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EQUIVALENCE OF K-FUNCTIONAL AND MODULUS OF
SMOOTHNESS CONSTRUCTED BY FOURIER-BESSEL
TRANSFORM IN THE SPACE L, ,(R?%)
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Abstract

Using a generalized shift operator, we define generalized modulus of smoth-
ness in the space L (R’ ). Based on the Laplace-Bessel differential operator
we define Sobolev-type space and K-functionals. In this paper paper we prove
the equivalence theorem for a K-functional and a modulus of smoothness for
the Fourier-Bessel transformation on R .
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1 Introduction and preliminaries

In [4], El Hamma and Daher proved the equivalence theorem for a K-functional
and a modulus of smoothness for the Dunkl transform in the Hilbert space L% (R"),
Using a generalized spherical mean operator.

In this work, we prove the analog of this result (see[4]) for the Fourier-Bessel
transform in the space Ly (R’}). For this purpose, we use a generalized shift
operator in the place of the generalized spherical mean operator.

Suppose that R™ is the n-dimensional euclidien space, x = (21, ...,2y), & =
(&1, ...,&n) are vectors in R™, (z,&) = 2161 + ..... + zpén, |z] = /(x,2) and we
write x = (2/,z,) with 2’ = (21,...,2,_1) € R* L.

Let R} = {z = (21,...,xp) = (@', xy) : &, > 0}. ST denote the unit sphere on
R? defined by ST = {z € R} : |z| = 1}. S; = S(R’}) be the space of functions
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which are the restrictions to R} of the test functions of the Schwartz that are
even with respect to x,,. decreasing sufficiently rapidly at infinity, together with
all derivatives of the form
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i.e., for all » € Sy, sup |x6A$1/)| < 00, where a = (ayq, ..., ap) and
z€RY
0? 0
0x2 e
n

B = (B1, ..., Bn) are multi-indexes, and z° = :):fl....xg" and B, = —— s
T, 0%y,

the Bessel differential expansion.

Let Loy = L, (R ), where v > 0, denote the space of mesurable functions
with the following finite norm

17lzs, = ( L

+
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For v > 0, let j, denote the normalized Bessel function of the first kind of
order v given by

. B > (—1)™ 2\ 2n
Jy(z) =T(y + 1)7;] ATty +1) <§> ;

where T is the gamma-function (see[11]).

The function u = j,-1(2) satisfies the differential equation
2

-anu(xay)::E%nu($7y%

with the initial conditions u(z,0) = f(z) and uy(z,0) = 0 is function infinitely
differentiable, even, and, moreover entire analytic.

Lemma 1. The following inequalities are valid for the Bessel function jy—1
2
1. ‘1—]@(9&)‘ < 2|
2

2. ‘1 — Ja-1 (x)‘ > ¢ with |z| > 1, where ¢ > 0 is a certain constant.
2

Proof. Analog of Lemma 2.9 in [3]. O

The Fourier-Bessel transform is defined on Sy by

Ff@)= | F)e ) jocs (wagn)undy.

f
RY

The inverse Fourier-Bessel transform is given by the formula
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E7 (@) = Cun Py f(—a ),

where
Oy = (2m)" 1207102 ((y + 1) /2),
(see [6, 11, 12]).
We define the Laplace-Bessel differential operator

n 92 ~

D=2 79
K — 0x?  xy, Oxp

, v >0,

which is associated to the Fourier-Bessel transform by the formula

Fy(Dyf)(z) = ~|z[F, f(2). (1)

In [2], for f € Lo, the Parseval’s identity is given by

||F’nyL2,»Y = Cn,'y f||L2,»y'
The generalized shift operator (D.-shift) 7% defined by

TYf(z) = CW/ f(@ =y /a2 — 2wpyncost + y2)sin’ 1046,
0

where C., = 72T (WT“) [0(3)] ™ (see[7, 8, 9, 10)).

From [5], we have the following formula

BTV f(2)] = Gz (@nyn) 5 [f(2)]. (2)

In [1], we have

1T f (@) 2o, < I Ea s (3)

With the help of the generalized shift operator for any f € Lo, we define
differences of the order m (m € N = {1,2,...}) with a step y, > 0.

Ay, f(x) = (I =T)"f(x),

with y = (v, y) and I is the unit operator.

Now, we define the generalized modulus of smoothness of the mth order by
the formula

'U)m(fa 5)2,’7 = 0<S;1p<6 HAZZ;fHLQ'y ’ 0>0.
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Let W37, be the Sobolev space of f € Ly, such that D%f €Ly, j=12,...m

(the action of differential operator D% is understood in the sense of distributions),
i.e.,

Wit ={f€Llyy : DIf€Lyy ;5 j=12,..,m}0
The generalized K-functional is defined by

Km(fvt)Q,’y = K(fat? LQ,“/; WQT:L'V)
= inf {If = gllro, +tIDTgllL,, 5 9 € W3},

where f € Ly, ,t > 0.

2 Main results

In this section we give the main result of this paper, and in what follows, f is
an arbitrary function of the space Lo ~; ¢, c1, ¢, c3, ... are positive constants.

Lemma 2. Let f € Lao,. Then

IAT fllLa, < 2701 £ s,
Proof. we use the proof of recurrence for m and the formula (3). ]

Lemma 3. Let f € W37, t > 0. The following inequality is true

Win(f, )2,y < c1t®™(|DT £ s,

Proof. Assume that y, € (0,t], Al f = (I =TY)"f

Using formulas (1) and (2) and the Parseval equality we obtain

m _ 1 : m
185 e = g | (1= 92 @) " LAV, (4)
and
1
I1DY s, = Cm\§|2m||Fw[f](§)||L2,V
Formula (4) implies that
1 1 — ja=1(&n¥n) "
A7 T, = L)

) n Sn Lo
1 o, <1_j’Y2;1<€nyn))m om

= E

Cn,’yyn (yn€n>2m gn ’Y[.ﬂ(g) .
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According to lemma 1, for all s € R we have the inequality

2m 9
‘(1—%1(3)) s~ m’ <e,
2

where ¢; = 22™,
Then
C1
1Ay Fllze, < & a6 By L) Lo -
n,y
Since

l&n™ By [F1(E) |2,y = & IF AU ILa,, < EP™IFLAE) ] Las -

We obtain

lex™ By A1 La,, < Conl DY fllL,-

Then

1A fllLs, < ayn™IDY fllLs, < et DY flL,,

Calculating the supremum with respect to all y,, € (0,t], we obtain

win(f, V)2 < 1t || DY £ L, ,

For any f € Lo, and any number v > 0, let us define the function

P (f) (@) = F; (B [f1(§)xw(€n)),

where x, (&) is the function defined by x,(&,) = 1, for &, < v and x,(&,) = 0 for
§n > v, B 1is the inverse Fourier-Bessel transform.

One can easily prove that the function P,(f) is infinitely differentiable and
belong to all classes W57,

Lemma 4. For any function f € Ly . The following inequality is true

If = PDllg,, <Aty v>0

)
La,~

Proof. 1t follows from ’1 — a1 (t)’ > ¢ with [t| > 1 (see lemma 1) and Parseval
2
equality that
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1 =Pl = 5 10 = @D B,

n?’y

Cn,’y 1— G_ 5771 m 2 1%
( j%l( v )) Lo
Note that
1—x,(&, 1
sup Xv(€n) L< Lt
ek 1= jaa ($2)] " T €
2
Then
= PPl < SO (1 ~ jaa (g’"”»me[f}(&)
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]

Corollary 1. For f € Lo,

17 = P lta, < extom(Fi ;)2

Lemma 5. The following inequality is true:

1D7 B, < s 75

La 5

Proof. Using the Parseval equality, we have

|Dz e, = C;Hm[m(prnnlm
= & ROl
e (. (8"
" Cn, (1_]'%1(%))”1 <1 jw?(u)) A1) .

Since there exist cg > 0 such that |£] < ¢3 &,. So that
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2m
sup €] Xy(fn)m = 27 sup T
§n=v 1—]'“/7—1(%) §nsv 1—%2;1(%")
(5 >2m
<A™y sup Y -
v |1~ jar ()
t2m
<A™y sup

Let

cy = 2™ sup ‘m

=11 = ot (1)
2

Then we have:

1D (B, < e a3(5)

Ly

Corollary 2. For f € Lo,

1

HD?(P’/(]P))HLQ,W < cv®™Mwp(f, ;)2,7

81

Theorem 1. There exists positive constants c; and cg which satisfying the in-

equality

C5wm(f’ 5)2,7 < Km(f7 52m)2,’y < CGU)m(fa 5)2,7

Proof. Firstly prove of the inequality

05wm(fa 5)2,7 < Km(fa 52m)2,*y
Let y, € (0,], g € W3 . By lemmas 2 and 3, we have

1AG (Do, < 1Ay (F = 9o, + 12,922,
< 2°f = glLa, + ey 1D gl L.,
< et (If = gllea, + 81DV 9lL.,)

where ¢7 = max (2™, ¢1).

Calculating the supremum with respect to y, € (0,6] and the infimum with

respect to all possible functions g € WJ",, we obtain
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wm(fa 5)2,7 < C7Km<f7 52m)2”y

whence we get the inequality.
Now, we prove the inequality

Km(fa 52m)2,'y < C6wm(fa 5)2,7-

Let v > 0 be a positive real number. As P,(f) € W3", it follows from the
definition of the K-functional and corollaries 1 and 2, that

Kn(f,6")2r < |If = Po(H)llLsy, + 6 IDTPL(f)|Ls
< CZU)m(fa 1/7/)2;}/ + C4V2m62mwm(fa 1/1/)2,7
<

02wm(fv 1/1/)2,’}/ + 64(V6)2mwm(fv 1/1/)2,7
Since v is an arbltrary pOSlthG Value, ChOOSSng vV = 5, we obtain

Km(fa 52m)277 < CGwm(fa 5)2,77

with ¢g = ¢o + ¢4 and this ends the proof.
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