71)2(71)62.

The equality sign holds if and only if a1 + a2 = a3 = ... = a, = €.
Lemma 2. [33] Let g(a1,az, ...,an) be a function in R™ defined by

n
glay,ag,...,an) = a1 Zai
=2

If a1 + as + ... + a, = 2¢, we have
g(ar,az,...;an) < €.

The equality sign holds if and only if a1 = a2 + a3z + ... + a, = €.
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Oprea[22] gives new direction to prove the Chen inequalities using optimization
techniques. For a submanifold (M, g) of a Riemannian manifold (M,q) and F :
M — R be a differential function. If we have a constrained problem

mingep F () (11)
then the following result holds

Lemma 3. [22] Let x, € M s the solution of the problem 11, then

(i) (grad(3))(zs) € TLM

(i) the bilinear form

B: T, MxT, M —-R

B(X,Y)=Hesss(X,Y) + g(o(X,Y), (grad(F))(x.)) N

is positive semi-definie, where o is the second fundamental form of M in M and
grad(F) if the gradient of g.

3 Chen inequalities

Theorem 1. Let M is an n-dimensional submanifold of an (n+m)-dimensional

Riemannian manifolds with nearly quasi-constant curvature M endowed with a
connection V, then

r(p) — K(I) < <”+1)2(”_2)p 4 q(n—2)trB + trB|.. — (AlgA"’)(n ~1a
—AQ(A12_ Ao) (o _qyp - at o) : A2) (Y ()
P E R0y ¢ BRI Z R
AR 0o, )+ D

Proof. Let p € M and {E,--- ,E,} and {Ep41,- -, Epntm} be orthonormal basis
of T,M and T,;-M respectively. For X =W = E;, Y = Z = Ej, i # j by (2.11),
we have

p{g<Ej,Ej>g<Ei,Ei> - g(Ei,Eﬁg(Ej,Ei)} n q{gwi,Ei)B(Ej,Ej)

—9(E;, E;)B(Ej, E;) + g(Ej;, E;) B(Es, E;) — g(Ej, Ez‘)B(Ei,Ej)}
+Aa(E;, Ey)g(Ej, Ei) — Ma(Ej, Ej)g(Ei, Ei) + Al E;, Ej)g(Ej, E)
—Aoa(Ej, Ej)g(E;, E;) + Aa(Ar — A2)B(Es, E;)g(Ej, E;)

—A2 (A1 — A2)B(Ej, Ej)g(E;, E;)

—N2)g(o(Ej, Ej), P)g(E;, E;) + (A2 — Ay)g(o(Es, E5), P)g(E;, E;).  (12)



Optimal inequalities for submanifolds of Riemannian manifolds... 117

Taking the summation over ¢ and j and simplifying, we have

i [”W 5 DP 4 (- 1)@«(3)} Bty ‘;A” (n—1)a— AQ(AI{ 82)
Ar — A n+m
D) )+ Y Y (el (o) (13)
n+1 1<i,j=n
From (6) and (8), we have
A+ A Ao(A1 — A
K0 = (petatr(Bl) +or(B1,00) ) - 5 v )= 2200220 )
Al —A2 (R ror T \2
E— g(tr(o n), P) + Z (011052 — (072)°]- (14)
r=n+1
Subtracting (13) and (14), we get
o) -k = OB g gl - TR 1)
—A2<A12_ A2) 1y - 1+ A2) "2”‘2) (n— 1) (H)
A+ A
M + 2”(& )
Ag(A — A AL —A
+2(122)tr(ﬁ ) + =5 —g(tr(o ). P)
n—+m
+ Y [ Y ool —ohioha— Y (07,)* + (012)%]. (15)
r=n+1 1<i<j<n 1<i<j<n
By Lemma 1, we have
n+m 2
ror ror r r n-(n —2
> | X diey-choh- X @2 < 502 o)
r=nt1 “1<i<j<n 1<i<j<n
By (15) and (16), we get the desired result. O

Corollary 1. If P is a tangent vector field on M, then H = H. In this case, the
inequality in Theorem 1 becomes

r(p) — K() < (”H)Q(”_Q)p +q(n—2)trB + trB|. — (Al—;AQ)(n “1a
—A2(A12_A2)(n —)h— (AlgAQ)(n — Vo (H)
T CIDEE= e
e R i U 1113 a7

2 2(n — 1)
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Corollary 2. If P is a tangent vector field on M, then o = o. In this case,
the equality case of (17) holds at a point p € M if and only if, with respect to
a suitable orthonormal basis {E,} at p, the shape operators A, = Apg, take the
following forms:

ottt 0 0 0
0 ot 0 0
Appr=| 0 0 ol +on” 0
: : : 0
0 0 0 A e
and
A, = 0 0 0 Ol r=n+2-.,n+m.
R 0
0 0 0 0

4 Inequalities for generalized normalized §-Casorati
curvatures

Theorem 2. Let M s an n-dimensional submanifold of a Riemannian manifolds
with nearly quasi-constant curvature M of dimension (n + m) endowed with a
connection V, then

(i) The generalized normalized §-Casorati curvature 0.(t;n — 1) satisfies

dc(t;n —1)

p n(n —1) ot ZtT(B)] 1
(M +A2)a ~Ao(A - Az)b_ (A1 — Ao)m(H),

for any real number t such that 0 <t <mn(n—1).
(ii) The generalized normalized 0-Casorati curvature 0.(t;n — 1) satisfies

P < SR+ So) "
(M +A2)a CAo(A - Az)b_ (A1 — Ao)m(H),

for any real number t > n(n — 1). Moreover , the equality holds in (18) and (19)
iff M is an invariantly quasi-umbilical submanifold with trivial normal connection
in M, such that with respect to suitable tangent orthonormal frame {E1,..., Ey}
and normal orthonormal frame {Eyny1, ..., Enym}, the shape operator A, = Ag_,
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vye{n+1,...,n+m}, take the following form

o, 0 0 ... 0 0
0 o099 0 ... 0 0
0 0 o3 ... 0 0
Any1 = : : D : : ’ (20)
0O 0 0 ... ol .4 0
0 0 0 .. 0 tele
An—i-Q:"‘:An—l—m:O-

Proof. Let {E1, Ea,...,Ey,}and {Eny1, Enyo, ..., Enim} be the orthonormal bases
of T, M and TPLM respectively at a point p € M. Using (13), we have

27 = |n(n—1Dp+2(n— Dgtr(B)| —(A1+A2)(n — 1)a — Ao (A — Ag)(n — 1)b
—(Ay — Ag)(n — Dnm(H) +n?||H||? — nC (21)

Consider a polynomial Q in the components of second fundamental form o defined
as

0 = eq4ln= bl +Z(” ~" =D 6Ly — 20(p) + [n(n — L)p+ 2(n — 1)tr(B)]

—(A1 + AQ)(?’L — 1)(1 — Ag(Al — AQ)(TL — 1)b — (Al — Ag)(n — 1)7’L7T(H)

where L is hyperplane of tangent space at a point p. We assume that L is spanned
by E1, FEs, ..., E,_1 and Q has an expression of the form

n+m n n+m n—1

. Z Z l] n+t)n _n_t Z Z 1] (22)

'y n+1i,j=1 y=n+11,j5=1
—27(p) + [n(n —p+2(n— 1)qtr(B)]
—(A1+A2)(n—1)a — Ay(A1 — Aa)(n — 1)b— (A1 — A2)(n — 1)nm(H)

From (21) and (22), we arrive at

0 "+ZmTi[<(n2+nrt—n—2t)>(azi)2+2(n+t)(azn)2}

n
y=n+1 i=1
m n
2(n+t)(n —1) 9
vy (2 > (2 Y e )
y=n+1 (i<j)=1 (i<j)=
n+m n—1 2
(n® +n(r—1)—2t) 9
> Y Y| > 3 dleyt ek
y=n+1 i=1 (i<j)=
Fort=n+1,...,n+m, lets us have a quadratic form F, : R" — R defined as
n—1 o
n°+n(r—1)—
STW(Uin?"'?O—Zn):Z r m 2-2 Z Jzz ]] Uﬂy )2

=1 (i<j)=1
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and the optimization problem

min F,
subject to G:of;+-+-+0),=¢"

where c is a real constant. The partial derivatives of g, are

9, _ 2(ntt)(n—1
gt = Mo~ 25 o
oF, (24)
B0l *Unn 225 Lo
where i ={1,2,...,n—1},i #j,and y € {n+1,...,n+m}.
The vector gradJ, is normal at G for the optimal (o7, ..., opy) of the problem.

that is, it is collinear with the vector (1,1,...,1). Using (24), the critical point
of the corresponding problem has the form

o= n(n’il)zﬂ,ie {1,...,n—1} (25)
opn =07
By use of (25) and Y./, o}; = ¢7, we arrive at
— t ;
U%—Wc’y,le{l,...,n—l} (26)
Onn = (nrjrt)c

For an arbitrary fixed point p € G, the 2-form B : T,G x T,G — R has the
following form

B(X,Y) = Hess(F,(X,Y)) + (h(X,Y), (grad(F))(z.)) (27)

where h and (,) are the second fundamental form of G in R™ and standard inner
product on R"™ respectively. The Hessian matrix of F, is of the form

2 (nttn=l) _ o —2 —2 —2
—2 p(nthn=l) _ o -2 -2
Hess(Fy) = : : . : :
—2 -2 R JUARAIUES R R
—2 -2 —2 z

n
Though G is totally geodesic in R", take a tangent vector X = (Xi,...,X,)
at any arbitrary point p on G, verifying the relation y ;' ; X; = 0, we have the
following

2(n2 —n+tn — 2t) 2 ot n 2
BX,x) = 21 ”:” )ZXE+nX§—2(ZXi) (28)
=1 3

2(n?> —n+t

Y
o
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Hence the point (07];,...,00,) is the global minimum point by Lemma 3 and
Fy(0]1s---,0mm) = 0. Thus, we have Q > 0 and hence

(n—1(n+t)(n*—n—1)
nt
*(Al + AQ)(TZ — 1)(1 — A2(A1 — AQ)(’I’L — 1)b — (A1 — Ag)(n — 1)n7T(H),

21 < tC+

C(L) + |n(n = 1)p+2(n — 1)qir(B)

whereby, we obtain

2 _
L n(nt_ se (n+ t)(Z% Dew) + [p+ %qu)}
(M ‘T:A2)a _ A?(Aln_ A2)b — (A — A7 (H),

for every tangent hyperplane L of M. If we take the infimum over all tangent
hyperplanes L, the result trivially follows. Moreover the equality sign holds iff

U%ZO, Vije{l,...,n}, i#jandye{n+1,...,m} (29)
and
-1 -1
PR A T P
Vye{n+1,...,m}. (30)

From (29) and (30), we obtain that the equality holds if and only if the subman-
ifold is invariantly quasi-umbilical with normal connections in M , such that the
shape operator takes the form (14) with respect to the orthonormal tangent and
orthonormal normal frames.

In the same way, we can prove (ii).
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