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ON A SUBCLASS OF ANALYTIC FUNCTIONS DEFINED BY A
DIFFERENTIAL OPERATOR
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Abstract

In this paper we investigate a new subclass of analytic functions defined by Salagean
differential operator. Some properties of functions belonging to this subclass are ob-
tained.
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1 Indroduction

Let A denote the class of functions f of the form
f(z):z+2akzk, zeU (1)
k=2

which are analytic in the open unit disc U= {z € C: |z| < 1}.

Denote by S the class of functions f € A which are univalent.

A function f € A is said to be in the class S* of starlike functions, if it satisfies the
following inequality:

2f'(2)
Re ) >0, zeU. (2)

For a function f € A, Salagean differential operator D™ [8] is defined by
Df(2) = f(2), D'f(z)=Df(2) = zf"(2),
Df(z) = D(D" f(2), ne{1,2,...}.
If f € Ais given by (1), note that

D'f(z) =2+ ka2, ne{0,1,2,...}. (3)
k=2

Making use of the generalized harmonic mean of the functions D" f(z) and D" f(z)
we define the following class of functions.
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Definition 1. Let a be a complex number. We say that a function f € A belongs to the
class HS}(a) if the function F defined by

1 _ l—«o n a
F(z)  Drf(z)  DmHif(z)

zelU (4)

s in the class S*.

For n = 0, the class HS(a) reduces to the class HS*(«) investigated by N. N. Pascu
and D. Raducanu [6].

When a = 0, the class HS};(0) reduces to the class of analytic n-starlike functions
sudied by G. S. Salagean [8].

In this paper we find the relationship between the classes HS(a) and S*. The Fekete-
Szego problem for the class HS)(«) is also solved.

2 Relationship property

In order to prove the relationship between the classes HS}(«) and S* we need the
following lemma.

Lemma 1 ([4]). Let p(z) be an analytic function in U with p(0) = 1 and p(z) # 1. If
0 < |20l <1 and
Rep(zp) = min Rep(z)

|2|< 20l
then )
1 —p(z0)|
((20) € R and zop(20) < — -2
20p (ZO) ana zop (ZO) = 2[1 _ %p(Zo)]
1 1
Theorem 1. Let o be a complex number such that o — 2‘ > 5" Then HS} (o) C S*.

Proof. Assume that f belongs to the class HS}(«). Simple calculations show that if f is
in HS} (), then

D™ f(z)  D"f(2)  (1—a)D""*f(2) +aD""! f(2)
Re D" f(z) + Dtif(z)  (1—a)D"if(z) + aD"f(z) ] > 0. (5)

Consider the analytic function p(z) in U, given by

n+1 »
pe) = T, )

Then, the inequality (5) becomes

2p'(z) (1 —a)2p'(2)
i T M e ] "
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Suppose that there exists a point zp (0 < |z0| < 1) such that
Rep(z) >0 (]z] < |20]) and p(z0) = ip, (8)
where p is real and p # 0.Then, making use of Lemma 1., we get

1+ p?
20p(20) < — 2”. 9)

By virtue of (7), (8) and (9) it follows that

o[ ) (=)o)
flo:= It [p( ) ) <1a>p<20>+oj

B 2P (20) (1= @)zop'(20)
= Re {zp-ﬁ- (1 —a)ip+a
Hence,
zop' (20) 2
Ry = Re ||la]” — af . 10
. 1. 2
Since |a — 5 > 5 it follows that Re [|a[* —a] >0
From (9) and (10) we get
1+ p? 2
Ry < — Re [|oz] - d] <0,

2|(1 — a)ip+ «f?

which contradicts the assumption f € HS(«). Therefore, we must have

D"+1f(z)
Rep(z) = Re———— >0, for z € U. 11)
B =D (
An important results in [8] states that the condition (11) implies
D" f(z)
—_— U
ReD”—lf(z) >0, z¢€
which implies
D" f(2)
—— U
RGD"*Qf(z) >0, z¢€
and so on. Finally, we obtain
Dl /
Re 1(z) = Rezf (2) >0, z€U

DOf(z) f(2)
and thus, f € S*. O
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3 The Fekete-Szego problem

In 1933 M. Fekete and G. Szegd [1] obtained sharp upper bounds for |az — pa3| for
f € S and p real number. For this reason, the determination of sharp upper bounds for the
non-linear functional |ag — pa3| for any compact family F of functions f € A is popularly
known as the Fekete-Szego problem for F. For different subclasses of S, the Fekete-Szego
problem has been investigated by many authors including [[2], [5], [7], [9], [10]], etc.

In this section we will solve the Fekete-Szego problem for the class HS):(«), when « is
a positive real number.

The following lemmas will be needed in order to prove our results.

Lemma 2 ([3]). If p1(2) = 1+ c12 + a2 + ... is an analytic function with positive real
part in U , then
442, ifv<0
‘CQ—UC%‘S 2, if0<v<1
dv — 2, if v>1.

When 0 < v < 1, the above upper bounds can be improved as follows:
1
lco —wved| +vle]? <2, 0<v < 3
and
2 2 1
lca —vei| + (1 —v)|er]* <2, 3 <wv <1
The results are sharp.

Lemma 3 ([7)). If p1(2) = 1+ c12 + caz® + ... is an analytic function with positive real
part in U , then
e —ved| < 2max {1;]20 — 1|} .

The result is sharp.

Theorem 2. Let o be a positive real number and let v be a real number. Consider

22711 da - o?)

1T T8+ 20)
227 (1 + 3a)
09 i = —————=
37(1+ 2a)
227=2(3 + 10 — a?)
gg =
3 3n(1 + 2a)

If the function f given by (1) belongs to the class HS} («), then

( 1 3+ 10a — o 1

(14+a)? | 3n(1422) 22n-2)°
a)” | ]
37(1 + 2a)’
1 [a? — 10 — 3 LK
(1+a)? | 37(1+ 2a) 22n=2 |’

if <o

az — paz| < if o1 < p <oy

if > o2
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Further, if o1 < p < o3, then

22 1(a? — 40 — 1) + 3"(1 + 2a 1
}ag—/mg‘—}— ( ) ( I |a 2 < Ao
37(1+ 2a) 37(1+ 2a)
If 03 < p < 09, then
227(1 + 3a) — 3"(1 + 2a)p 1
2 2
_ < :
a5 — pa] + 3n(1 + 20) ll” < 520

Proof. Suppose f given by (1) belongs to the class HS} (). Let p1(2) = 1+c12+coz?+. ..
be an analytic function with positive real part in U. From (5) we get
D'"f(z)  D"f(z) (1—a)D"2f(z)+aD" ' f(z) _
Dnf(z) — D"flf(z)  (1—a)D"Hif(z)+aDnf(z)

=l4ciz+e22+.... (12)
We have — )
D" f(z
W = 1 + 2na22 + (2 . 3na3 — 22na%)22 4+ ... (13)
Dn+2f( )
D) =14 2" ayz 4 (2- 3" ag — 2271 2a2) 2% 4 .. (14)

(1 —a)D""2f(2) + aD" " f(2)
(1 =)D+ f(z) + aD" f(2)

+[2-3"(3 — 2a)as — 27"(2 — @)%a3] 2° + .. .. (15)
Using (13), (14) and (15) in (12) we find

=14+2"(2— a)agz+

c1 =2"(1+a)ay and ¢y = 2-3"az(1 + 2a) + 22"(a® — 4a — 1)d3

This gives
c1 1 a?—4a—-1,

2Tt M BT 2311 20) P T Qta2 @ (16)

Therefore, we have
1
2 _ 2
asz — pag = 2.3n(1+2a)(02_vcl)7
where o1
2°n— —4da—1)+3"(14+2
o (a a—1)+3"(1+2a)u (17)

22n—1(1 + a)2
The first part of our theorem now follows by an application of Lemma 2.
Assume o1 <y < 03. Then
22" 1a? — 4o — 1) + 37(1 + 2a)u| 2
a
3n(1 4 2a) !

‘(13 — ua% +
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= |ag — pa3| + (u — o1)|as|?

1 o 3"(1+2a)p — 22" Y1 +4a — a?) |e1)?
= ———|ea —vci| + :
2-3"(1 + 2a) 37(1 + 2a) 227(1 + «)?
1 9 9 1
= - - < -, < .
2 a1 g 2y le2 T val Fulall < srama s

Similarly, if o3 < p < 09, we have

227(1 + 3a) — 3™(1 + 2a)p

2 2
jas = s + 37(1+ 20) o
= |az — pa3| + (o2 — p)|a|?
1 o 271+ 3a) — 3"(1 + 2a)u |e1]?
- -+ ‘
2-37(1 + 2q) 3n(1+ 2a) 227 (1 + a)?
| - 1— < -
2 g2y lez ~val T U =vllal] < 5=
Thus, we have completed the proof of the theorem. O

Making use of Lemma 3. and the equalities (16) and(17), we immediately obtain the
following result.

Theorem 3. Let a be a positive number and let p a complex number. If the function f
given by (1) belongs to the class HS} (), then

2 1 227" H(a? — 100 — 3) + 2 - 3"(1 + 2a) |
}agfan‘ < ——max 1; — .
37(1 + 2a) 22n=1(1 + «)?
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