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ON THE TRANSFORMATIONS GROUP OF N-LINEAR
CONNECTIONS ON THE DUAL BUNDLE OF 3-TANGENT
BUNDLE
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Abstract

In the present paper we study the transformations for the coefficients of an N —linear
connection on the dual bundle of 3-tangent bundle, T*3M, by a transformation of
nonlinear connections on T*3M. We prove that the set 7 of these transformations
together with the composition of mappings isn’t a group, but we give some groups
of transformations of 7', which keep invariant a part of the components of the local
coefficients of an IN—linear connection.
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1 Introduction

The notion of Hamilton spaces was introduced by R. Miron in [7], [8] . The differential
geometry of the dual bundle of k—osculator bundle was introduced and studied by R.
Miron [13], too.

In the present section the general setting from [13] is presented and subsequently only
some needed notions are recalled.

Let M be a real n—dimensional C*° -manifold and let (T*3M 3 M ) be the dual
bundle of 3—osculator bundle (or 3—cotangent bundle), where the total space is:

T*3M = T*>M x T* M. (1.1)

Let (J:i,y(l)i,y(z)i,pi) ,(i=1,...,n), be the local coordinates of a point u = (fc,y(l),
y(Z),p) € T*3M in a local chart on T*3M.
The change of coordinates on the manifold T*3M is:
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=3 (xl, ,x") ,det (g%;) #0,
Vi = 22 (1),

252 = 91y (i 4 gggfj;y@)j,
B =2, (i, = 1,2,...,n)

(1.2)

where the following relations hold:

ag(a)i ag(a—l—l)i 8@(2)1 o
007~ oy :aym—a)j’(azo’l’y =z). (13)

T*3M is a real differential manifold of dimension 4n.
With respect to (1.1) the natural basis of the vector space T, (T**M) at the point
0 0 0

uweTSM:
d
— : | 1.4
{ 81'2 ”LL’ ay(l)l 'LL’ ay(2)74 ’ 8p1 u} ( )

is transformed as it follows by the Jacobi matrix of (1.2) changes.

We denote T*3M = T*3M \ {0} . Let us consider the tangent bundle of the differen-
tiable manifold T3 M,
(TT*3M ,dm*3, T3 M ) , where dn*3 is the canonical projection and the vertical distribution

ViueT3M — V (u) € T,T*3M, locally generated by the vector fields {%, %, 8%1-}

u

at every point u € T*3M.
The following F (T*3M ) — linear mapping:

J:x (T*3M) — X (T*gM) ,
defined by:

9 0 ) ) ) B

at every point v € T*3M is a tangent structure on T*3M.
We denote with N a nonlinear connection on the manifold 73 M with the coefficients:

((Nl)ji (x,y(1>,y(2),p) (J;’)Jz (x,y(1)7y(2),p) , Nij (%y(”,y(z),p)) (1,5 =1,2,...,n).

The tangent space of T*3M in the point v € T*3M is given by the direct sum of vector
spaces:

T, (T**M) = Noy ® N1y ® Vo & Wiy, Yu € T M. (1.5)
A local adapted basis to the direct decomposition (1.5) is given by:
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{5 0 0 o

vaa(waém}v(l = 1,2,...,n),

where:
s _ 0 _ Nj._O0 _ nj._ O 0
bzt T Ox? (J}/; v gy (Z;g L oy(2)i + Nij dp;’
_6_ _ _0 _ nj._0
syMi — HyDi (j}g 15y
6 _ 0
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& 9"
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(1.7)

Under a change of local coordinates on T*3M, the vector fields of the adapted basis

transform by the rule:

5 o9& s 5 ox _§
dxt T 9zt 6230 §y(Di T dat gy()i?
§ 0% 4 § _ ozt S

Sy(@i T ozt 553 Op; 637 Op;
The dual basis of the adapted basis (1.6) is given by:

{(5331'7 5y(1)i’ 5y(2)i,5pi} 7

where:

dz' = 6zt

dyDi = gy(Di — (]\gij(sxj,

dy?? = 5y2 — N©5yI — N ;529
(1)’ (27

dp; = op; + N]Z(Sl’j.

(1.8)

(1.9)

(1.10)

Let D be an N—linear connection on T*3M, with the local coefficients in the adapted

basis (1.6) :

Dr () = (', i G ) o = 12,

(1.11)

An N-—linear connection D is uniquely represented under the adapted basis in the

following form:

D&% = Hslz M,D 5 @gﬁ = H“y% (=1,2),
D 5 = —Hlsizp:

D(sygx)j dat (C)SZ] 625 ’ Déy(it)i % B ((cvj)sz‘j%’
Dsy&n or = _(g) Sj%’ (a’ﬂ =12,

Dy g = G D st = C i (0 =1.2),
D 5 =—Ciz.

(1.12)
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2 The set of the transformations of N —linear connections

In the following we shall give the transformations for the coefficients of an N— linear
connection on T*3M, by a transformation of nonlinear connections and we shall prove
that the set, 7, of all these transformations together with the mapping composition isn’t
a group. We shall find some groups which keep invariant a part of components of the local
coefficients of an N —linear connection.

Let N be another nonlinear connection on 7*3M, with the local coefficients:
((N)ji (z,yD,y2, p) (Ng]z (z,yV,y?,p), N (x,y(l),y(g),p)> (i, =1,2,...n)
1 2
Then there exists the uniquely determined tensor fields (A)j i €1 (T*M),(a=1,2) and
(6%

Aij € 79 (T*¥M) , such that:

N'j= Nij— Al (a=1,2),
@’ @’ @’ ( ) (2.1)
Nij = Nij — Aij; (Z,j = 1,2, ,n) .

Conversely, if (N)’j and (A)ij, (v =1,2), respectively N;; and A;; are given, then (N_) s
« « [e7
(o =1,2), respectively N;;, given by (2.1) are the coefficients of a nonlinear connection.

Theorem 1 Let N and N be two nonlinear connections on T*3M, with local coefficients:

<(]in (2,50, 5, p) e (2,5, 5@, p) , Ny (x, y(1)7y(2)vp)> :

((J};Jz (:an(l)?y(z)vp) ) (]XJ’L (J:ay(l))y(z)vp) 7NZ] (:L’,y(l),y@),p)> ) (Zaj = 172> 7n)

respectively. If D is an N—linear connection on T*3M, with local coefficients DT (N) =

Hijh, (C;ijh, (C;ijh, Cijh) , then the transformation: N — N, given by (2.1) of nonlinear
1 2

connections implies for the coefficients

DT (N) = <.F_Iijh,(C_')ijh,(C_;ijh,C_'ijh> of the N—linear connection D the relations (2.2),
1 2

that is the transformation D' (N) — DI’ (]\7) is given by:

th,, — Hhi‘ Al‘chi AZ'NT Chir Al‘Chi —A. Cilh
v TG T e TR le
C ij = C'hz‘j + Alehil,

O7T07Th e

~ho Ak

((27) 1] (% 17 (2.2)
Cp9 = CpY,

Ahil' =0

oY

Aihlj = 07 (iaja h = 17 2a ,TL) s

\

2”0

where 1”7 denotes the h—covariant derivative with respect to DI' (N).
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The proof results by a straghtforward computation, using (1.12) and (2.1)

Theorem 2 Let N and N be tho nonlinear connections on T*3M, with local coefficients:

<g}€]z (CC, y(1)7 y(2)7p) ) E];g]’b (:C7 y(1)7 y(2)7p) 7NZ] (l’, y(l)u y(2)7p)> )

((J}gjz (1:7 y(l), y(2)7p) ) (JXJZ ($7 y(l)v y(Q)ap) 7Nl] (l‘, y(l)a y(Q)vp)> ) (7’7] = 177”) respectively.
PP () = (0 G, €€ ) and DE () = (0, € G ).

are the local coefficients of two N—, respectively N-linear connections, D, respectively D

on the differentiable manifold T*>M, then there exists only one system of tensor fields

At AY A, B, Dy, DY ,thijh> such that:
(()J @7

N]—N - A (a=1,2)

@’ (@ ()’

N] = Nzy Az]a

Hip=Hip+ AWCly+ ALNTCl+ AL CHy — AnCili— By,
h = Hiin ()"(1) (1) h L T G e A B

Clin=Cijn+ AL C ,

OO N e’ (1)J

Clin=Cli — Diy,

@ " ot

Cih = ¢ — D",

Al =0,

"

A’thj =0, (Z7]7h =12, -"an)a

”.on

where 1”7 denotes the h—covariant derivative with respect to DI' (N).

Proof. The first equality (2.3) determines uniquely the tensor fields:

(A)ij, (v =1,2) . The second equality (2.3) determines uniquely the tensor field A;;. Since
(0%

(C') ‘ jhs (0 =1,2) and C;" are d—tensor fields, the third equation (2.10) determines uniquely

the tensor field B';;. Similarly the fourth,... and the last equation (2.3) determines the
tensor field D;7" respectively.q.e.d.

We have immediately:

Theorem 3 If DI'(N) = <Hijh, (C;ijh, (C;ijh,Cz-jh> , are the coefficients of an N—linear
1 2
connection D on T*3M and
(A)Z]7 AlﬁAU’B ik (D) ik (D)ijh,Dijh> , is a system of tensor fields on T*3M, then
2 2
DT (N) = <Hijh,(%zjh, (%ijh,Cﬂh> , given by (2.3) are the coefficients of an N—linear
connection, D, on T*3M.
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Following the definition given by M. Matsumoto [4, 5] in the case of Finsler spaces, we

have:

Definition 2.1 i) The system of tensor fields:
(fll A jy Aij, B jhs (D) jhs (gijh’ Dijh> , is called the difference tensor fields of DI" (N) to
Dr (N )

i) The mapping: DI'(N) — DI (N) given by (2.3) is called a transformation of
—linear connection to N—linear connection on T*3M, and it is noted by:

At AY Ay B ,Di,Di,Diﬂ'h).
((1) Ny DT I gy I gy I

Theorem 4 The set T of the transformations of N—linear connections to N —linear con-
nections on T*3M, together with the composition of mappings isn’t a group.

Proof. Let t <(f1) (A)% AU,B]h,gjh,gjh,Dijh> : DI'(N) — DI' (N) and

((A) (A) AW,B jhs (D) ks (D)ijh,l_)ijh) : DT (]V) — DI:1 <N> , be two transformations
2 1 2

from 7, given by (2.3).

From (2.3) we have:

We obtain for example:
Cliin=Cljn+ <Alh+ Alh) - O = <Di'h+ Di'h+Di‘1Alh> '
o o \n" 0" e \o" o e’
So (% ‘ jn hasn’t the form (2.10) . It follows that the mapping of two transformations from
7T isn’t a transformation from 7, that is 7, together with the composition of mappings

isn’t a group.q.e.d.
Remark 2.1. If we consider (A)ij =0,(ae=1,2) and A;; = 0 in (2.3) we obtain the
(0%

set 7y of transformations of N—linear connections corresponding to the same nonlinear

TN = {t (o,o,o, B, DUy, DY -h,Dijh> € T} .
ot e’

connection N :

We have:
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Theorem 5 The set Ty of the transformations of N—linear connections to N—linear
connections on T*3M, together with the composition of mappings is a group. This group,
acts effectively and transitively on the set of N—linear connections.

Proposition 6 The sets:Ing, Inc,.Inc,Inc,Inc cc are Abelian subgroups of Tn.
(1) (2) (1)(2)

Proposition 7 The group Ty preserves the nonlinear connection N, Tnp preserves the
nonlinear connection N and the component Hijh of the local coefficients DT (N) ;TN(%

preserves the nonlinear connection N and the component (C)ijh of the local coefficients
1

DT (N),7n ¢ preserves the nonlinear connection N and the component (C;ijh of the local
(2) 2

coefficients DI' (N),Tnc preserves the nonlinear connection N and the component C;7h

of the local coefficients DT (N) and Ty ¢ cc preserves the nonlinear connection N and
(1)(2)

the components (%ijh, (%ijh, Ci" of the local coefficients DT (N) .
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